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ON SOME FUZZY QUOTIENT GROUPS
HEE cHAN CHOI

I. Introduction.

Let G be a group and p a fuzzy subgroup of G. For any » € G,
consider a map fi, : G — [0, 1] defined by fi.(¢9) = p(ge™") for all
g € G. In this case, ji, is called the fuzzy coset of G determined by
z and p. We put ¥ = {z € G|u(x) = p(e)}, where e is the identity
of G, and N denotes a normal subgroup of G. Suppose J is the set
of all the fuzzy cosets of G by u, and define a map. : S — [0, 1] by
i(jiz) = supfia(n). -

neN

The concepts of fuzzy subsets was introduced by L.A. Zadeh [9], af-
ter then fuzzy subgroups were first defined by A. Rosenfeld [8]. P.S. Das
[5] studied level subgroups. The basic notions, some results of fuzzy
cosets and fuzzy quotient groups were first studied by N.P. Mukherjee
and P. Bhattacharya [7].

In this paper, by using the properties of fuzzy(normal) subgroups,
fuzzy cosets and basic group theory, we will investigate another kind
of fuzzy quotient groups i, it defined by

f(Kz) = sup pu(kz) Yo € G (Theorem 3.1) ,
keN
fi(fiy) = sup fip(n) Vo € G (Theorem 3.3)
neN
respectively.
II. Preliminaries and Some Basic Results.
We review some basic definitions and results. For details, see P.S.

Das [5], N.P.Mukherjee and P. Bhattacharya [3,7], A. Rosenfeld [8] and
L.A. Zadeh [9].
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DEFINITION 2.1. Let G be a set. A mapping p: G — [0, 1] is called
a fuzzy subset of G.

DEFINITION 2.2. If p is a fuzzy subset of a set G, then for any
t € [0, 1], the set

o= {o € Glu(a) 2 8)
is called a level subset of pu.

DEFINITION 2.3. Let G be a group. A mapping p : G — [0, 1] is
called a fuzzy subgroup of G if

(1) p(xy) 2 min{p(z), p(y)} Vo, y € G,
(2) u(z™) = p(x) Vx € G.

It is easy to see that if p is a fuzzy subgroup of a group G whose
identity is denoted by e, then we have p(z) < p(e) for all z € G.

If i is a fuzzy subgroup of G, then for any t € [01] with ¢ < u(e), the
level subset y; is a subgroup of G in the usual sense. In this situation,
the level set p; is called a level subgroup of .

N < G denotes that N is a normal subgroup of the group G.

LEMMA 2.4(7]. Let u be a fuzzy subgroup of a group G. Let
z € G. Then

i(zy) = 1(y) Vo € G 4= u(z) = p(e).
Proof. Suppose that u(xy) = u(y) Yy € G. Then, by choosing y = e,
we get p(z) = p(e).
Conversely, suppose that u(z) = u(e). Then, since p(y) £ p(e) for
all y € G, we have u(y) = p(z).
Now u(zy) 2 min{u(x), u(y)}. Therefore, we have
u(ry) 2 u(y) Vy € G.
But u(y) = u(z~'zy) 2 min{u(z), p(zy)}. Since u(z) 2 p(zy) Yy €
G, the following holds:
min{u(z), p(zy)} = u(zy) S p(y).
Therefore, we get
w(y) 2 p(zy) Vy € G.
Hence the result follows. 0O
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DEFINITION 2.5. A fuzzy subgroup g of a group G is called a fuzzy
normal subgroup of G if u(zy) = p(yz) Ve, y € G.

THEOREM 2.6 [7]. A fuzzy subgroup p of a group G is a fuzzy
normal subgroup if and only if yt is constant on the conjugate classes

of G.
Proof. Suppose that 4 is a fuzzy normal subgroup of G. Then

1

ply ey) = pleyy™') = p(x) Vo, y € G,

Conversely, suppose that y is constant on each conjugate class of G.

