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NONSINGULARITY AND INVERTIBILITY
FOR A COMMUTING PAIR

CHoON KyuNGg CHUNG AND YonNG BIN CHol

Throughout this note, write £(X) for the set of all bounded lin-
ear operators on a Banach space X and suppose T' = (Ty,7T:) is a
commuting pair of operators in £{X). Then we say ([3],[4]) that T is
nonsingular in the sense of Taylor if it has an exact sequence for its
Koszul complex(cf. [1],[2]):

Ty
I 1x)1 (-Tx Th)
(0.1) O—)X—r[X — X — 0.
The exactness resolves itself into three conditions:
(T1)  (left) 7:(0) N 757(0) = {0)
(T2)  (right) h(X)+L(X)=X
(T3) (middle) (=T Ty)"'(0) = @1 ) (X)
2

We also say ([3],[4]) that T is invertible in the sense of Harte if
its Koszul complex (0.1) has an interpolation: that is, there are pairs

(T{,T3) and (T{', T3') for which
(H1) (left) N+ T =1
(H2) (right) DTV + Ty =1
. _Ty PN e I o0
(H3) (middle) T (=T, Ti)+ T, (T} Thi= 0 1)

It is clear that invertibility implies nonsingularity. If the space X is a
Hilbert space then nonsingularity implies invertibility. But for Banach
spaces this question is open ([1],{3]). Harte ([3]) gave a necessary and
sufficient condition for middle nonsingularity.
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We can also have a necessary and sufficient condition for middle
invertibility. For this we recall ([2]) that T € £(X) is called regular if
there is T' € L(X) for which

(0.2) T = TT'T;

then T" is called a generalized inverse for T. In this case T'T and TT"
are both projection and

(0.3)  (T'T)~10)=T"%(0) and (TT')(X)=T(X).

We are ready for:

THEOREM 1. If T = (Ty,T3) is a commuting pair of operators the
following are equivalent:

(a) T satisfies (Hs)

(b) T satisfies (T3) and there are pairs (Sy, S3) and (57, S3) for which

(I - (51T1+52T2))(X ) € T7H(0) N T;7(0)

an (1~ @SHms) O 21 + i)

Proof.. (a)=(b): If T satisfies (H3), it is evident that T satisfies
(T3). Also multiplying on the right of (H3) by (? ) and multiplying
2
on the left of (H3) by (—T2 T4) give

0 T 4 G
TP LT =Ty
T, & BTG =T
TENTy 4 BT =T,
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so that
T (I (T + Tz’Tz)) —0

1 (I L Tz’Tz)) =0

(I— (T + TQTQ”)) Ty =0

(1- @z +map)n=o,

which gives (1.1) with T} =8y, T} = 8y, T} =81, T§ = 8i.

(b)=-(a): Suppose (1.1) holds. Then (;1) and (=T Ty) and
2

!

both regular with generalized inverses (S; S;) and (_S‘?z ), respec-
1
tively. If T satisfies (T3) then, by (0.3),

(¢ 2)-(F)en m)(E)=cn mo
-(3) @
-((E9)-B)s o) o

and hence

(G 2)-(@)e )G 2)-(F)en m)
(2 ?)

which give (H3) with
Tll' - Sl = 515§Tg S SzSiTQ, T2’ = Sg + S]SéTl = SzS;Tl, Tln — Si,
and I =85 O
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COROLLARY 2. If T = (T}, 1) is a commuting pair of operators the

following are equivalent:
(a) T is invertible
(b) T is nonsingular together with (H3)

Proof.. If T is nonsingular together with (H3) then it follows from
(T1), (T2) and (1.1) that there are pairs (S1,52) and (57, S}) for which

SlTl -+ SQTQ = and TISE'[ + TQS& = I,
which gives (H1) and (H2). O

COROLLARY 3. IfT = (T4, T») is a commuting pair of operators the
following are equivalent:
(a) T is invertible

(b) T is nonsingular and (%) (X)) is complemented.

Proof.. If T satisfies (b), it follows that (?) and (=T, Ty) and
2

both regular and hence (? ) is left invertible by (T1) and (—-T> T%)
2

is right invertible by (T2). Further by the argument of Theorem 1, T
satisfies (H3). O

We now meet our main result:

THEOREM 4. If T = (T1,T3) is a commuting pair of regular opera-
tors then

(4.1) T is nonsingular <= T is invertible.

Proof.. In view of Corollary 3, it suffices to show that (=T, 7T)
is regular. Suppose T} = ThT{T} and Tp = T,T4T>. Middle nonsingu-
larity gives

7Y T(X).

By an argument of Harte ([3]), T3} is regular, and hence (75T} )(X)
is complemented. Since again middle nonsingularity gives

TI(X)NT(X) = (TTh)(X),
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it follows that T (X )N T5(X) is complemented. Thus, by (T2), X can
be decomposed as:

X=WoT(X)NTx(X)a Z,
where Th(X) = W e T (X) N Ta(X), Ty(X) = T(X)NTR(X) @ Z.

Further, we can arrange T] and T} as
(I-TyTH(X) =W and (I - TT))(X) = Z.
If we put P = I — 15T} then

(4.2) PT, =0

and

(4.3) T, Ty + TWT\PTy =Ty + (I - TV T))(T, T, T4 ) = Th.
Thus, by (4.2) and (4.3), we have

_T'
(—T2 Tl)(T:{IZ))(_TZ Tl)
= (—TgTéTg — TlT{PT‘Z TZTéTl + TIT{PTI )

(-Ty Th),

which says that ( =15 T} ) is regular.

Theorem 4 says that if ' = (T3, T%) is nonsingular then

(5.1) T, and T, are both regular = (?) is regular.
2

But the converse of (5.1) is not true in general. For example, let T} be
not regular and take T = I. Then

(7)o 0(7)=(7).

which says that (1;1 ) is regular and further, the pair (T, I) is nonsin-

gular. By a similar argument of Theorem 4, we can show that (?)
2
has a generalized inverse (T} (I —T1T{)T;). O
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