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BOUNDED LINEAR OPERATOR
ON INTERPOLATION SPACES

Doo-Hoan Jeong and Jin-Mun Jeong

고. Introduction
In this paper we deal with the fundamental theory of interpolation 

spaces between the initial Banach spaces. Let X and Y be two Banach 
spaces contained in a locally convex linear Hausdoi'ff space X such 
that the embedding mapping of both X and Y in X is continuous. Let 
JV D y be a dense subspace in both X and Y. The purpose this paper 
is made to obtain abstract interpolation theorems between X and K, 
which is denoted by (X"T)们卩・

Let X고 and Yl [resp. and Y2] be two Banach spaces contained 
in a locally convex linear Hausdorff space 가4 [resp. X^\ such that the 
embedding mappings of both X】and Y\ [ both X? and Y2] in Xi [resp. 
A시 are continuous. Let T be bounded linear operator from X、to 
X2 and also bounded from to Then we give the properties of 
bounded operator on interpolation spaces that is from (-Yi, 1^)^ p to 
02,的。,，

We will treet the first point of view and determine real and complex 
interpolation methods. To the real methods, there are the mean meth
ods as in Lions and Peetre [2], the K-and J-methods as in Butzer and 
Berens [1]. We will make easier some proofs of the equivalence of the 
different methods i교 this paper. In forth coming paper, we will deal 
with the complex interpolation methods.

2. Definitions
Let X and Y be two Banach spaces contained in a locally convex 

linear Hausdorff space X such that the embedding mapping of both X 
and Y in X is continuous. Let X r\Y be a dense subspace in both X 
and y. For 1 < p < 00, we denote by L£(X) the Banach space of all 
functions t t u(t), t £ (0, 00) and u(t) € X、for which the mapping
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t t u(/) is strongly measurable with respect to the measure dt/t and 
the norm ||^||lp(x)is finite, where

We now introduce a Banach space

V = {u ： \\t0u\\LP{x} < 8, \\teu'\\LP(Y) < 8}

with norm
llullv = 职이心 (X) + 诉%'1心 (Y)

and choose an g (자(IQ °。)) satisfying q(t) > 0, q(0) = 1, it is easily 
seen that w(0) G X. Infact, we know

产d 
«(o)= g(o)a(o)= - J 瓦

OO 广8
q 一 / q(t)u (t)出.

Jo

By the simple calculation, from

/8 f8 i±
II / q\t)u(t)dt\\x 니I / £ig'(Mu(t)丁||x

Jo Jo t
w {厂此%(狎으闵厂心)唁户 

Jo 1 Jo t
={ 矿(圳，％}九衬讪乙心)< 8

丿0
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where p = p/(p - 1), it follows q‘ (t)u(t)出 € X UBy the
similary way since

广8 , 广8 j
II / a(t)u (t)dt\\Y =\\ 广侦濟々'(t)丁||y

Jo Jo i
< {r ”-邮用' 쁘庄 {r I"(圳拾 知

Jo t J° t
/•8 ， ， 1

• ={/ *1-。”7|0(圳皿"却山'|心(丫)<8 
JO

it follows 當 q(t)u'(t)dt e Y. Thus, u(0) € X Cl K C A*.

Definition 2.1. V诧 define (X, Y)知，0 < ^ < 1, 1 < p < oo, to be 
the space of all elements u(0) where u eV, that is,

(x, = {v(0) : u € V}.

Lemma 2.1( Young's inequality). Let a > 0, 6 > 0 and 丄 + 丄=
1 沥 erel<0<8.꼬hen 사^ 号 + 号 ? ?

Proposition 2.1. For 0 < 0 < 1 and 1 < ；? < oo, the space 
(AT, Y)e,p is a Banach space with the norm

II이曲 = inf{|| 이 I : u EV, u(0) = a}.

Furthermore, there is a constant Cq > 0 such that

II이6顷 = Qinf{||尹끼|打&)卅M|应(丫): ?/(0) = a, u € V}.

Proof. We only prove the last equality. For u E V satistying u(0)= 
a, we know \\a\\elP < \\u\\v^ Putting

^a(0 = w(AZ), A > 0,

it holds that
以 C V, «>(0) = u(0) = a
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and

(2.1) II이|徧 으 IR시|v = II衬以|e：(x)+ II尹以

Since

II血||l£(X) = {/ II"(圳&牛}子={/ II疚心圳&牛戶 

= {j； 11(；九(이%?” = 人一°11衬애負X)

and

I"xllg） = {广|"«）吟?廿={/8 |略侦'（人圳|《户

= H / 11（；）"（圳传쯔}' = 시世"1以（丫）, 
丿0 入 1

(2-2)

from (2.1) it follows that

||a||o,p < 入一'||匕'이Il”x)+ 시|]t°u lkj(y) 

=人一七4 +勺3.