Then

w(zy) = p(ryzz™") = pe(yz)z™) = u(yz) Vz, y € G.

Hence, p is a fuzzy normal subgroup of G. O

THEOREM 2.7[1]. Suppose that y is a fuzzy normal subgroup
of a group G. Let t € [0, 1] such that ¢t £ u(e), where e denotes the
identity of G. Then the set

e = {o € Glu(z) 2 ¢}

is a normal subgroup of G.

Proof. We have already mentioned that p, is a subgroup of G in
usual sense(P.S. Das [5]). We now show that y; is a normal subgroup.
Let z € p¢ and y € G. Since p is a fuzzy normal subgroup, we have
by Theorem 2.6 that u(y~'zy) = p(z). So, we get that u(y~'zy) > t,
implying that y~'zy € ys. Therefore, y™'zy € uy Vo € pe and y € G.
Hence py; < G. O

III. Fuzzy Quotient Groups.

In this section, we treat main results (Theorem 3.1, Proposition 3.2,
Theorem 3.4).
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THEOREM 3.1. Suppose u is a fuzzy normal subgroup of a group
G with the identity e. Let

K = {z € Glu(z) = w(e)}.
Then K < G. Consider a map i : G/K — [0, 1] defined by

f(Kz) = supp(kz) Ve € G.
keK

Then fi is well-defined and fi is a fuzzy subgroup of GG/K. In this case,
it is called the fuzzy quotient group of u by K.

Proof. Since p is a fuzzy normal subgroup, it follows from Theorem
2.7 that K < G. Further, if Kz = Ky for some z,y € G, then
zy~! € K and so u(zy~!) = p(e). By Lemma 2.4, this give us that
p(kz) = u(ky) for k € K, that is, g(Kz) = fi( Ky). Therefore, i is a
well-defined map.

It is easy to check the followings:

fi(KeKy) = i(Kay) = suppu(kzy)
kEK

v

sy ikl Wl
ki,ko €K

min{ sup p(kiz), sup pu(k2y)}
ki EK k€K
min{i(Kz), {(Ky)},
(Kz)™") = p(Ka™") = supp(ke™")
kEK

v -

= supu(zk) = supp(kz) = y(Kc).
keK keK

Hence fi is a fuzzy subgroup of G/K.
However, i is not fuzzy normal, since

W KzKy) # p(KyKz). O

REMARK. It is easy to see that if we define as i(Kz) = p(z) Vz €
G in the above Theorem 3.1, then /i is a fuzzy normal subgroup of G/ K.



On Some Fuzzy Quotient Groups 53

PROPOSITION 3.2. Suppose that f : G — G' is an onto group
homomorphism with kernel I, and let p be a fuzzy subgroup of G.
Then, for each t € [0, 1)

(1) = Kp/K.

Proof. For Ka € (fi)¢, it holds that if fi( Ka) 2 t for all x € G then

sup u(kz) 2 t. So that, p(kex) = t for some ky € K. This implies
keEK t
49

koz € py, and hence kox € K. Therefore Khyr = Kx € Ku/K.
Consequently, ()¢ C Ky /LK.

For the reverse inclusion, let N2 € Kpu/K. Then Kz = Kxq for
some g € fy. So that

A(Kz) = p(Kzo) = sup p(keo) 2 t.
keK

Therefore, Kz € (ft); and hence Ku,/K C (ii),. O

DEFINITION 3.3 [7]. Let p be a fuzzy subgroup of a group G. For
any ¢ € G, define a map

fip : G — [0, 1]
by
(1) iio(g) = u(gz™") Vg € G.

In this case, i is called the fuzzy coset of G determined by z and p.

THEOREM 3.4. Let N be a normal subgroup of a group GG. Sup-
pose that p is a fuzzy normal subgroup of G. Let ¥ be the set of all
the fuzzy cosets of G by p. Then < is a group under the composition

defined by
(2) fir © fly = fizy Vz,y€G.
Define a map i : § — [0, 1] by

(3) i(fig) = sup fiz(n) = sup u(nz™') Vz € G.
neEN neN
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Then f is a fuzzy subgroup of &. In this case, i is called the fuzzy
quotient group determined by p and N.

