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A STUDY ON THE ALGEBRA OF P-VECTORS
IN A GENERALIZED 2-DIMENSIONAL RIEMANNIAN
MANIFOLD X,

Junami Ko* AND KEUMSOOK SO

1. INTRODUCGTION

Let X, be two-dimensional Riemannian manifold referred to a real
coordinate system z”, which obeys only coordinate transformations
¥ — T, for which

a pe((Z)) 4o

and is endowed with a real nonsymmetric tensor gy, which may be
split into its symmetric part hy, and skew-symmetric part ky, :
(1.2) gap = h/\,u + k/\pt
where
(13) 0= Det((ga) £0, b= Det((haa) <0, t=Det((kx,))
We may define a unique tensor A*” by
(1.4) Baul™ = b
which together with hy, will serve for rasing and/or lowering indices
of tensors in X5 in the usual manner.

In our subsequent considerations, the following scalars and tensors
are frequently used;

; t
(1.5) g:% k=g
(1.6) g=bh+t
(L) Or=6, Pr=0"VRkE (p=1,2-)
QZ
(1.8) #=0* =10, "=T<O , where Q =k,
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(1.9) DMWMMD:%—<0 =25 >0
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(110) k2 = %

(111) k2= ”";}Q - _% Ko 1l = hléﬂ
(117) @Il =22 = _%i L @2l g

(1.13) @y = _ﬁx_]bfl_21 @, = A_h”_ﬂz’(ie)kw — O, = _T?lzﬂg

Furthermore, we use E*1%2°%" (€4, ay---a, ) @8 the contravariant (cova-
riant) indicator of weight 1(—1).

The eigenvalue M and the corresponding eigenvector «
defined by

¥ in X,,

(1.14) (Mhyy—k,x)a" =0 (M : asclar )

are called basic scalars and basic vectors of Xj , respectively.
There are exactly two linearly independent basic vectors a” satisfy-
ing (1.14) , where the corresponding basic scalars M are given by

(1.15) M=-M=V-E

It is well-known that the basic vectors clz” and g“ are null-vectors

and not perpendicular.

2. SOME ALGEBRA OF &Ly, IN X,

THEOREM 1. In X, ,
(2.1) Det(Pk,) = k°h

Proof.

(3)k,\” — (2);6?\!;3““

= KkGka
= hPo Lo\ h®kgpkay,
Hence,
Det(@hy) = = =& _ 2p >0,

(R
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THEOREM 2. In X4, the components of tensors may be given by

3
hq1823

(2.2)b (3);,;? ey 1{;2 RO}

e Py ="lkg=0 3

22)d Opy = -, = Q

1 _ h2293
= hz

Proof.
(3)]:?;‘ — (Z)A‘akl _ (z)klkl + ‘Z)kfki
15 h Q R Q23
— (- o= 1
(3)ki? (z)kﬂl"2 (2)]" L2+(o)i\,2k2
3
= (Tl y g bul
Okyy = Pkhar = Qkfhn =0
(3)k12 - (z)k?kaz o (2)k1k12
0? Q3
Y L i, Q ey e
( b ) b
REMARK 1.

(2.3) Det(Wky,) =k°h in X,
We note that

(S)k (3)k —se— Qs .
(3) 11 12| _— b = = i3
Det(( k,\#)) (3)k21 (3)‘;’:22 = QTa 0 B k7h
REMARK 2. In X,
(3)kA;L = —_kk/\#
From the fact that ky; = kyp =0 , we have

: 3 2
(3)k12 = _%“ = (—%)Q = —kQ = —kkip
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DEFINITION 1. The eigenvalue M and the corresponding eigenvec-
tor A" in X, defined by

Mhyy, — Bk );‘IU = 0 (M : ascalar)
VA

are called 3-scalars and 3-vectors, respectively.

THEOREM 3. In X, there are exactly two linearly independent 3-
sclars M given by
e’ Bakda
Proof.

EwnEaﬁhwG (3)1‘:”’9 - EwﬂEwﬁ (B)kﬁ = b Ewp.ewﬁ (S)kﬁ
Q3 QS
“[]7]112 = el )

=065 4 =5 kg = b (s - 5

= ()
Now,
2 Det(Mhy,y — (3)]%)\))
— Fpwegef (A1 _(3) AT _ (3
E“rE (thaf kur.v) (ﬂfh.!iﬁ k,uﬁ)
=2 b — 2 ME“E*Phue Pk, + 2Det(( Dky,))

= 2T )+ 2%h = 26 (AT + k%) = 0
Therefore,

M = ++/ k3
THEOREM 4. The basic vector of clt” and g,” of Xy are also 3-vectors
Of)(g.
Proof. ¥k, 0’ = 52 ko a’ =k kfkax 0¥ = MaPkj ko
= A{—’-Zkakaa = M3hw\a:"y
1 1 1

Therefore a” is the 3-vector with 3-sclar M given by

M= M = (V=) (i = 1,9)
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3. SOME ALGEBRA OF Ply, IN X,

THEOREM 5. In X,, we have
(3.1)a (P)ic)w = (—k)% B (p: even)

o
BLb Pk, = (=k)F ke (p: odd)
Proof. By induction on p , the theorem may be proved.

