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ON THE REGULARITY OF THE RIEMANN 
MAPPING FUNCTION IN THE PLANE

S. Cnof and S.R. Pai

고. Introduction.

We say two regions Q” Q? in the plane are conformally equivalent, if 
there exists a conformal 1-to-l mapping 寸 of Qi onto Q》It follows that 
two conformally equivalent regions aie homeomorphic. But there is a 
much more important relation between conformally equivalent regions: 
if © is as above, then f —> / o is a 1-to-l mapping of onto 
H(Qi) which preserves sums and products. Hence problems about 

can be transferred to problems in H(Qi) with the aid of the 
mapping p. In [2], Bell solved Diriclilet problem in the plane by means 
of the Cauchy integral. Here he used these invariant properties.

The most important case of this is based on the Riemann mapping 
theorem:

THEOREM R. Given any simple connected region Q which is not 
the whole plane, there exists a 1-to-l holomorphic function f of Q onto 
the unit disc △. Furthermore the function f is determined uniquely 
by conditions f (이 = 0, ff(a) > 0 tz G Q.

We call the function f in Theorem R as Riemann mapping function. 
In [3,4], Chung studied some of the properties for the domains in the 
plane using these biholomorphic mappings.

Also it is important to investigate the boundary behavior of the 
Riemann mapping function to study the mapping properties of the do
main on the boundary. In the present work, we consider the regularity 
properties of the Riemann mapping functions on the boundary. That 
is, we will prove the following three theorems.
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THEOREM 1.1. Suppose that Q is a bounded simply connected re
gion whose boundary points are simple. Then the Riemaun mapping 
function f of 0. onto △ extends to a 1-to-l continuous function F of 
onto A. Futhermoref the function F maps bQ 1-to-l onto 6A.

THEOREM 1.2. Suppose that Q is a bounded simply connected re
gion which contains a real analytic arc ( = C(/) in its boundary. Then 
the Rieman교 mapping function f : Q ——> △ extends holomorphically 
across J

THEOREM 1.3. Let Q be a simply connected region bounded by a 
08 smooth simple closed curve. Then the Riemann mapping function 
f from Q to △ extends C°° smoothly upto Q.

Even though some of these regularity problems have been known, we 
present here a new and nicer method to prove the 고egularity theories.

2. Continuous extension.

In this section, we prove the continuous extension of the Riemann 
mapping function. First, we need the following lemma.

Lemma 2.1. Let 27 C C be a domain in the plane. If f : D ——> C 
is a 1-to-l holomorphic function, then

f |/,j2 dA = Area of /(P) 
Jd '

Proof. Let / = u + zv, where u and v are real valued functions on 
D. Then j" = h = ux + ivx and by the Cauchy Riemann equation, we 
have

\f J* ― x^x (Ux

Vx
灼户£

Hence fD \f'\2dA = f/(D) dA = Area of /(£)).



On the Regularity of Riemann function 205

DEFINITION 2.2. Let Q be a simply connected region in the plane. 
A boundary point b C bQ is called simple if b has the following property: 
To every sequence {an} in Q converging to 6, there correspond a curve 
7 二二 7(t), 0 < t < 1, and a sequence (tn}, 0 V 九 V 让 … V Z” 一스 

such that 7(fn) = an (n = 1,2,3, • • *) and 7(/) G Q for 0 < i < 1. In. 
othe호 words, there exists a curve in Q which passes through all 
and which ends at b.

Lemma 2.3. Let Q be a bounded simply connected region. Suppose 
that f is a 1-to-l holomorphic function of Q onto A. Define a function 

on Q by
f if z € Q

W(z)= < n h[ 0 if z E bQ

Then is a continuous function on Q.

Proof. For w in Q, we have

杪⑵-戒(w)| = |(1 - |.f(z)|) - (1 - |/(w)|)|
=|l.f(z)| - |/(w)|| < \f(z) - /(迎)I

So the continuity of p on Q is clear.
To prove the continuity of 寸 on 6Q, suppose p is not continuous 

at Zq G bCl. Then there exists a sequence {zn} in Q converging to 
zq such that ?/?(3n) — dist(f(zn). 6A) > A > 0 for all n, for some 
constant A. Since {/(^„)} is bounded, there exists a subsequence 
{f(znk )} of which converges to Here wQ must satisfy that

> A, and hence that wq is an interior point of Q. Let 
F = J-1. Then znk = F(f(znk)) and hence

% = lim znk = lim F(f(znk)) = F(w0). 
人一，8 4—8

Since F is a 1-to-l function from △ onto Q and since Wq E mi(A), 
there exists a point in Q which is the image of u% under F, Thus

0 二二 W(zo) = ?/j(F(wq)) = t/isf(wo, 6A) > A > 0

This is a contraction. Therefore p is also continuous on 6Q. □

Using lemma 2.3, we can prove the following theorem.



206 S Chof and S R Pai

THEOREM 2.4. Let Q be a bounded simple connected region and 
let f be the Riemann mapping functioi2 of Q onto △,

(1) If b is a simple boundary point of Q, then f can be extended 
continuously to Q U {b} and moreover |/(6)| = 1.

