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STRONG SOLUTIONS FOR NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

ByouNGg JAE JIN

1. Introduction

Let X be a real Banach space with norm || - ||. We let C denote the
space of all continuous functions f : [-r,0] — X for fixed r > 0. We
cousider the abstract functional differential equations of the type

(FDE) a'(t) + A(t, xo)x(t) 3 Gt zy), te(0,T],
g = ¢, —-r S t S O

in a general Banach space, where for f: [—-r,T| — X, fi(s) = f(t +

s), t€[0,T], s € [-r,0] with a positive constant T. The following

conditions will be used in the sequel.

(A.1) For each (t,%) € [0,T] x C, A(t,%) : D(A(t,¢)) C X — 2X is

m-accretive in X, where D(A(t,)) is only dependent on t. We denote

D(A(t,4)) = D(t).

(A.2) For each t,s € [0,T), ¥1,99 € Cov € X,

4@ $1)v=Ax(s,2)oll < La(llel)1t=sI(1+] Ax(s, h2)v )+ 1=zl ]

where Ly : Rt — R+ =[0,00) is an increasing, continuous function.
(A.3) For t,s € [0,T], and , ¢y, € C,

NG (t, 1) — G(t, 2] < Bllw1 — 2|,

16t %) = G(s, )l < La(lllie)le — s,
where # is a positive constant and Ly : RT™ — R7T is a nondecreasing,
continuous function.

(A.4) ¢ is a given Lipschitz continuous function with Lipschitz con-
stant Ly on [—r,0].
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An operator A; D C X — 2% is called accretive if
le1 — 22| < Jlv1 — 22+ Alyr — y2)]
for every A > 0 and every [z1,11], [v2,y2] € A. It is called m-accretive
if it is accretive and R(I + AA) = X for all A > 0. If A is m-accretive,
we set
| A = 1){1&}”%1,\;!'”, zeX,
where Ay = (I — Jx)/) with Jy = (I + XA4)~!. We also set
D={ze X : |Az] < x0}.
It is known that D(A) C D(A) C D(A). For other properties of these
operators, the reader is referred to Barbu [1], Crandall and Pazy [2],
and Evans [3]. The mapping F': X — 2%" is defined by
F(z) = {z" € X*|(,2") = |jall® = |« |1}, @ € X,

where X* is the dual space of X and the norm on X* is denoted by
|| - ||. We recall that for z,y € X,

SR e
sl =

t—0+ t ’

~ o e+ tyll =l
[z, y]- = lim ; s

<,y >,=sup{(y,z")|z" € F(x)},
< z,y >i=inf{(y,z%)|* € F(x)}.
The following properties are obvious:

<z,y >=|lz||[z,y]+, < 2,y >i= |z]|[z, y]-,
LY >s=— < T~y D= — < —T,Y >;, < T,y > << x,y >.< ||z||||y]

For other properties of |-, ]+ and [-,-]—, we refer the reader to the
Lakshimikantham and Leela [10] and Kobayashi [9].
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By the virtue of (A.1) and (A.2),it is known that D(A(t, %)) is
~ independent of (¢,%) € [0,T] x C'. (See Evans [3].) We denote by
D= b(A(t,d')). By using the fixed point theory and the result of
Crandall and Pazy[2], Kartsatos and Parrott [6] and Kartsatos[5] have
studied the existence of the generalized solution for the functional dif-
ferential equation with no perturbation term in (FDE). Recently,
Ha,Shin and Jin [4] have established the unique local generalized so-
lution of nonlinear functional integro differential equations in general
Banach spaces by employing the Banach contraction principle and the
method of lines. In this paper, we obtain the existence and the unique-
ness of the strong solution of (FDE) by the relationship between the
limit solution and Benilan type’s integral solution.

