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REMARKS ON SUBMANIFOLDS OF
COSYMPLECTIC MANIFOLDS

Byung Hak Kim

1. Introduction.

A normal almost contact structure such that its fundamental 2-form
and contact form are both closed is called cosymplectic structure. A
Riemannian manifold with a cosymplectic structure is said to be cosym-
plectic manifold [1, 2, 3]. In this paper, we are to construct almost
complex structure F' on a product manifold of an anti-invariant sub-
manifold of cosymplectic manifolds and Euclidean spaces. Moreover,
we study the necessary and sufficient conditions for F' is integrable.
In the last, we introduce the almost Hermitian structure on the prod-
uct manifold. Unless otherwise stated we use in the present paper the
system of indices as follows:

ABCD, - :1,2,-,2m+42
a,be,d,--+ 1 1,2,--,n
Ty, z,w, -+l n+p=2m+1
* 1 2m 4 2.

2. Anti-invariant submanifolds of cosymplectic manifolds.

Let M be a (2m + 1)-dimensional cosymplectic manifold with struc-
ture (¢,£,7,G), that is, a manifold M which admits a 1-form 7, a
vector field ¢, a metric tensor G satisfying

$*X =-X +n(X), ¢£=0,
(21) G, X) =n(X), n(€)=1,
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(2.2) d¢ =0, dé=0
for any vector fields X, Y on M. The fundamental 2-form ® is defined
by
(2.3) ®(X,Y) =G(4X,Y).
It can be shown in [1] that the cosymplectic structure is characterized
by
(2.4) Vx®=0 and Vxn=0,
where V 1s the connection of G.

Let N be an n-dimensional anti-invariant submanifold of M, that
is,

$(Tx(N)) C To(M)*

for each point z in N, where T,(N) and T,(M)~ denote the tangent
and normal space of N at z, respectively. The induced metrics on the
tangent and normal space are respectively defined by

geo = G(Be, By)
Joy = G(Cq, Cy).
We denote the inverse components of ¢ = (ge) and g = (gzy) by
g7 = (g®) and g~ = (¢%¥) respectively. Then we get [4,5,6],
ey ==0; + L7+ 00
¢ €5 =
¢an® =8 E",
N*na + €% = 1,
p by = —net?,
85d; =6, —nen’s

(2.5)

where we have put

G(¢Bc, Cr) = —fea,

G(¢Cz, Ba) = b,

G(¢Cz, Cy) = day,
G(¢, Ba) = Na
G(¢,C, )=£z
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for B. and C, the local basis of the tangent space and normal space of
N, and

Qﬁxygyz = zz>
¢Iﬂgab — xb‘.\
Hag e
a =]
Eeg™Y= LY.

We easily see that

¢xy = _¢yx and Pez = Pzc.

Let Vg4 be the induced Riemannian connection on N, then we get
[4]
Vapl = he' b — by, £,
Vagd = —hq" 1.,
(2.6) Van® = hy €7,
Vabe = —hys 1"

hbcxgsxa = qsczhbaz‘

3. An almost complex structure on N x RP x R,

In this section, we consider the product manifold N x R? x R!, R?
being a p-dimensional Euclidean space. Denote N x R? x R! by M
and define on M a tensor field F of type (1.1) with local components
Fg given by

0 ¢y M
(3.1) (Fg)=| -4 87 ~&
-n* & 0
in {M,z4}, {N,z*} being a coordinate neighborhood of N and
(z™tl ... g™ = g2m+1) heing a Cartesian coordinate in RP and
z* = £*™*? patural coordinate in R!. Then, taking account of (2.5),

we can see that F2 = —J holds on M. Thus we have
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PRroOPOSITION 3.1. If N is an anti-invariant submanifold of

cosymplectic manifolds, then M = N x R? x R! is an almost complex
manifold.

The Nijenhuis tensor [F, F]4y of the almost complex structure F'
has local components

[F,F\ép = F&'0pFg' — Fg 0pFd' — (0cFg’ — 0pF & )Fg

on M. We denote [F, F| 45 by N4%. Then, using (3.1), the components
of N4y are given by as follows;

(3.2) N7 = §20eh) — 62007,
(3'3) Nyc;c — qsyeaeqsza - ¢;Be¢ya,
(3.4) N,; = ¢50:8s — ¢ 0.8,

and so forth.

It is well known that the Nijenhuis tensor of an almost complex
structure F' satisfies the condition [6]

(3.5) NALFF + NopFgt =0.
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Substituting (3.1) into (3.5), we have

(3.6-1)
Nc; wy - Ncg J:e - Ncg ya - Nc"a'fr +Nc;7?a =0,
(3.6-2)
Nc§:¢ey - Ncgqsxe 4 'Ncg(ﬁzz + Nc;¢zy - Ncygﬂf % chgy =0,
(3.6-3)
NciTie - NC:QS; + Nc;(;sxy - Ncg:iy - Ncré-r = 0?
(3.6-4)
Noidy — Nyedy — N5y — Njiby — Noyn® =0,
(3.6-5)
Nz?ngcy - NI%QS; i Nmziuqﬁzw o Na:ig tg - N:c!‘f’g; 4 Nx*;gy =0,
(3.6-6)
Nzeynﬂ - Nzt’,qsye + N;;qbyz - N:rz‘;f‘sz - N::E fy = 01
(3.6-7)
N*;qSIy - N*i(f):ne + N*ggﬁya - N*ZTIQ =0,
(3.6-8)
N*?t:qsey - N*‘Téﬁbf + N*quasz + N*;qszy i N*,;&y = 0’
(3.6-9)

N*isrl'e - N*:-Gﬁf + N*’;¢zy - N*g’;'cfy =0.

