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REPRESENTATIONS OF THE CONNECTION
IN *¢-SEMISYMMETRIC MANIFOLD
PuiL. Ung CHUNG

[. INTRODUCTION

Let X, be an n-dimensional generalized Riemannian space referred
to a real coordinate system x”, which obeys coordinate transformation
a¥ —— z¥ for which

(1-1) det (%) # 0.

The space X, is endowed with a general real non-symmetric tensor ¢y,
which may be split into its symmetric part hy, and skew-symmetric
part kx,(*) :

(1-2) I = B + kaw,
where
(1-3) L det (gau) £0, b E det (hay) £ 0.

The algebraic structure is imposed on X,, by the basic real tensor *g**

defined by

A A
(1-4) a9 =gmtg =8,"
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(*)Throughout the present paper, all Greek indices take the values 1,2,--+,n
and follow the summation convention.
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in virtue of (1-3). It may be decomposed into its symmetric part *h*”

and skew-symmetric part *£* :

(1_5) *g)\u —* h/\u +* k)w.

Since det (*h*") # 0, we may define a unique tensor *hy, by

(1-6) ha BN == 6,".

which togather with *h*” will serve for raising and/or lowering indices
of all tensors defined in X, in the usual manner.

The space X, is connected by a general real connection I'y*, with
the following transformation rules :

Oz 82P Oz 9%z

30 Dy = Oz Gz 3:1*:1“'11’30("r i 69:"'03:!”)

[t may also be decomposed into its symmetric part A\", and its skew-
symmetric part Sy,", called the torsion tensor of I\, :

(1-8) I\ = A"+ S\”

The Einstein condition for defining the connection '\’ i is given by
(1-9a) D,*g™ = -25,.**g*",
or equivalently,[4],

(1-9])) DugAp = stuagAm

which gives X, the differential geometric structure on the geometry
of Einstein’s unified field theory. Here D, denotes the symbol of the
covariant derivative with respect to I'\”,. A connection I'\¥, is said
to be semi-symmetric if its torsion tensor is of the form

(1-10) Sau” = 263" X )
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for an arbitrary nonnull vector X ,. The n-dimensional *g-semi-symmetric
manifold is the space X,,, on which the differential structure is imposed
by *¢*” through a semi-symmetric connection I')”,, which satisfies the
Einstein’s condition. In what follows, we denote the n-dimensional *g-
semi-symmetric manifold hy X,,.

II. PRELIMINARIES

We shall introduce the following abbreviations:
(2-1a) (0)*1\?,\11 = 6,7, (p)*k,x” —(p-1) ko, (p=1,2,-)

(p)
(2-1b) Yy = @*p,oy (p=0,1,2,---).
for arbitrary vector Y. The following quantities will be used :
(2-2a) *a=det(*gan), *b=det(*hy,), *E=det(*ky,)

*g *t
2-2b *g=—, h=—
(2-2b) 9= 5 T
(2.2¢) _ [0, ifniseven
8 =11, ifnisodd
(2-2d) K=""hpa, ™ "oy o - 7 (5= 0135 e )
(2-2¢) (P gAv — (*pA pov,

where B* is an arbitrary symmetric tensor.
It may be easily shown that

(2-3a) P eye = (=17 - P*kn, (p=0,1,2,--+)
i { Ko=1, K,="*k ifniseven
(2:3b) K, =0, if p is odd
(2-3¢) =Y K,

s=0

(2-3d) Y K,k E =0
s=0
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THEOREM 1. If there exists a semisymmetric connection I'\” , in
X, it must of the form

(2-4a) Dy =" {a"u} + 2607 X + U3,
where

. (1)
(2-4b) Uy, & —thyXv

proof. See [3].

In the next Theorem we shall assume that the symmetric real tensor
Ay, defined by

(2-5) Axy B (1= n)*hy, + @%ky,

is of rank n, so that there exists a unique symmetric inverse tensor
B* = B"* satisfying

(2-6) Ay,BY = §,%,

THEOREM 2. There exists a unique semi-symmetric connection
I'\Y, in X,, if and only if there is a vector X such that

(2-7) Vb = 2*hupn X + 2%kup, k3" Xa.

w[p

The vector Xy satisfying (2-7) is unique and may be given by

(2-8) X =B"Vs*ks’.

proof. See [3].

