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I. INTRODUCTION

Let H be a separable, infinite dimensional, complex Hilbert spaces
and let L(H) denote the algebra of all bounded linear operators on
H. A dual algebra is a subalgebra of L(H) that contains the identity
operator 147 and is closed in the ultraweak operator topology on L(H).
For T € L(H), let Ar denote the smallest subalgebra of £L(H) that
contains T' and 1y and is closed in the ultraweak operator topology.
Moreover, let @ 4, denote the quotient space C1(H)/ L 4,., where C;(H)
is the trace class ideal in £(H) under the trace norm, and L 4, denotes
the preannihilator of Ap in Ci(H). For a brief notation, we shall denote
Q .4y by Q7. One knows that Ar is the dual space of Q7 and that the
duality is given by

(1) (A,[L]) =tr(AL), A€ Ar,[L] € Qr.

The Banach space Qr is called a predual of Ap. For @ and y in H, we
can write @ y for the rank one operator in Ci(H) defined by

(2) (z @y)(u) = (u,y)x for all ueH.

The theory of dual algebras is applied to the study of invariant sub-
spaces, dilation theory, and reflexivity. The classes A, , (to be defined
in section 2) were defined by Bercovici-Foias-Pearcy in [2]. Also these
classes are closely related to the study of the theory of dual algebras. In
1991, Chevreau-Pearcy [7] studied for the first time common noncyclic
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vectors for the families of operators in order to solve the invariant sub-
space problem of bounded operators whose spectral radius is one. As
a sequel to this study, in this paper we consider some dilation theories
for the membership in these classes A:n'n (to be defined in section 3).

2. NOTATION AND PRELIMINARIES

Recall that any contraction T can be written as a direct sum 7' =
T, @ T, where T is a completely nonunitary contraction and T3 is a
unitary operator. If T, is absolutely continuous or acts on the space
(0), T will be called an absolutely continuous contraction. We denote
by A = A(H) the class of all absolutely continuous contractions T' in
L(H) for which the Foias-Sz.Nagy functional calculus &7 : H* — Ap
is an isometry. ([3], Theorem 4.1)

DEFINITION 2.1. ([10]) Let A C L(H) be a dual algebra and let
m and n be any cardinal numbers such that 1 < m,n < ®y. A dual
algebra A will be said to have property (A, ») if m x n system of
simultaneous equations of the form

(3) [il'",‘ @ yj] = [LEJL 0 S 1 < m, 0 S J <n,

where {[Li;]} o<i<m is an arbitrary m x n array from @ 4, has a solu-
0<j<n

tion {*;i}o<i<m,{¥;j}o<j<n consisting of a pair of sequences of vectors

from H. Furthermore, if m and n are positive integers and r is a

fixed real number satisfying » > 1, a dual algebra A (with property

{Am,n)) is said to have property (Am,(r)) if for every s > r and every

m X n array {[L; ]} o<i<m from Q4 , there exist sequences {z;}o<i<m
0<j<n
and {y;}o<j<n from H that satisfy (3) and also satisfy the following

conditions:

(4a) lzil)® < s Z ILi;lll, 0<i<m,
0<j<n

and

(4b) lyl* <s > NZill, 0<i<n.

0<i<m
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For brief notation, we shall denote (A, ) by (A,). Furthermore, if m
and n are cardinal numbers such that 1 < m,n < ¥y, we denote by
Amn = Ay n(H) the set of all T in A(H) such that the singly generated
dual algebra Ag has property (A, »).

DEFINITION 2.2. ([13]) Let N be the set of all natural numbers. If
n € N, we denoted by H(™ the Hilbert space consisting of the direct
sum of n copies of H and by T the n-fold ampliation of T acting on

H™ defined by

(5) T(n)(I‘l@pﬁI"):TIE]G}EBT.IH
Let A C L(H) is a dual algebra. We define

n copies

e e,
A(")=AED"'€BA,A€-A-

Then A™ is indeed a dual algebra on H(™. For each T in L(H) it
is clear that (AT)(") = Aqen). We shall employ the notation C., =
C.o(H) for the class of all (completely nonunitary) contractions 7' in
L(H) such that the sequences {T*"} converges to zero in the strong
operator topology and is denoted by, as usual, Cy. = (Co)".

3. MAIN RESULTS

DEFINITION 3.1. ([9]) Let m,n and ! be any cardinal numbers such
that 1 < m,n,! < Ro. We denote by Al, ,(H) the class of all Ty
in A(H) such that every m x n x I system of simultaneous equations
of the form

: k
(6) [z:® 37 = [L)n,

k . .
where {[ng)]Tk 1 0<i<m is an arbitrary m X n array from Qr, for each
_J i3

' k G .
k=1,---,1, has asolution {x;}o<i<m, {yg )} 0<j<n consisting of a pair
- 1<k<I
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of sequences of vectors from H. Furthermore, if for every dou])ly in-

dexed family {[ ]Tk}{]<:<m of elements of Qp, foreach k =1,.--,1
<j<n

such that the rows a.nd columns of the matrix (||[ L( )]TA.“) are sum-
mable and r is a fixed real number satisfying » > 1, then we de-
noted by Al (r) the class of all {Tx}}_; in A(H) such that every
m X n X | system of simultaneous equations of the form (6) has a solu-

?

