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ON GENERALIZED HAMMING WEIGHTS
OF CYCLIC LINEAR CODES GENERATED

BY A WEIGHT 2 CODEWORD

Seon Jeong Kim and Mi Ja Yoo

1. Introduction and Preliminaries

Let F be a field with two elements. A binary code is simply a 

linear subspace C of Fn. The elements of a code are called code

words, the integer n is called the length of the code. An [n, fc]-code 

means the code of length n, and of dimension k. The weight w(v) of 

a codeword v =(处‘習广 * - , vn) is defined by w(v) = card{z | vt 供 0). 
The weight w(V) of a subcode V of a code C is defined by w(V)= 

card{z \ vt Q for some v G V}. In [W], Wei introduced the gen

eralized Hamming weights which aie defined as dr(C) = min{w(V) | 

V is an dimensional subspace of C), for 1 < ?^ < dim C. Also it has 

been shown in [W] that the weight hierarchy of a linear code com

pletely characterizes the performance of the code on a type II wire-tap 

channel. Here d\(C) is just the mininium distance of C which is one 

of important parameters of a code C.

A code C is said to be cyclic if (如，, vn,vi) G C for every 

,^n) G C. A cyclic code C is said to be generated by a 

codeword v if C is the smallest cyclic code containing v. In this paper, 

we find the generalized Hamming weights of a cyclic code C which is 

generated by single codeword of weight 2.

The following are well-known facts on the generalized Hamming 

weights.
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Theorem 1.1 (Monotonicity) [W]. Let C be an [n,k]-code7 

then

1 < dx(C) < d2(C] < < clk(C) < n.

Theorem 고.2 (Duality) [W]. Let. C be an [n. k]-code and Cx be 

the dual code. Then

{dr(C) \1 <r <k} = {1,2,…一 {" + 1一 阳。丄)I 1 < r < n-k}.

The author would like to thank the referee for his /her comments 

and corrections to the previous version of this paper.

2. Main Results
Recall that there is a natural vector space homomorphism

珂时/(：必一 1) 一> Fn

defined by

。(아3 + + , … + 如一况" 1 + (xn — 1)) — (a0, 5 * • • , an—i))

and there is a one-to-one correspondence induced by ' between the 

set of ideals of F[x]/ 一 1) and the set of cyclic codes in Fn. (See 

[L] fo호 more detail.) Thus the cyclic code generated by a codeword 
(ao, ai,--- , an-i) corresponds to the ideal in F[씨/修” 一 1) generated 
by aQ + ayx + a2x2 + •、• + an^rn^~l + (⑦"一 1). This ideal is also 

generated by the coset whose representative element is the greatest 

common divisor of 时 + atx + a?⑦으 + ・ … + and xn — 1. Note

that 必 一 1 = z" + 1 since we only deal with F = (0,1).

LEMMA 2.1. Let C be a cyclic code of length n generated by a 

codeword v of weight 2 Then it corresponds to the ideal in F\x\/{xn — 

1) generated by 1 + xl + (xn — 1) for some divisOT I of the integer n.

Proof. By definition of cyclic code, we may assume that v = (o0,ai, 

… ,where aQ = 1 and am = 1. By the above comment, C 

corresponds to the ideal of 列时/(⑵"一1) generated by l + xm+(xn —1), 

then this ideal is also generated by a coset whose representative is the
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greatest common divisor of 1 + and xn — 1. Let n = mq + r with 

0 < ?' < — 1 Since

一1 =此村+「一 1
=(®“q_g +(m),

by Euclidean Algorithm, we see that gccl{l + x^.x71 — 1) = 1 + x1^ 

where I = gcd(??7, n}. Thus the proof is complete

A matrix G is called a generator matrix of a code C if its rows 

form a basis of C. It is a well-known fact that a generator matrix of 

the cyclic code corresponding to the ideal generated by the coset with 

representative element 1 4- where I is a divisor of n. is

p 0 0 . .1 0 0 . .0、
0 1 0 . .0 1 0 . .0

0 0 1 . .0 0 1 0

ko
0 0 . .1 0 0 . 1丿

where the second 1 is in the I + 1th place in the first row.