2. Main result

As in Ha, Shin and Jin [4],

THEOREM 1. Let the hypotheses (A.1) — —(A.4) and $(0) € D.
Then we can take Ty € (0, T] such that for any partition {t}}"_, of the
interval [0,Ty] with t7 = jhp = 3%‘- and 7 = 0,1,--- ,n, there exists
{w?}7-q which satisfies

w?_ w?_l n -1 n n byt 7 »
(2.1) B A(ET, (07w} 3 G(EF, (@7 )ep ), 7 = 1,2, ,m.
where
45(0)3 te [_T’O]
w;(t) = ¢ wg, te (tf_,t}] for k=1,2,.--,5-1
w}‘, te (t?_qul]-

The function z,(t) = w}(t) is said to be an approximate solution of

(FDE).

THEOREM 2. There exists a uniform limit z(t) of z,(t) in Theo-
rem 1 for (FDE) which is called a limit solution of (FDE) on [0, T}].
Moreover, such z(t) is Lipschitz continuous on [0, T}].

The next theorem shows the existence of the Benilan type’s integral
solution.
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THEOREM 3. Let z(t) be the limit solution for (FDE) on [0,T}].
Then z(t) is an integral solution of (FDE) on [0,T], i.e. z(t) = #(t)
for t € [—r,0], z(t) is continuous on [0, T}] and satisfies the inequality

I2(8) — =]l = ||2(7) — =]

t
S/ {lz(n) — =, G(n,2) — ¥+ + Cln — | }dn,

(2.2)

for every [z,y| € A(F,

Z:),7 € [0,T4],0 < 7 < t < Ty and for some
nonnegative constant C.

Proof. If z,(t)(= wl(t)) is an approximate solution of (FFDE) with
1111111—»00 wn(t) = z(t), then there exists [w ;’*] S A(t?, z;;_n) such that
PF=1,-

(w} —z) = (wi; —2) = ha(G(L], (0] )ir ) — ©F).
Then
w5 — 2| = lwi_, — ||
< [~ ] = gl o= 2,0l o —uwly
(*)

]n[w — &, G(t7, (07 ) ) — ¥7]-
< halw] — 2,y — B7]- + halw] — 2, G(27, (@7 )er) — yl+

for y € A(F, zz)x, 7 € [0,T1]. We observe that

[w} — =
SN e )(wi + Aeof) = Ja(E], zep )@ + Ay)|
+ [[Ia(t], 2z 2 + Ay) = JA(F, 2:)(@ + Ay)|
< [[(wF + Aoj) — (= + Ay)|
+ A Ax(EF; zep )@ + Ay) — AA(F, z7)(z + Ay,

for each A > 0. From (A4.2),

[0} — 2| — [[(w? + Ai?) — (= + Ay)|
A
Li(llz + AylDIt7 — 7|1 + llyll + M),
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where M is the Lipschitz constant for z(¢) on [0,T}]. As A — 0+ in
. the above inequality,

[w} — 2,y — ®F]- < La(lleDIEF — 711 + [yl + M).
Combining this with (),
[w} — || = [Jwi_, — =]
< Byl — 7L+ [l + D) + Bafwf — 2, GO (@) — .
Iterating this for y =k +1,--- ,p(k + 1 < p), we have
wy — || = |lwi — =|

P
S Z h,;{[w? = T, G(t?a(ﬂ}?)t?) - y]+
i=k+1

+ La([le |l =711 + llyll + M)}

P
= D haflw] -2, G(t (@7)g) = yl4 + Clt = 7}
i=k+1
for some constant C. Now, by letting v € (¢]_,,t]] and t € (t;_;,t)
and set an(c) = t7 for o € (t7_,,t7]. According to the definition of z,,
(2.3) becomes

(2.4)
2a(t) = all = lza() ~ <l
S ﬂlp {[zn(an(ﬂ')) = fE,G(an(U),(Zn)aﬂ(a)) — y]+ + Clﬂ-n(ﬂ) - T_‘l}dO'.

Clearly,zn(an(0)) — z(o) as n — oo, uniformly with respect to o €
[0,Ty]. Passing to the limit for n — oo in (2.4), we have the desired
result. O

DEFINITION. A strong solution of (FDE) on [0, T}] is a function z(t)
which is Lipschitz continuous on [0,T}], differentiable a.e. on [0,T}],
and satisfies (FDE).