Proof. First, we show that the composition(2) is well-defined. Let
T, Y, Tg, Yo € G such that
(4) flo = fig, and ﬁy = f:"yn'
Then we must show that
ﬁ'—ﬂ o ﬁy = ﬁ’z‘o o ﬁ‘yna
that is; flag = fusys-
We have, by definition,

flzy(9) = u(gy™'2z™") Vg € G,

fizoyo(9) = t(gyg 1z ) Vg € G.

Now,

()

1 1

x_l) — /.t(gy[}"lygy_ 55_1) = u(gy;lralmgyoy‘lx‘l)
2 min {p(gy '¢g '), plwoyoy ™)}

gy~

Again, from (4) we have

(6) wge™") = u(gzg ') Vg € G,
(7) wlgy™) = u(gys?) Vg € G.

Now, in (6), substituting zgyey ™ for ¢, we have

Y271 = p(zoyoy a5 ")

= u(yoy™") (since p is fuzzy normal)

w(zoyoy™

= u(e) (by Lemma 2.4) .

But pu(e) 2 plgyy 'zyt), since for any fuzzy group u, p(e) = pu(z) Vo €
G. Thus, from (5) we get

1

w(gy ™™ 2 plgystzgh).
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Similarly, substituting xyyy ! for ¢ in (6) and using ;¢ being fuzzy
normal, it follows that

ilzyyg ey ) = pleyyy =) = plyyy ™) = ple).
So, we have

i

wlye ‘2o ') = wlgy ™ yyg wg ') = ulgy e T eyyg ag )

2 min{u(gy e ™Y), p(eyyg 'wg ')}

=p(gy~'a™").

Hence, we have u(gyg'eg!) = p(gy~tz~1), that is fizoyy = Bay, and

therefore we have established that the composition (2) is well-define-.
The composition defined in (2) is clearly associative. Since fiz 0 fi,-1 =
fiz-1 0 fig = fi. for z € G, we have that the inverse of i, is fi,-1 for
z € . Hence it follows that & is a group.

Now, let =, y € G. Then we have that

iz 0 fiy) = [ fey) = sUp figy(n)
neEN
= sup p(ny "z ™)
neN

sup min{u(niy™"), p(naaz™)}
ny,N2 EN

2 min{ sup p(niy™?), sup p(naz™)}
n EN ng €N

v

= min{ sup fiy(n1), sup fiz(nz)}
n €N na €N

min{ﬂ(ﬁy), i(fg)}

Further, we have

ﬁ(ﬁx“’) = sup fa:c—l(n) = sup p.(nm)
neN neEN

Az
= sup p(a " n) = sup p(nz™")
neN neEN
= sup in(n) = A(A.)
neEN

Hence, it follows that i is a fuzzy subgroup of 3.
However, ji is not fuzzy normal, since fi(fiz o fiy) # fi(fiy 0 fip). O
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REMARK. It is easy to see that if we define as ji( i) = p(x) Vo €
G in the above Theorem 3.4, then /i is a fuzzy normal subgroup of .

COROLLARY 3.5. With the same notations as in Definition 3.3
and Theorem 3.4, consider a map

6 : G — S defined by 0(x) = fi..
Then 6 is a homomorphism with kernel given by

K = {z € Glu(z) = u(e)},
where e is the identity of G.
Proof. Let z,y € G. Then

B(zy) = fizy = iz 0 by = 0(x) 0 6(y).

Hence 6 is a homomorphism.
Further, the kernel K of 8 is as follows:

K = {z € G|(z) = i} = {x € G|frx = fic}
= {z € Glu(yz™") = p(y) for all y € G}
= {z € Glu(x™") = u(e)}
= {z € G|u(x) = p(e)}. O
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