; k o :
tion {1:,-}051'<m, {yf, )} 0<j<n consisting of a pair of sequences of vectors
1<k<t

from H and also satisfy the following conditions, for every s > r,

(7) lzdl® <s > MLl 0<i<m,1<k<I
0<3<n
and
2
@ 1 <s Y IMEP Il 0<i<n1<k<L
0<i<m

LEMMA 3.2. ([12]) Suppose T, S € A(H). Let [L]y € Qr and let
[M]s € Qs. Then

(L)1) = ¢s([M]s)
if and only if

(T™, [Lle) = (5%, [M]g);n=10,1,2% .

We are ready to prove main results. Suppose H, is a separable

infinite dimensional complex Hilbert space for r = 1,2,--- ,m.

:

THEOREM 3.3. Assume {T,g”}[f;l € Al (H,) for each r = 1,2,

.,m. Let H = @™ ,H, and Ty, = &™,T\". Then {Tx}™, €
AT (H).

Proof. We first show that Th € A(H) for all k. If f € H*(D), then
ATl = sup, |FTEM = [1flloo, since Ty” € A(H,) for k=1,2,
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+++ ,m. To show that {Ti}iL, € AT, (H), suppose we are given array

k ; ,
{[LS» )]Tk}lgrgm in @Qr, for each £ = 1,--- ,m. Let us consider the
usual isometric isomorphic weak* homeomorphism ¢, from Q7 onto

QT’E,), Since ¢5k,a-([Lg-k)]Tk) = QT;E')’ by definition, for each r, there

exist vectors (™ and {yf)}}jgl in H, such that
(9) o (LP)5) = e @ ylpen, 1<k <m.
Letting & = &7 ;2(") and let %) be the vector in H that has yi_r) as

r-component and zeros elsewhere, for 1 < r,k < m. Then z, 1?19) EH
and we have, by lemma 3.2 and (9),

(10)  Gen((L¥n) = e @ g, 1S kr<m
= ¢1,([& ® 5]z, ).

So we get

(1) (LN, = [E @wP)]g,

for1 <r <mand 1<k < m. Therefore, we have {T}} 12, € AP, (H).

1,m

THEOREM 3.4. Assume {T,Er)}z‘___l € AT, (M) for each r = 1,2,
verym. Let H = @7, M, and Tp = &7, Tx\”. Then {T}}1, €
A7 o(H).

Proof. The proof is similar to that of Theorem 3.3.

THEOREM 3.5. Suppose H,, is a separable infinite dimensional com-
plex Hilbert space for w = 1,--- ,m. Suppose also that {Tlfw)}}:‘:l €
Tnw(Hw)(rw) where ny, € N and ryy > 1 for all w,1 < w < m. Let

H=80l_H, and T = @ﬂ":lT,gw). Then, we have

{Ti}i, € A N(H)(r)
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where N = m(ny + -+ 4+ np) and r = max{ry : 1 < w < m}.

Proof. By theorem 3.3, T; € A(H) for all k. To show that {T%}7%, €
A7 N(H)(r), let s > r and suppose we are given array

{[L(k)]Tk} 1<w<<}\,; in Qr, for each k=1, --- ,m. Let us denote ¢y, =
qS"(w) o ¢7,. Then it is obvious that ¢y ., is an isometric isomorphic

weak* homeomorphism from Q, onto QTéu.). Since ¢y, [Lw'j]Tk) €
(w), for any s > r,,, there exist a vector z(*) and sequence of vectors
T3 3 ¥ 3 1

{y;k’u')}?‘:"l";:l in Hy,1 < w < m such that

(12) bru(LENn) = 2 © 5] o

for j and k,1 < j < ny,1 < w < m and furthermore,

(13) 21> < s> NEGNRl, 1<k <m,
and
m
(14) IS N2 < s S NEnl, 1<k <m.
w=1

Now let #, be the vector in M that has z(*) as w-component and

zeros elsewhere and let #*) be the vector in M that has ygk’w) as w-

component and zeros elsewhere, for 1 < j < ny,1 < w,k < m. Then
it follows from Lemma 3.2 and (12) that we have

(15) bru(lLy))n)
=g JJL w)]T(w)
= dr([E0 ®55" ),

and for 1 < j < ny,1 < w,k < m. So we get

(16) [L(“]Tk [mw®v ]Tk
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forl1<w,k<m,1<j<ny+ -+ nm Furthermore, we have

Ny

an el =11 <3 lZo)m

<s Z ”[LL’:}]TL 1<k <m,

ancd

18 I = O <5 S sl 1< kS m.

w=1

Therefore, we have

{Th}iz € A n(H)(r),

where r = max{r, : 1 < w < m}.
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