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ON WEAK-MIXING PROPERTY

YonGg SuN CHo AND HYuNn Woo LEE

1. Introduction.

Let (X, B, m) be a probability space and let T : X — X a measure-
preserving transformation. We introduce some results related ergod-
icity and mixing property of 7. We try to extend 1-fold ergodicity
and 1-fold mixing to 1-fold ergodicity and r-fold mixing. We shall use
the result, about sequences of real numbers, to obtain formulations of
r-fold weal--mixing. We show that for a measure-preserving transfor-
mation T, r-fold weak-mixing properties of T' are equivalent to r-fold
strong-mixing properties of T'x T. Now, we shall introduce the concept
of r-fold weak-mixing property and r-fold strong-mixing property. We
show that basic properties of 1-fold mixing keep same properties in the
case of r-fold mixing. We shall use that U is defined on functions by
Uf=foT, VfeLP(X,B,m), p>1.

2. r—fold mixing.

DEFINITION 1. Let T be a measure-preserving transformation
of a probability space (X,B,m) and let r > 1.
(a) T is r-fold ergodic if YAy, Ay,---, A, € B,

n

Ty & > m(AoNT ™ AN NT"A,) = m(Ag)m( A1) -+ m(A,).

n—oo n

i=1

(b) T is r-fold weak-mizing if YAy, Ay, -+, A, € B,

i, & Z Im(AgN T~ A N-- - NT~"4,)
1=1

n—oo 1y £

— m(Ag)m(Ay) - - m(A,)|
= 0.
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(c) T is r-fold strong-mizing if A4y, A1, -, A, € B,

T, * e —>00

lim  m(AgNT™ ™A, N Tt g ) = T m(4))

THEOREM 1. Let T : (X.B,m) — (X,B,m) be a measure- pre-
serving transformation.
(i) The following are equivalent :

(1) T is r-fold ergodic.

(2) For all fq, fi,- - fr € L™ X, B,m),

nligréo;z f foUlfy - U™ f)dm = / Fidm.

(ii) The following are equivalent :
(1) T is r-fold weak-mixing.
(2) For all fO,fl: Ty fT‘ & Lr+1(‘¥9 Ba m)’

n

: 1 i ri -
nl}_r}éo-]; E /(fUU e UT f)dm — l |D/fjdm = (I,
J:

=1
(iii) The following are equivalent :

(1) T is r-fold strong-mixing.
(2) For all fﬂ,.fla 8y fr = Lr‘—i—l(’X’ Ba ﬂl),

nl,..l.?fff_;oo/(f” Umify--UMT T £ dm = Hf fidm.

Proof. (1),(ii) and (iii) are proved by using similar methods of [4].

REMARK. Every r-fold strong-mixing transformation implies r-
fold weak-mixing and every r-fold weak-mixing transformation implies
r-fold ergodic.
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This is becanse if {a,} is a sequence of real numbers then

lim ¢, =0

=00
implies
n—1
o,
lim — E lai] =0
n—oo £
1=0

and this second condition implies

n—1

1
lim — ==
o £ I

=0

We shall use the following result, about sequences of real numbers,
to obtain other formulations of r-fold weak-mixing.

THEOREM 2. If{a,} is a bounded sequence of real numbers then
the following are equivalent :

(i)

n—1

1
lim — ;| = 0.
Jim =3 lai

i=0

(ii) There exists a subset .J of Zt of density zero

(e, (cardmahty(J n r{t(), 1,--n— 1})) ~o),

such that lim, .. a, =0 provided n ¢ J.

(i)

n—1

i o 2
nh_l..l;lo ; Z Iai! =:0:

=

Proof. See [T].
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THEOREM 3. If T is a measure-preserving transformation of a
probability space (X, B, m), the followings are equivalent:
(i) T is weak-mixing.
(ii) For all Ag, Ay, , A, of B there is a subset J(Ag, Ay, -+, 4 of
Z* of density zero such that

lim m{AgNT ™" A N---NT7™A,) = m(Ag)m(Aq)---m(A4,).

(iii) For all Ag, Ay, -, A, of B we have

n

. 1 —1 —ri
JL%;§|fn(.4(JnT Ay B e[ DT

—m(A4g)m(Ay)--- m(Ar)‘Q
= 0.