Now we assume that N3, N,%, N,% are vanish identically and the func-

tion A% = g,,€"€Y does not vanish almost everywhere. The the equa-
tion (3.6-4) becomes
(3.7) N26s+ N6, =0.

Transvecting (3.7) with £Y, then we get N, = 0, so that (3.7) is
reduced to

(3.8) N 2620

Transvecting ¢ Y and n° successively, we get N % = 0. By the same
method, we obtain N.¥ = 0 and N,%2 = 0 from (3.6-5), N5 = 0 and
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N_* = 0 from (3.6-6) respectively. Then the equations (3.6-7), (3.6-8)
and (3.6-9) are reduced to

(3.9) Nyety =0,
(3.10) NZips=0,
(3.11) Wabpe = 0.

Transvecting ¢ Y and using (2.5), we get N2 =0, N,? = 0and N,; = 0.
Henceforth the equations (3.6-1), (3.6-2) and (3.6-3) become

(3.12) Need, =0,
(3.13) Nee¢y =0,
(3.14) Ne¢, =0.
By the same method of the above statements, we obtain N = 0,

N2 =0and N, =0. Thus we have

THEOREM 3.2. Let N be an anti-invariant submanifold of cosym-
plectic manifolds and let the function A* does not vanish almost ev-
erywhere. If the three components N,%, N, and N, are identically
vanish on N, then the other components are all vanish.

It is well known that [3,6]

THEOREM 3.3. In order that an almost complex structure F' be
integrable, it is necessary and sufficient that the components of N are
vanish.

Considering Theorems 3.2 and 3.3, we get

THEOREM 3.4. Let N be an anti-invariant submanifold of cosym-
plectic manifolds and let the function A\* does not vanish almost every-
where. Then the almost complex structure F' is integrable if and only

if the components N5, N,% and N} are identically vanish on N.

By use of the induced Riemannian connection V4 on N, we can
calculate the components of N7, N} and N} as follows:

yz?
(3.15) NE=(h 95— h )05,
(316) Ny[;: = hdaz(qszy‘;bxd - ¢zr¢yd)u

(3.17) Nyo = (haey® s — haezdy I,
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with the aid of (2.6). Assume that N,2 = 0 and apply ¢} and n,
successively to (3.15), we get

(318) (hedy¢ze - hedzéye)nd = 0:

that is, N7 = 0. Therefore we can state the Theorem 3.4 as follows.

THEOREM 3.5. Let N be an anti-invariant submanifold of cosym-
plectic manifolds and let the function A* does not vanish almost every-
where. Then the almost complex structure F' is integrable if and only

if the components N %, N,% are identically vanish on N.

4. Almost Hermitian structure on M.

Let N be an anti-invariant submanifold of cosymplectic manifolds.
If we consider a Riemannian metric H on M with components

gew 0 0 ... O

0 1.0 ... 0
(4.1) H = (hcp) = : R I

0 0 0 ... 1
then we can see that
(4.2) HopF§ Fg = Hpp,

that is, (F, H) defines an almost Hermitian structure on M. Thus we
can state

THEOREM 4.1. The almost complex manifold (M, F) becomes an
almost Hermitian manifold with a Hermite metric H.

We denote the christoffel symbol by {B “A} and {b °a} formed by
H = (hcp) and g = (ge) respectively. Then, using (4.1), we find

{bea} = {b°a}

and the other are vanish.



240 Byung Hak Kim

Let V be a covariant differentiation with respect to {B €A} formed

by H. Then the covariant derivatives of F' are given by

(4.3) V.F7 = Vb,
(4'4) chb* = VCTNM

(4.5) Nl = Nl
(4.6) VB = =%,

and the others are all vanish. Hence we have

PROPOSITION 4.2. The almost Hermitian manifold M to be a

Kaehlerian space with (F, H) if and only if all of ¢, ¢y, €7 and np

are covariantly constant on N.
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References

D. E. Blair, The theory of quasi-Sasakian structure, J. Diff. Geometry 1 (1967),
331-345.

A. Fujimoto and H. Muto, On cosymplectic manifolds, Tensor N. S. 28 (1974),
43-52

S. I. Goldberg and K. Yano, Integrability of almost cosymplectic structures,
Pacific J. Math. 31 (1969), 373-382.

U. K. Kim, On anti-invariant submanifolds of cosymplectic manifolds, J. Ko-
rean Math. Soc. 20 (1983), 9-29.

G. D. Ludden, Submanifolds of cosymplectic manifolds, J. Diff. Geom. 4 (1970),
237-244.

K. Yano, Differential geometry of complez and almost complez spaces, Perga-
mon Press, 1965.

K. Yano and M. Kon, Anti—invariant submanifolds, Marcel Dekker, New York,
1976.

Department of Mathematics
Kyung Hee University
Suwon, 449-701, Korea