We shall need several properties of the vector Xy, given by (2-8),

and the vectors
d d
Sy 52, Uy Y ue,,

and some useful recurrence relations.
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THEOREM 3. In X,, the following recurrence relations hold :

' (2-9a) (P giv _ (n — 1)(p—2)BAu 1 (;p—Z)*k)\U’
(p) (p=2) (p—2)
(2-9b) Xa=(n=-1) X, + Y5, (p=23,4,--")
where
(2-9¢) Y =g ke

proof. Substituting (2-5) into (2-6) and multiplying (P=2)*kA* | we
obtain (2-9)a. Similarly we obtain (2-9)b from (2-8).

THEOREM 4. In X, the following recurrence relations hold :

(2-10a) ) B0 pivi=g,
=0
n—o (n—s)
(2-10Db) S K Xi =0,
5=0

proof. These are the direct consequences of the relations (2-2e), (2-
3d) and (2-1b).

THEOREM 5. In X, the following relations hold :

1 (1)
(_2-113.) X,\= 1——nS)” UA:—*kAaXa=—XA
(2-11b)
(p) (p—1) (») (p) (p—1)

Xo==Ux, Si=(1-n)Xa=(n-1)Ux, (p=12,-)

(2-11¢) U, = —%Bw In*g ¥_7Z
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proof. (2-11a) follows from (1-10) and (2-4b). (2-11b) may be easily
from (2-11a) and (2-1b). In order to prove the relation (2-11c) use
(1-4) and (1-6) to obtain

i Ing=—-In*g+2In"h

On the other hand, multiply (1-9b) by *¢** and put v = u. Then we
have
*gAwag/\u = g_lDug = zsw:

from which we have
0=g'D,g— 25,
= g_l (awg = grcvﬂwg) = 2Sw
= awlng_ 2(*{&’"&)} HSU_I_ Uu) e 25{_.;
(o) =0,lng—0,In* b —2U,,.
The relation (2-11c) follows immediately from (*) and (**).

We shall need the following scalar K, :
(2-12)
Be®0, B, ¥ n-1DE, 0+K, 2, (8=2,46,-,n+2—0¢)

Direct calculation shows that

(2:18) Boinow = KeM™ L IG M 2 B M E a1

III. THE VECTOR X,

THEOREM 6. (The first representation for X) The tensor B
and the vector X in X, may be given by

(3*1) {1+(n—2)U}Bku=_ ZI‘_ {(n 3+a)*1\,)w y}’
n+2 -0 49
(n—s+0)
(32)  {1+@®-2o} Xy =—5 Zﬁs{ AR ey

1-*-1'L+2 o

=0
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where the vector Y) is defined by (2-9c).
proof. Substitute for ™ B* into (2-10a) from (2-9a) to obhtain
(3-3a)
000 4 B, 9BY 4 KO 9BY 4 4 K, BN = 0.

Substituting again for (=2 into (2-10a) from (2-9a), we have
(3-3b)

- e Av — e Av

I\fg(n 2)*k +I&4(n 4)*k

A I—fs(n_ﬁ)BAu n I{G(”_G)BM . s b I\'"_U(U)BAU —0

. . . A
After 5% steps of successive repeated substitutions for PR we
have

(3-3¢) Bo™ D5 e gy @4

-ocC
= Av _

2l I{n—a(o)*k + I'\.Fn_i_g_a-(U)B/\u = ).

Now multiply ()*k,* to both sides of (3-3¢) to obtain

XLl SRS, I L
(3-3d) ) N %4
B TR L B e SPE

Substituting

Eo) A — (1 4 (n— 2)o} BM + o*h M

into (3-3d), we have (3-1). The relation (3-2) may be easily obtained
from (3-1) and (2-8).

THEOREM 7. (The second representation for X ) The vector X
in X, may be given by

Mo (n—=1—s+40)
YK 2Zn —o¥}

s=0

(34) {l+(n-2)0}X\=-—

Ky
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under the condition K, _, # 0.

proof. Multiply ()*k,* to both sides of (2-10b). Then we have

(n+o) {(n—2+0) (2420) (20)
(3-5) Ko X +RKy Xn + - +Knaoe Xa +K, Xy =0

Substituting

(20)
X,\ = {I—E—(R—Q)O'}X,\-{-O'YA
into (3-5) and using (2-11b,c), we have (3-4).

THEOREM 8. (The third representation for X, ) We have

1

n—1

(3*6) Xy\= {%*k,\"@aln*g~va*k,\"}.

proof. The relation (3-6) follows from the relation (2-8), (2-11a,c).

REMARK. Now that we have obtained the vector Xy in terms of
*g™ in (3-2), (3-4) and (3-6), it is possible for us to determine the

semi-symmetric connection I\, in terms of *9™ by only substituting
for X into (2-4a).
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