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A NOTE ON SEVERAL CONTINUOUS FUNCTIONS
ON FUZZY CONVERGENCE SPACES

Hyo IL CHol

1. Introduction

The convergence function between the filters on a given set S and
the subsets of S was introduced by D.C.Kent ({9]) in 1964 and it may
be regarded as a generation of a topological space and further studied
by many authors.

After Zadech created fuzzy sets in his classical paper ({10]) , Chang
({3]) used them to introduce the concept of a fuzzy sets using metric
defined as the Hausdorff metric between the supported endographs.
Recently, B.Y.Lee and J.H.Park ([12]) defined a new structure, called
by fuzzy convergence structure, using prefilter.

We introduced the several continuous functions, that is, fuzzy super
continuity, fuzzy é-continuity, and fuzzy weakly §-continuity in fuzzy
convergence spaces ([5]).

In this paper, we introduce new continuities in fuzzy convergence
spaces, that is, fuzzy 8-continuity, fuzzy strongly #-continuity, fuzzy
almost continuity, and fuzzy weakly almost continuity. And we study
the relationships between them.

2. Preliminaries
The reader is asked to refer to {3}, [5], [10], {15], [17] and [21], for

fuzzy sets fuzzy couvergence spaces, however, a brief review of basic
terms will be given in here.

Let X" be a nonempty set and I the unit closed interval I = [0, 1].
A fuzzy set A in X is an element of the set F(X) of all functions from
X into I and the clements of F{X) are called fuzzy subsets ([10]). For
fuzzy set 4 and B in X, A C B if A(z) < B(z) for all 2 in X. The
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symbol @ is used to denote the empty fuzzy set §(z) =0 for all z € X
and for X we have the definition X(z) =1 for all z € X.

A fuzzy point p in X is fuzzy set in X defined by p{z) = A (0 <A L
1) for z = z, and p(z) = 0 for  # z,. Then, we call z, the support
of p and A the value of p. A fuzzy point p € A, where A is a fuzzy set
in X, if p(z,) < A(xp).

A fuzzy point p is said to be quasi coincident with A, denoted by
pgd, if p(x,) + A(zp) > 1 for a fuzzy point p and a fuzzy set A (see in
(21]). A fuzzy set A is said to be quasi coincident with a fuzzy set B,
denoted by A¢B, if there exists some z in X such that A(z)+B(z) > 1.

Let f is a function from a set X into a set ¥ and A, B be the fuzzy
sets in X, ¥, respectively. Tlien we dcfine f~1(B) and f(A) as follows:

I7H(B)(x) = B(f(2))

and
sup  A(z), if f7H(y) # D
FlA)y) = § =€
0, otherwise

In here, we introduce fuzzy convergence spaces using prefiters, and
we define the set functions I';, I, and introduce their properties.

DEFINITION 2.1. ([2]) A prefilter on X is a nonempty subset F of
the set I of functions from X into closed interval I = [0, 1] with the
properties:

(1) A, BecF,then ANB€E€F
(2) fAe Fand A C B,then Be F
(3) 8¢ F

If 7 and G are prefilters on X, F is said to be finer than G (G is
coarser than F) if and only if G C F. A prefilter F on X is said to be
ultra prefilter 1f it is no other prefilter finer than F (i.e., it is maximal
for the inclusion relation among prefilters).

A prefilterbase on X is the nonempty subset 8 of IX with the prop-
erties:

(1) If A4,B € 8, there exists C' € § such that C C AN B.
(2) 8¢5
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If B is a prefilterbase then < 8 >= {4 € [* : BC A for some B €
B} is a prefilter. If < § >= F, we say that 3 is a prefilterbase for the
prefilter F, or that 8 generates F.

We define convergence structure by prefilter, called fuzzy conver-
gence structure. For nonempty universal set X, P(X) denotes the set
of all prefilters on X and F(X) the set of all fuzzy sets on X. For each
fuzzy pomt pin X, p is denoted by

{A € I" :pgd)

Let f be a function from X into Y. Then for a fuzzy point p in fuzzy
set Ain X, f(p) € f(4) and for two prefilters F,G on X, f(Fng) =
FFYN f(G) and so f(Fnp) = f(F)N f(p) and f(p) = f(p). For a
fuzzy prefilter F on X , f(F) is said to be the prefilter on Y generated
by {f(A): A€ F}.