(2) If 虹 and &2 are distinct simple boundary points of Q, then f 
can be extended continuously to Q U {61} U {奶} and f(bi)尹 

•雁 2).

Proof. (1) Suppose that (1) is false. Then there exists a sequence 
(an} in Q converging to b such that /(ti2n) —> wi, /(a2n+i) —> 纺2) 
Wi + W2

Choose a curve 7 = 7(f) passing through all c妇's and tending to 
b and set T(t) — /(7(0)- From Lemma 2.3, (圳 can be extended 
continuously to [0,1] and |T(f)| ——> 1 as f ——> 1. So |wi| = |u시 = 

1. Therefore it follows that one of two open arcs A whose union is 
S — U {後2}) (where S is the unit circle in C) has the property
that every radius of △ which ends at a point of A intersects the range 
of r in the infinite set which has a limit point on S.

Set F = /-1. Note that F is a bounded holomorphic function on △ 
and that F(F(f)) = 7(/), 0 < / < 1. Thus F has radial limits a.e, and 
moreover

(2.1) lim F(reid) = b
r—>1

a.e on From (2.1), we have lim質(F 一 b)(re2^) = 0 a.e on A, 
and hence F(z) s & on A because F is a holomorphic function. Note 
that. F is 1-to-l because f is 1-to-l. This is a contradiction and hence 
wi = w2 and |/(6)| = |tPi| = 1.

(2) Suppose that the extension f satisfies 了(机)== wq. Let 
71 and 72 be curves in Q tending to S and 或 respectively. We may 
assume that 72) > ||6i 一 씨. Let 5 > 0 be so small that
Fi(0) = /(7i(0)) and r2(0) = /(72(G)) are not in Z)(w0,6) Cl △. Let 
0 < r < Since I\(£) = /(7z(0) — wo as t 1, z — 1,2, it 
follows that ipi, W2 G D(wq,r). Set = iuq + ret01,衫2 = wo + re1^2,
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一‘兀 < &2 < ‘叭 and let 77 = max{Pi|, l^l)- Then

成(Si) — F(w2)| = Ff[wQ + rel0)i7'el° dO

(2.2)
广〃

< r / \F1(iuq + rezG)\ dd
J—1)

-rUjF，(w° + ret6)\2 dd

by H치der's inequality. But by the choice of 7^, we have:

(2.3) dMZ(F(SL),F(u，2)) = |F(凹)-F(w2)I > §如-b2\.

From (2.2) and (2.3), we obtain an inequality

1 c f 9
(2.4) -如2 <打2 / |尸(件+厂泌)「而,

线 J — rj

since、(J二? 湖) 허 < xj규、Now we integrate both sides of (2.4) with 

respect to v variable. Then by Lemma 2.1, it follows that

8 = / l&i — Z)2|2 dr < J j |F'(g)+re*)|2 rdddr

< [ |F'(s)|2 dA = Area of F(D(w()』、)A △)
D(wo,6)OA

< Area of Q < 00,

This is a contradiction and hence + /(62)- □

Now we are ready to prove Theorem 1.1. Here we state Theorem 
1.1 again.

THEOREM 2.5. Suppose that Q. is a bounded simply connected re
gion whose boundary points are simple. Then the Riemann mapping 
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function / of JI onto △ extends to a l-to-l continuous function of Q 
onto △. Futhermore^ the extension f maps 6Q l-to-l onto 5A.

Proof. Let zq be a point on bQ and assume that {zn} C is a 
sequence converging to zq. Without loss of generality, we may assume 
that {z-n} C ML Since every boundary point of Q is simple, it follows 
that for each zn there is £ Q so that \zn — < 1/n and that
|/(zn) — < I/?" Note that {*} also converges to Therefore
JP4) converges to /(6) by Theorem 2.4. Hence f(zn) also converges 
to f(b) and this proves the continuity of f on Q.

Note that △ C /(Q) C △・ Since f is continuous, it follows that 
/(Q) is compact and hence /(J2) = △. □

3. Smooth extension.

In this section, we consider the behavior of the Riemann mapping 
function on the region, whose boundary contains a C°° smooth arc or 
a real analytic arc. First we prove the following Generalized Schwarz 
Reflection Principle.

LEMMA 3.1. Let Q be a bounded region whose boundary contains a 
real analytic curve 7 = 7(i), t C (a, b) with yf(t) / 0. Suppose that u 
is harmonic in Q, continuous on U 7, and zeio on 7. Then u extends 
harmonically across 7.

Proof. Let t()£ ((2, b) and assume that 7 is real analytic. So we can 
write 7(i) = 二岩0 소事以0 - to)”, t E (t0 - 8, t0 + 5), for some 6 > 0. 
We replace t in the power series by a complx value z, for \z — to\ <8 
Then 7 = 7(2) is a holomorphic function in the disc. Consequently, we 
have a holomorphic function 7 = 7(2) in a region D, which consists of 
discs symmetric to the real axis and which contains the segment (a, 6).