We use the following lemma to prove our mam theorem.

Lemma 2.2 F。호 /, cz > 2, let G be a matrix

/ I

I h

G = "1) I :

I 丨a
' I 刑 I(a-l)xla,

where denotes the k x k identity matrix. Then any ha — 1 

(^- h < I) columns of G, there exist linearly independent ha — h 

columns

Proof. Let w denote the z-th column of G for 1 < ? < Za, and let 

Bi and be the sets of columns of G such that

Bi = bh I 1 < ? < /(a - 1)), 

B? = {ut I /(a — 1) + 1 < t < la}. 
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Note that each vector in has only one nonzero coordinate and that 

in B2 has exactly a — 1 nonzero coordinates. Also note that the vectors 

in each 1 = 1,2 are linearly independent.

First, we prove the case for h = 1. Let A = {utj | 1 < j < <z — 1) 

be a set with <7 — 1 columns of G, If A A B2 = 0, then the elements in 

A are linearly independent. Suppose that A D B2 供 0, and let

b'U+ 方2疆2 + •…+ —=0,如 £ F)

where E fo호 1 < j < i, ul} £ B? for / + 1 < j < a — 1, and 

t < a — 2. Then we get

疆知 + T----- 1- 切이牝 = S+1 疆+ T--- F "一国“…. (*)

Suppose that both sides are not equal to 0. Then the number of nonzero 

coordinates in the left side is less than or equal to f < a —2, and that in 

the right side is greater than or equal to a~l, which is a contradiction. 

Thus both sides are equal to 0 and hence all coefficients b3 are zero, or 

equivalently the elements in A are linearly independent.

Now we prove the cases for 2 < h < I. Let A = {u勺 | 1 < j < ha — 1} 

be a set of columns in G, and A1 be the set of vectors in A Q B2 which 

are expressed as linear combinations of the vectors in A(\ Note 

that each vector in B2 are expressed as a linear combination of the 

vectors in

a-2

疆(D+j = £ for 1 <J <

t=o

Since the sets {”丿+〃 | 0 < f < a — 2) for 1 < j < Z are disjoint, A! has 

at most ［스으그］ < h — 1 vectors in A Hence

card(*4 — A') 土 ha — 1 — (h — 1) — ha — /?.

Now we shall claim that any ha — h vectors m A ~ A1 are linearly 

independent. Let utl, ?/l2, • • • , Uiha_h be elements in A—A! and suppose 

that

四 1 + 妫+ … • + bha — h•긴 바3 一 h = "z C F、
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where C B\ for 1 < j < g for t + 1 < j < ha — h. For each 

j with t + 1 < j < ha — h, there is at least one nonzero coordinate of u3 

where the coordinates of the other vectors in A are 0. Because such u3 

can not be expressed as a linear combination of vectors in A A Bi and 

all vectors in B? has nonzero coordinates at distinct places. Hence the 

above equation implies that b3 ~ 0 for all f + 1 < J ha — h. Since all 

vectors in B\ are linearly independent, the other coefficients are also 

ze호。. Thus - - - , Uiha_h are linearly independent, and we have

proved the lemma.

Finally we prove the main theorem.

THEOREM 2.3. Let C be a cyclic code of length n generated by 

weight 2 codeword (匕纶/如广…，an_i) with 缶=印=1. Then the 

dimension of C is l(a — 1) and the generalized Hamming weights are

r
dr(C)=尸 + [---fbr 1 < r < l(a — 1),

ci — 1

where I = gcd(j — z,n], a =号.

Proof. As in the proof of Lemma 2.1, we may assume that gq = 
ai — 1. Hence a generator matrix of the cyclic code C is

/I 0 ... 0 10 0 ... 0\

01... 001 0 ... 0

G —

\0 0 ... 0 0 1 ... 0 1/ — 1) x Za

where the second 1 is i꾜 the l + 1th place in the first row.