DEFINITION 2.2. ([12]) A fuzzy convergence structure on X is a
function Cyx from P{X) into F(X) satisfying the following conditions:

(FC1) For each fuzzy point p in X, p € Cx(p).
(FC2) For F,G € P(X),if F C G then Cx(F) C Cx(G).
(FC3) If p e Cx(F), then pe Cx(FNp).

Then the pair (X,Cy) is said to be fuzzy convergence space. If
p € Cx(F), we say that F Cyx-converges to a fuzzy point p. The
prefilter Ve, (p) obtain by intersecting all prefilters which Cx-converge
to p is said to be the Cx-neighborhood prefilter at p. If Ve, (p) Cx-
convergences to p for each fuzzy point p in X, then Cx is called a
fuzzy pretopological siructure, and (X,C'x) a fuzzy pretopological space.
The fuzzy pretopological structure Cx is said to be fuzzy topological
structure and (X, Cx) is said to be fuzzy topological space, if for each
fuzzy point p in X, the prefilter Ve (p) has a prefilterbase 8¢, (p) C
Ve, (p) with the following property:

rqld € Be,(p) implies U € e, (7)

Throughout this paper, let C(X) be the set of all fuzzy convergence
structures on X. Then we define that C; < €5 for C;,C2 € C(X)
if and only if Co(F) C C(F) for all F € P(X). If Cy £ C; for
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C,,C> € C(X), we say that C, is finer than C, , also that Cj 1s
coarser than Cs.

Let F{X) be the set of all fuzzy sets in X and A a fuzzy set in X,
The set function T'cy(resp. Icy) from F(X) into F(X) is given by
I'ex(A)={p : p is fuzzy point in X and p € Cx(F) for some ultra
prefilter F with 4 € F } (vesp. I (A) = {p: A € Ve, (p)and p is
a fuzzy point in X }). Then I'c, (A4) (resp. Ic(A)) is called fuzzy
closure of fuzzy set A (resp. fuzzy interor of A).

For a prefilter 7 on X, I'¢, (F) and I¢, (F) are the prefilters on X
generated by {To,(A): A € F} and {Ig,(4): A € F}, respectively.

DEFINITION 2.3. The fuzzy convergence space (X,Cyx) is called
fuzzy regular (resp. fuzzy semi-regular) if Ty (F) (resp. Io, (Fey (F)))
Cx -converges to p, whenever fuzzy prefilter F Cx-converges to fuzzy
point p.

From definition of set functions I'c, and I, , we can obtain the
followings : ¢ (4) 2 4 and I, (A) C A for each fuzzy set 4 in X.

DEFINITION 2.4. A function f from (&7, Cx) to (Y, Cy) is confainu-
ous at p if f(F) Cy-converges to f(p) , whenever a prefilter F on X
Cx-converges to p.

3. 0 - continnity and-ahmost continuity on fuzzy conver-
gence spaces

In this section, we define & - continuity, strongly #-continuity, almost
continuity, weakly almost continuity on fuzzy convergence spaces and
mvestigate the relationships among them.

Throught this section, let (X, C'x) and (¥, Cy) be the fuzzy conver-
gence spaces and p a fuzzy point in X.

DEFINITION 3.1. A function f from (X,Cx) to (Y,Cy) is fuzzy
f-continuous at p in X if e, (Ve (f(p))) € f(Tcy F) whenever a
prefilter F on X Cx -converges to p.

DEFINITION 3.2. A function f from (X,Cyx) to (Y,Cy) is fuzzy
strongly 8-continuous at p in X if Vo, (f(p)) C f(Fc, (F)) whenever
a prefilter 7 on X Cy-converges to p.
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THEOREM 3.2. A function f from (X, Cx) to (Y, Cy) is fuzzy strongly
8 -continuous at p in X, then f is fuzzy 8-continuous at p in X.

