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NONEXISTENCE OF POSITIVE SOLUTIONS

JUNE GI KIM

1. Introduction.

The existence of positive solutions in a bounded domain of the fol-
lowing nonlinear elliptic equation has been extensively studied:

—Au=u"+ f(z,u) on Q,
u>0 on Q
u=0 on on -

where p = (n 4+ 2)/(n — 2), f(x,0) = 0 and f(z,u) is a lower-order
perturbation of u? in the sense that lim,_o f(z,u)/u? = 0. See [BL],
(ASL[L.

In this paper, we are concerned with the nonexistence of positive
solutions of the equation

(1.1) —Au=Xu+ulu* % inQ,
(1.2) u>0 in Q,
(1.3) u=20 on {2,

where 2* = 2n/(n — 2).
2. Main Result

LEMMA 2.1. Let V be a vector field on R". Let g : R — R be
continuous with primitive G(u) = f g(v)dv and let u € C2(Q)NC1(Q)

0
be a solution of the following equation
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—Au=g(u) inQQ,
{ u =0, on %
in a domain €2 CC R”. Then there holds

1 ou 9 |Vu|2 B .
§f|5;| (u,V)da+/(—2 G(u) ) div Vdaz
an

——ZfVu vV;) m 22 =D,

J=1gq
where v denotes the exterior unit normal.

Proof.
u Vul?
div (Vu (V, Vu) ) = Au (V, Vu) + gm gf gfj + v vVl 2“' )
= Vu (V,Vu) + Z Vu, VV; )g— +{V, ¥( !V;F)).
j+1
Hence
: z du |Vu|?
Vu (V,Vu) = div(Vu (V, Vu)) — Z(Vu VV)(,9 — {v, V( 5 ))-
j=1 i
Therefore
0= (Au+ g(u){V, Vu)
= Au (V,Vu) + g(u)(V, Vu)
= div (Vu (V, Vu)) — i(vu vy 2L, V(ivu|2 )
i dz;
1=1
+ (V, VG(u))
= div(Vu (V, Va) — 'V“' V4GV )

Wul2 du

L Grg

divV — G(u)divV — Zvu VV;)=—

g=1
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Observe that
: _ au @ au 2
{z, Vu) = (x,v)a and |Vu|* = |_8?| on Of1.

Integrating this identity over Q we have

1 ou |Vul|? )
2/10U| (v, V)dﬂ-i-f( 5 G(u) )divVdz
an

Q
= Ju
- Z/(vu, V¥ gy, 42 =0

=15

We now apply this Lemma to obtain the following nonexistence
result.

THEOREM 2.1. Suppose 0 € Q # R" is a smooth (possibly un-

bounded) domain in R",n > 3. Suppose Q has a vector field V : R" —
R™ such that

(1) (v,V}) >0 on 09,
(2) divV =¢, cis a positive constant,
(3) There is a positive constant M such that

" 8V .
g,
| g tits < MIEP,
(4) nM <ec.

Then the boundary value problem (1.1), (1.2) and (1.3) has no pos-
itive solutions in H}.

Proof. Let g(u) = Mu + u|ul* =2 with
Slul® + 5 lu

We know that any solution of (1.1) and (1.3) is smooth on . Hence
by Lemma 2.1

G(u) =

|*
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(2 1)
/l—i (v,V)do + = /(qu|2 Aol — —iui2 Ydz

an
- i3 e e
Oz; Ox; Ox;

Note that if u is a solution of (1.1), then

(2.2) f(|Vu|2 — Au|? = |u|? )dz = 0.
Q

Multiplying both sides of (2.1) by n/c and using the fact (2.2), we
obtain

f|5qu

dz + —-|)\|f|u|2d'z

oV, Ou Bu 5
“dz = —f Z B 8%5-8— :r—/|Vu| dz.
Q

Hence

n du >
?C-fIE(V,V)da+|)\|/Q|u| da

Since (v, V) > 0 on 91, we must have
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f,[ﬁﬁt v,V (fa+|)\|/ |u|?dz = 0.
2 Q

an
Ou

Thus — =0 on 9, and hence u = 0 by the principle of unique

v
continuation. This completes the proof.
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