THEOREM 6. Det(Pk,,) = kPh in X,

Proof.
(case 1) p is even
. @)y, (=k)% hyy (=k)E A
Dct(((p)k ) = 11 43 | — ‘ 11 : 12| — 7
A (p)k21 (13),1c22 (—-k)% - (_k)% -

(case 2) p isodd

L

(=BT b (=R)'T ko
(_L’)Lr k21 (—'I-’)Pz— Koz

= (k)7 = BTIQP = RPTURG) = AP

Det(((p)k)\;c)) = \

REMARK 3. Another proof of Theorem (3.2) may be obtained as in
the following.
By induction on p,
in case of p = 1, etttk = L= @ = kb
Assume that the theorem is proved for p — 1.
ie. Det(PVk,,) = k*71h
Now, using the induction hypothesis
Det((Pk,,) = Detl(P~43ks,) = Det((PVh, 5%k, )

“1pyLyo2 -102 Uy
= k2 h)(H)(Q ) = BT = B Fb = kY
Hence the theorem is proved for all p.

THEOREM 7. In X,, the components of tensors may be given by
(3.3)a (”)kf = (”)k% = 1 (p : even)

= -1 h1102
(3.3)b (T’)kf - (—k)Lzl k2 = (—L:)Lf( 2y
21 h.ng.

Pk = (-0)F B = (BT (

b ) ( p:odd)
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(3.3)c Pgl = P2 (=k)E (p : even)
(3.3)d PE! + P2 =0 (p: odd)
Proof. Let p be even.
(a) By induction on p,
in case of p = 2, we have (2)1.?% =0 by (1.12).
Assume that the theorem hold for p — 2,
i.e. we assume that ?~2%2 = 0
Now,

(Pg2 = ~Dpag?
= =Dpfks 2
= O-DRL (R R2 4 B2 R (o (=212 = ()

i h1282,, k1182 h112, , h12€Q2
(34) =M= =M ) -
b b b b
=0
(¢) By induction on p,
in case of p = 2, we have Pkl = —k = (—k)%
Assume that the theorem hold for p — 2,
i.e. we assume that P7241 = (fk)ET
Now,
(P)k} = (P—Q)kfkgk;
= o=Dplpapl 4 -Dplpepl
= PTOkik ke (. by (@)
(3.5) = U7Uk (kiR + A Ry ]
=2 h12Q2 h11Q2 ., hae2
= (=07 (=) + (=)
-2 2 2 2
= (—k)%_ iﬁ(hnhzz hz(hm) )Q ]
pzz , Q2 p=2
= (k)7 (=3) = (=R 7 (=) = (—Fk)?

Hence the theorem holds for all even numbers p.
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DEFINITION 2. The eigenvalue H and the corresponding eigenvector
. P" in X, defined by

(3.6) (Hh,x — Pk, P* = 0 ( H : a scalar)

are called p-sclars and p-vectors, respectively.

- THEOREM 8. (1) In X, , there is exactly one p-scalar H , given by
H = (—k)}21 ( p:even).
(2) In X4 , there are exactly two p-scalars H , given by

H=+-k7  (piodd),
Proof. (1) Let p be even.

E“*E*hyq Pk, s = E“*E,5 PkE
(3.7) = Bt PR =g WS
_ b(p)kg _ 2(_;':)‘% b

using (3.3)c.
Now,

2 Det(H hyx — Pk,»)
= E“PEP(H hyo — Pk, )(H hug — Ph,g)
= 2H?Y) — 2H E“*E*PhyoPk,; + 2Det(‘Pky,)
(3.8) — 2H?G — 2H(2(—k)? b) + 2kPh
= 2 (H? — 2H(-k)* + k)
p 2
= 2h(H — (-k)7)
Since the characteristic equation of (3.6) is

(3.9) Det(H hy,x — Pk,,) = 0.
Note that H = (—k)% is a double root of (3.9).

(2) Let p be odd.
E“rEoBh (p}knﬂ _— (p)kg -0 (- (3.3)d)
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Since

2 Det(H hyx — Pk,
= E“"E°P(H hua — Phyo)(H hug — Pkyp)
= 2H?h - 2H E“*E*h,o Pk 5+ 2Det(Mky,)
= 2H?H — 0 + 24PH
(3.10) = 2§ (H? 4+ &P)
0

The characteristic equation of (3.6) is

(3.11) Det(H hyx — Pk ) = 0,

so that H? = —kP satisfies (3.11) , that is
H =+ (-k)¥.
THEOREM 9. The basic vectors a” (z = 1,2 ) of Xy are also p-

vectors of X,.

Proof. We claim that
(3.12) W e = MPh,ya”

Indeed , by induction on p ,

in case of p =1, kpsn¥ = Mh,a® (" (2.6))
1 ?
Suppose that (p_l)kw\cia“ = Mpr1 h,,,\céz"
Then ,
(P)kw\%v — (P—l)kgkw\?u
= MP 1k " (by induction hyphothesis)
= MP Y (Mh,za")
1
= M”h,,,\a_"
2
Therefore , a” is the p- vector with p - scalar H given by

T

H=MP=(-k)?*
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THEOREM 10. If p is even , then every vector of X, is a p-vector of
X, corresponding to p-sclar H = ( —k)% '

Proof. (3.1)a gives
@ = (=k)Th,y in Xa.
Therefore (3.6) can be written as
(313)  (H — (=k)F)h,aP" =
Since f # 0 and the relation (3.13) holds for every vector P” when

H = (-—k‘)%, hence our theorem is proved.
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