Proof. Apply Theorem 2 with

an = m(ANT A NT 2" 4,0 NT ™" A)—m(Ag)m(41) - m(A,).

The following theorem gives a way of checking the mixing properties

for examples by reducing the computations to a class of sets we can
manipulate with.

THEOREM 4. Let (X,B,m) be a probability space and let T be a
semi-algebra that generates B. Let T : X — X be a measure-preserving
transformation. Then T is r-fold strang-mixing iff
YCy,Ch,--,CreT,

im m(CoNT~™CiN---NT-m+tedg)

T, **=y Ry — 00O

=m(Co)m(Cq) -+ - m(C,).

Proof. See [4].
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3. r—fold weak—mixing.

We have main result. This result connects r-fold weak-mixing of
T with r-fold ergodicity of T' x T. Also, this result relates to r-fold
weak-mixing of T with r-fold wealk-mixing of T x T.

THEOREM 5. If T is a measure-preserving transformation on a
probability space (X, B, m) then the followings are equivalent:
(i) T is r-fold wealk-mixing .
(ii) T' x T is r-fold ergodic .
(i1i) T x T is 1~fold weak-mixing .

PT‘OO]C. ((i) = (lii))' Let‘ AU1A11' ’ '1Ar € B ] BO,B],' ) 'JB‘!' S B'
There exist subsets Jy(Ap, A1,-+,4,), J2(Bo, By, - ,B;) of ZT of
density zerc such that '

h¢n} m(AcNT "4 N---NT™A,) = m(4o)m(A;) - - - m(4,)

and

lim m(BoNT~"By 0 N T By) = m(Bo)m(By) - m(B,).
nEJy

Then

lim (mx m){(4o x Bo)N(T xT) ™Ay x By)N---
nﬁJQU.Ig

n—oo

N(T x T)~™(A, x B,)}

= lim m(A,NT A N---NT7™A4,)
ng¢J US>

n—oo

m(BoNnT™"ByN---NT~"™B,)
= m(Ag)m(Ay) - - m(A)m(Bo)m(By) - - - m(B,)
= (m x m)(Ag x By)(m x m)(A; x By)---(m x m)(4, x B,).
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By Theorem 2 we know

n

nleréo%; [(m x m)[(Ag x Bo) N (T x T) (A x B))N -+

N(T x T)""(4, x B,)] = [J(m x m)(4; x B;)|
3=0
=0.

Since the measurable rectangles form a semi-algebra that generates
B x B, Theorem 4 asserts that T' x T is r-fold weak-mixing.

((iii) = (i1)). It is clear that (iii) implies (ii).

((i1) = (1)). Let A4q, Ay,- -+, A, € B. We shall show

n—oco n £

y s . . _ "
lim = {m(ANT ™ 4;N-NT " A,;)—m(Ao)m(A;)-m(A4,)}? = 0.
=1

We have

g ; :
=Y m(ANT~*4;n---NT™4,)
i=1

- %;(m xm){(4o x X)N(TxT) (A x X)N- -
GY i 3/ ama T
= (mxm)(Ay x X)(mxm)(4; x X)) - (mxm)(4, x X)

=m(Ao)m(A1) - m(A,).
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Also

1

n

S {m(ANT7 40 NT74,))2

=1
; O A
= ;Z(m x m){(Ag x Ag) N (T x T)~¥(4; x A)N -+
Ci=1

T % T A, % 4.)]
— (mx m)( Ay x Ag)(m x m)(A; x A7)~
(mxm)(4, x 4,)
=m(4¢)®m(4;)% -+ - m(4,)%

Thus

y P ~ ,
- Z{m(Ag AT 44 1 - o0 T4, =mldg)m{Ay)-  » m{Aa.))2

=1
1 ¢ _ |
= ;1— § {(m(AU M T_t"ﬂll Nn---N T—T'lAr))Q
=1

—2m(AoNT A N---NT A )m(Ap)m(4y) - - - m(A,)
+ m(Ao)?m(A41)? - m(4,)%}
— 2m(Ag)2m(A4,)% - m(A,)? — 2m(40)*m( At .. m(4,)?
= 0.

Therefore T is r-fold weak-mixing by Theorem 3.
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