We perform the following elementary row operation on the matrix 

G

V，1 — + S+ + 0+27 + 0+3/ + …)

for each z = 1, 2l(a — 2), where % denotes the 2-th row of G. Then
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we obtain another generator matrix G' whose rows are 祈；

/ 丨A \
I II

G，= S—i) I :

I h
' 14, Z(a-l)x/a.

Now we use induction on h to prove that for any A, 0 < < / — 1,

dr(C)=質 + (九 + 1) for h(a — 1) + 1 < r < (A + l)(a — 1), 

which is equivalent to the theorem.

Let h = 0. Since the dimension of the code is less than clearly 

the minimun distance> 2. On the other hand we see w(^) = 2, 

hence di(C) = 2. For 1 < r < a — 1, we have

w(Z)r(l, 7 + L 이+1)•… , (r — 1)Z + 1)) = r + 1,

where the notation • - - ,ir) means r-dimensional subcode gen

erated by the rows 祈［，…，政 of Gl. Hence c?r((7) < r + 1. Using 

Theorem 1.1, we conclude that dr(C) = r + 1.

Assume, as an induction hypothesis, that the following holds;

d質(C) = r + (s + 1) for s(a — 1) + 1 < r < (<s + 1)(« — 1).

For r = (s + l)(a — 1) + 1, by assumption, we have dr-i(C) = 

(s + l)a. So we have the inequality dr(C) > (5 + + 1, here we

prove that the equality does not hold. If dr(C) = (s + l)a + 1, then 

there exists a subcode D of C such that w(2?) = (s + l)a + 1 and 

dim(D) = (s + l)(a —1) + 1.

By definition of ty(27), all vectors in D have zero coordinates at 

la — ((s + l)ct + 1) = (Z — s — l)a — 1 places, simultaneously. That is, 

the following inclusion holds;

D C {(Ci,c2,- • - ,c/a) e C I Cb = 0 for j = 1,2, • • - ,(/-5-l)a-l},(*) 
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for fixed = 0 for j = 1,2, • • • , (Z — 3 — l)c/ 一 1. Since the rows of 

Gl form a basis of Cf, every element of D is also expressed as a linear 

combination of them. Since

/ < \

%祐H---- 祈(a_1) =(ai •••C〃(aT)) ； = (a-izi,••- ,a-uta),

\ U；(a-1)丿

where 日，％ are rows and columns of G1 respectively, and a - ut means 

the usual scalar product of a = (ai，•― ,and izz, the above 

inclusion (*) is equivalent to

D C {a0+• •.電如_i)M(a_i)I a-u1} = 0 for j = 1,2, • •

Hence we obtain

dimZ?

< dim{ai祐 H-----1- a%-!)祐(吁】)\ a ■ utj = 0 for j = 1,2, • • - , (/ - 5 - l)a - 1)

=dim{(ai,…，*『1)) | a • = 0 for j = 1,2, ■ • • ,(Z - s - l)a - 1}.

By Lemma 2.2, the rank of the matrix (un, • - - , uz(z_a_1)a_x) is at least 

(Z —s —l)a —(Z — s — l), using the dimension theorem in Linear Algebra, 

we have

dim I? < l(a — 1) — ((Z — 6 — l)a — (I — s — 1))

=($ + 1)(。一 1),
which contradicts the fact that dim D = (s + l)(a — 1) + 1. Thus

dr(C) > (s + lg + 2.

On the other hand, since

iu(Dr({bl + c|0<6<a-2, l<c<s + l}U{s + 2)))

=(s + l)a + 2,

we conclude that dr(C) = (s + l)a + 2.

For (s + l)a — s < r < (5 4- 2)(z 一 (s + 2), we have w(Dr({bl + c |

0 < & < a-2, 1 < c < 3 + l}U{(6 + 2) + M I 0 < 6 < 厂+ s — (s + l)a})j

noindent = ?、+ ($ + 2). Then, by Theorem 1.1, we have d「(C)=
厂 + (s + 2). Thus the proof is complete.
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