We note that 7 = 7(2) is locally l-to-l since g'(z) =4 0. Shink D 
again in which 7 is l-to-l (again denoted by D). So we can. consider 

o 7 on D. Fi'om the properties of u and 7, it follows that u o 7 
is defined on D and satisfies all the properties in Classical Schwarz 
Reflection Principle. Let D+ be the portion that satisfies g(Z)+) C Q・ 
Then u 0 7 has a harmonic extension to D~ and therefore u has a 
harmonic extension across 7. □
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LEMMA 3.2. Let Q be a bounded simply connected region whose 
boundary is a real analytic arc 7 = 7(f), in the sense that only one half 
of the disc, whose center is on y, is inside Q. Then every boundary
point of Q is simple.

Proof. As in Lemma 3.1, we can regard 7(f) as a function of complex 
variable t. Let b £ bQ with 了(4) = b. Then there exist D(i&, r1) and 
D(b, r) r, r1 > 0 such that each z G Z)(6, r) can be written as a power 
series z = 辭긔) ' :- M)n 玷匸 some t G because 7 is
holomorphic on

Let (an} be a sequence in Q such that an ——> b. Then there exists an 
integer N > 0 such that n > N => an G D(如 r) Put bz = cln+z (2 = 
1, 2, • • • ). Then we can represent bt as : bz — £註()— (f； - 认)for 
some tt G and it is clear that —> 6 as ? —> 00. Since 7 is
continuous on Z)(和，質')，it follows that bt as 九 t

Note that we can connect finite points by a curve. Therefore let us 
show that there exists a ciu've in Q passing all b；s and tending to b. 
That is, we assume that there is a function ^(3) 0 < <$ < 1 and a se
quence {&} < S2 • • • —> 1 such that =毎 and that p(s) E Q for
0 < i < 1. In two points are path connected. Therefore there
exists a curve 0 that passes all So there is a sequence {st} so that 
Si < $2 • • • -r 1 and that 0(sj = tt. Let c血)=£藉)''第坦0 一 切>). 
Then a is continuous 011 D(t> 質”)* Since only one half of the disc (whose 
center is on 7) is inside the image of the curve g under the funtion 
a is a curve in Q tending to b such that 사(") = If we consider a o^, 
then this is the desired curve passing thru b；s and converging to b. □

Now we prove that the Riemann mapping function can be extended 
holomorphically to the boundary which contains a real analytic arc.

THEOREM 3.3. Suppose that Q is bounded by a simply connected 
curve which contains a real analytic arc (=〈(言).Then the Riemann 
mapping function f : Q ——> △ extends holomorphically across

Proof. By Lemma 3.2, f can be extended continuously to the curve 
C- Let zq € C，By Theorem 2.4, it follows that 六的)丰 0. We choose 
a disc D centered at 기) and that /(^) 0 on D. Let us consider 
the function h{z) = log |/(^)| on D. Then h{z) is harmonic on Z)+ 
where is the subset of D in Q. Since f is continuous on
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h(z) = log Lf(z)| is also continuous on D+. Note that D+ = U Cd, 
where 6 is the part of < in D, Moreover h = 0 on since = 1 
on C- Hence by the Generalized Schwarz Reflection Principle, h extends 
harmonically accross Shink disc again so that h is harmonic on 
D(zQye). Let v be the harmonic conjugate of h on Z)(2g,g) and set 
H(z) = Then H is holomorphic on D(zq^ £)and satisfies

|e")| = 々)= |j，(z)|.

Hence
黑=* or

for some 6 £ We note that 評/(、£) js holomorphic and hence
that extends f holomorphically in D(zq.s) A □

THEOREM 3.4. Let Q be a simply connected region bounded by a 
C°° smooth simple closed ciu've. Then the Riemann mapping function 
f from Q to A extends C°° smoothly to Q.

Proof. Note that all of the boundary points of the region that is 
bounded by a C°° smooth simple closed curve are simple. Hence f 
extends continuously upto the boundary by Theorem 2.5. Let a G Q 
and f(a) = 0. Define a function p : Q ——> R as follows: =
log \ f(z)\ for all z except a and 敬(q) = 0. Since = log |/(^)| is 
the real part of log/(3)which is analytic in Q — {a}, p is harmonic in 
Q — {a}. From Lemma 2.3, it follows that d新t(、f(z\b0 = 1 — |/(^)| 
is continuous on Q, and equal to zero on 6Q. Thus log |/(^)| is also 
continuous on Q — (a} and equal to zero on IQ

Choose a small e > 0 so that Z)(a,£)C Q Choose a C°° cut-off 
function f defined on Q so that g 三 0 on D(a, |) and f 三 1 in Z7c(a, 6). 
Set u(z) = g(z)W(z) = log |/(^)|, z € Q. Then it is clear that u is 
continuous on Q, equal to zero on bQ and that Au G C°°(Q). This last 
property shows that u itself is smooth on Q by the regularity theory 
of the Laplace operator [2]. Note that u(z) = log |/(^)| near bQ. Thu용 

log Lf(z)| extends C°° smoothly upto bfl and so does

(WE)2 = |"|2=JSf(z).

Thus / is a smooth function on Q and this proves our theorem. □
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