Proof. Suppose that a prefilter F Cx-couverges to fuzzy point p in
X. Then Ve, (f(p)) € f(Tc((F)) by definition 3.2. Since Te, (Vo (F(p))
C Vo, (F(p)) » Tey (Ve (F())) C f(Tey (F)). Accordingly, f is fuzzy

#-continuous at p in X,

THEOREM 3.4. Let a f from (X,Cy) to (Y, Cy) be a function and
(X,Cx) regular convergence space. If f’is fuzzy continuous at p in X,
then f is fuzzy strongly 6-continuous at p in X,

Proof. Suppose that a prefilter F Cx-converges to fuzzy point p
in X. Then, since (X,Cx) is regular TCx(F) Cx-converges to p.
Since f is fuzzy continuous, f(I'c, (F)) Cy -converges to f(p) in Y,
and so Ve, (f(p)) C f(Tex(F)) . Accordingly, f is fuzzy strongly
#-continuous at p in X.

DEFINITION 3.5. A function f from (X,Cx) to (Y,Cy) is fuzzy
almost continvous at pin X if Ie,.(Tey- (Voo (F(2)))) € f(F) whenever
a prefilter F on X' Cx-converges to p.

DEFINITION 3.6. A function f from (X,Cx) to (Y,Cy) is fuzzy
weakly almost continuous at p in X if Te, (Ve, (f(p))) € f(F) when-
ever a prefilter F on X Cy -converges to p.

THEOREM 3.7. If a function f from (X,Cy) to (Y,Cy) is fuzzy
almost continuous at p in X, then f is fuzzy weakly almost continuous
at p

Proof. Suppose that a prefilter F Cx-converges to p in X Then
Icy (Tey. (Ve, (f(p) € f(F) by definition 3.5. Since l'e, (Vey (£(p)))
€ Ioy(Toy Vo (f(p)))s Toy (Vey (f(p))) € f(F). Accordingly f is

fuzzy weakly almost continuous at p.

THEOREM 3.8. If a function f from (X,Cyx) to (Y,Cy) is fuzzy
f-continuous at p in X | then it Is fuzzy weakly almost continuous at
p-

Proof. Suppose that a prefilter F Cx-converges to p in X. Then
Tey (Ve (F(2)) € f(Tey, (F)) by definition 3.1. Since f(Tec (F)) €
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F(F) Tey Vo, (f(P))) C f(F). Accordingly, f is fuzzy weakly almost
continuous at p.

From definition 3.2 and theroem 3.8 , we obtain that if f is fuzzy
strongly & continuous then f is fuzzy weakly almost continuous. And
by theorem 3.4 and 3.8, if (X,Cy)} is regular space and f is fuzzy
continuous at p in X, then f is fuzzy -continuous and fuzzy weakly
almost continuous at p.

THEOREM 3.9. If a function from (X, Cx) to (Y, Cy) is fuzzy con-
tinuous at p in X, then f is fuzzy weakly almost continuous at p.

Proof. Suppose that a prefilter F Cx-converges to p in X. Then
f(F) Cy-converges to f(p) in Y by definition 2.4. But Ve, (f(p)) €

H(F) and T, (Voo (£(p))) € Ve, f(p). And so Te, (Ve (f(p))) €
f(F). Accordingly f is fuzzy weakly almost continuous at p.

Tneoresm 3.10. Let f from (X, Cy) to (Y, Cy ) be a function and
(Y, Cy) fuzzy regular pretopogical space. If f is fuzzy weakly almost
continuous at p in X, then f is continuous at p.

Proof. Suppose that a prefilter F Cx-converges to p in X. Since
(Y, Cy-) is pretopological convergence space, Ve,.(f(p)) Cy-converges
to f(p). And so L, (Ve, (f(p))) Cy-converges to f(p) in ¥ by defini-
tion of regular space. Thus Ve,.(f(p)) C T'e,(Ve, (f(p))) by definition
of Ve, (f(p)). But Te, (Ve (F(p))) € Ve, (f(p) by definition of ey,
that is, T, (Voy (f(o)) = Vey (F(2)).

Accordingly Voy (£(p)) = Py Voy (f(p))) € f(F) and Ve, (£(p))
Cy-converges to f(p) in Y. Hence f{F) Cy-converges to f(p), and so
f is fuzzy continuous.

From proof of theorem 3.10, we obtain the following,.

CorotLray 3.11. Let f from (X,Cx) to (Y,Cy) be a function and
(Y, Cy) regular pretopological convergence space. If f is fuzzy almost
continuous at p in X, then f is fuzzy continuous at p.
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