Modifying Ha,Shin and Jin [4], we have the uniqueness of the limit

solution of (FDE) from Theorem 3 and the uniqueness of integral
solution of (FDE).
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THEOREM 4. The limit solution of (FDFE) is a strong solution in a
reflexive Banach space X.

Proof. By the virtue of Theorem 1 and Theorem 2, there exists a
limit solution z(¢) and such z(t) is Lipschitz continuous on [0, 7}]. Since
X is reflexive, z(t) is differentiable a.e. for t € [0,T1]. Now, let z(t) is

differentiable at t = ty and h > 0. Putting 7 =ty and t = tp + h in
2.2)

l[2(t0 + h) — || = ||=(t0) — ||

to+h
< / {[2(n) = 2, G(n, 29) =yl + 601, to) b

to

for [z,y] € A(to, z4,), where 8(,t0) = Li([lz[D)lto — nl(1 + [lyl| + M).
Dividing this by h and letting h | 0, it follows

[2(t0) — @, 2'(t0)]+ < [2(t0) — 7, G(ko, 21,) — Y]+

Therefore
[2(t0) — =, —2'(t0) + G(to, z4,) — Y]+ 2 0

for [z,y] € A(to, z¢,). By the maximality of A(tg, 24, ),

z'(tg) e A(fg, 2t0)2(t0) =) G(to, Ztg)- d

THEOREM 5. Any strong solution of (FDE) on [0,T}] is an integral
solution.

Proof. Let z(t) be a strong solution of (FDE) and let [z,y] €
A(r, zz), where 7 € [0,T;]. We note that there exists z* € F(z(¢) — z)
such that

¥ (2'(t) —y) =< z(t) — 7, 2'(t) —y >, aet € [0, T).

Without loss of generality, we assume that z(t) is differentiable at ¢.
Then using [8,Lemma 1.3] for each z* € F(2(t) — z)

Ie(0) = 2l 2l12(0) = 2l = (=(8),2")
= (0 +y — G(t, 20, 2°) + (=y + G{t, 2),2°).
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Since there is * € F(z(t) — z) such that
(Z'(t) +y — Gt zp),2%) =< 2(t) — z,2'(t) + y — G(t, z;) >;
and for all z* € F(z(t) — z), [z,y] € A(F, z7),
(—y+ G(t,20),2") << z(t) —z,—y + G(t, z1) >,

2 (e ol
(2.4) @&
=[z(t) —z,2'(t) — G(t,z) + y] - + [2(t) — =, —y + G(¢, ;)] +.
On the other hand,
|2() — || = [|Ta(t; 2e)(=(8) + AM(=2'(t) + G(2, 20)))
— I 26+ M)
< st 2)(=(0) + M(—2'(8) + G2, 20)
— Ja(t, ze)(x + Ay)||
+ 17t z) (2 + Ay) — Ja(F, ze)(x + Ay)]|.
By (A.2),

l[2(8) = 2l = lI(2(t) = 2) + M(=2"(t) + G(t, 20) — )[|| /A

< Ly(lle + AylDIt = 7I(1 + [[yll + M),

where M is the Lipschitz constant of the strong solution z(t) of (FDE)
on [0,T4]. Letting A | 0 with this,

'(8) = 2,y — (=) + G(t,20)- < La(llelle = FICL+ iyl + 31).
Therefore we have
Zl(t) ~ =
< Ly([le (1 + flyll + M)t — 7| + [2(t) — 2, G(t, ) — y]+-
Integrating this in [7,t],
[|2() — 2| = [|2(7) — ||
< [ {1 - 2,6(1,20) = sl + Cln = i}

for 7 € [0, Ty], [z,y] € A(F, z7), and some nonnegative constant C. O
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REMARK 1. Theorem 4 and Theorem 5 show that (FDE) has a

unique strong solution in a reflexive Banach space X.

REMARK 2. It is obious from the proof of the above theorems that

the interval [0, T can be replaced by [T}, T]. Then the solution z(t) of
(FDE) exists beyond T7. With this processing, we may conclude that
there exists a maximal interval of existence of solutions of (FDE) on

[0,

10.

7).
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