Choosing 
A =仇4/(1 — 8)B,

(2.2) implies that

(2.3) II시们p 亏営成队 %쓰制如

= （j으习）项/細 ° + （j土 ）1-細『細。

=（1七흐0）（土厂 3®

上（은%* 顼

_ 金—由。=A }i-6（B 0
_ （1 —们1一啪-（］顼 I 0丿.
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By regarding as

a = b =(音)。，为，and q
1 — (7 (7 1—(7

in Young's Lemma 2.1, from (2.3) we have

A.1~eBe
II如+ 3，

1 
e

that is,

II씨。,P -(] _ g)l一伊诉시电：X) 卬IIU(Y) 

M I衅이lz：(x)+ II袒“ IIl£(y)-
For every u E V satisfying u(0) = a, it holds

仙膈 京시I叩 I 顷引儿'1伍（丫）日이 v
where（為=1/（1 一 项俨.Thus we conclude that

II이|e,p J（］ _ 0）1-808 II衬이I过吃（V）

< I僂이心（X） + 巾編 IIlJ（V）-
Therefore

II이们卩 =（為 辻迁｛|杪씨卅" "b（Y）: "（이 = 缶 U G 卩｝‘

Proposition 2.2. For 0 < & < 1 atid 1 < ；> < oo, we have 
(X,X)3 = X.-

Proof. We only proof the relation (X,X)们卩 D X. Let x E X and 
q 6 Cq([0, <x))) safisfying q(0) = 1. Putting u(t) = g(£)z)we have 
u(0) = x. By simple calculation, since

j； 卅端(圳&¥ = 外지 R 出 < 8，

匕8 ||尹如)眼?=/8孙-板(圳叫时/ < 8

we have x g (X,X)°,p,
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PROPOSITION 2.3. Let X c Y satisfying that there exists a con
stant c > 0 such that ||u||y < c||삐If 0 < 8 < O' < 1 then we 
have

Proof. Let a E （X, Y）们p ・ then there exists u E V such that tz（O）= 
a and

II疚이陳X） <으 8, \\teu \\lp（y）M 8.

Let q G C*o（［0,oo）） safisfying q（0） — 1, 0 < q（t} < 1 for i € （0,1） and 
q（t） = 0 for 1 < f. Putting v（t） = we have

II*이lwx）= ｛ 广（『典）1"牛｝:

Jo 1
=｛/ （尹 q（圳”（圳 L\-）"牛｝'

Jo 1
<｛广（旳讯圳"牛｝5<。。,

Jo 1

and

I 广 8 , Ij.

I捫 = ｛ / （衬加（珈0） + <7‘（却"）1【丫）七手 
J0 1

f 8 , ［十

<｛（尹 a（圳g'（圳 h，）「丁｝土
JQ 1

广 8 f 1>

+ ｛/ （出4（圳叩）1"七手

广8 / Jj.

< ｛JQ （庆 \\u'mYy-｝i

/*oo , u
+ max”'（圳｛/ （尹 I"（圳|丫）匕｝壬 <。。,

hence we obtain that a = v（0） E （X, F）矿 p.
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3. Bounded linear operators on interpolation spaces
Let Xi and [resp. X2 and Y^\ be two Bana시] spaces contained 

in a locally convex linear Hausdorff space [resp. such that the 
embedding mappings of both and [ both and Y2] in [resp.

are continuous. Let T : /가4 t & be linear operator such that 
T G B（Xi,X2） and T C 3。<「丫项）where B（X, Y） denotes the space of 
all bounded linear operators.

Theorem 3.1. IfTe B（X1,X2） n B（YX,Y2）, then
끄 € 硏（X> 匕）5（X2, 玲）幻，） satisfying

II 끼 |B（（X1W 瘢,（&,丫2）睑） M IBII當次,.'提匕끼3（宀,丫2）・

Proof, Let a G （]長，匕Then there exists u such that iz（0） = a 
and

II尹비”（Xi） < 8, 卅細'||伏（覧）< OO.
Here, we know that

f 8 U
II 处니 I 四旳） 争/ l|tS（Z）吃亍｝土

으 II幻Ib（Xi,X2）II也비|z¥（Xi）

and

II尹（孔） II度（七）= \\teTu ||lj（y2）< 1|7||贝匕,*）11尹이 II乙?Qi）

where cl/dt｛Tu（t）｝ = Til （£） in distribution sense, which implies Tu（0） 
— Ta E （X2,[板）。,On the other hand, from Proposition 2.1 it follows

I四 11（，"）" < W|t%||掀羽）肘（孔）'ll》％）

W W께板鑫,X2）I께尹引釦（Yi）・

Therefore, we have

||&||（乂2,丫2）0” — 1|7‘1&（%,、2）1|7‘1说",丫2）1同01,丫1）0,?,

and hence the proof is complete.
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