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ON THE SEMIHOMOGENEOUS
PARTIAL DIFFERENTIAL EQUATIONS

Rakiooncg KiMm

§1.INTRODUCTION

Hoérmander[1], Scheurer[3] obtained two kinds of theorems called the
uniqueness theorems and the existence theorems from which we can
deduce the regularity theorems with respect tothe partial differential
operators of homogeneous type and Isakov[2] obtained the same results
with respect to partial differential operators of semihomogeneous type.

In this paper we are concerned with the partial differential operator:

q—1 n n
(11) P(z,D:) =Y e;(2)D;+ Y a;(@)D} + D bj(2)D; +c(x),
i=1 J=q i=q

where aj,b;, and ¢ are contained in L(Q), and each a; € ).
We assume that all coefficients are real valued functions defined in a
bounded open set @ C R™.

Now we introduce some notations and pseudo-convex surface with
respect to semihomogeneous partial differential operators. For some

multi-indices m = (my,- -+ ,m,) of positive integers with
D<miEma < Smg—y <My =+++ =My,
n 2
a3 . — G 5 { 0 (O
and a = (@1, -+ ,q,) we write |a : m| = E aj/m; and D¢ =
J=1

D' DS? - D&» where Dj = —i 0/0z; = —t 0;. Let

R(z,D)= ) aq(a)D"

|aim|<1
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We then denote the principal part of R(z, D) and its principal symbol

by
Z as(z)D® and Z aq(z)€?,

|a:m|=1 |o:m|=1
respectively.

DEFINITION 1.1. We say that a partial differential operator
Pl ) = Z aq(x)D® is (d-)semihomogeneous of degree M if the
|o:m|<1
principal symbol pp(z,£) = Z aq(T)E® of P satisfies that

|aim|=1

pM(ﬂ'?, td1£11 td2§21 R ’tdugﬂ) = tMpM(mﬂ g)

for t > 0 and (z,€) € R} x R}, where d = (d1,-+- ,dy), d; = ma/m;
is an n-tuple of positive numbers.

We note that the partial differential operator (1.1) is semihomo-
geneous of degree 2 with d = (2,...,2,1,...,1) and that py(z,£) =

Z ao(z)E® with my = «++ = mg—1 = 1,my = -+ = my, = 2.
|arm|=1

We shall denote by [¢]4 the function defined implicitly by the relation

n g2
Z [gédj =1, if £ # 0 and [0]4 = 0. The function [¢]4 is semihomoge-
j=1 8la

neous of degree 1. Thus there exists a constant C' > 0 satisfying

Cct Y |G <feasC )l
7=1 =1

DEFINITION 1.2. If f(z,¢), g(z,£) be C' functions. The semiho-
mogeneous Poisson bracket of f,g is defined by

n

00 oy
{f,9}q= ;q 0¢; 8z; Oz, 06;"
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We assume that ¢ be a real valued function in C'*°(Q) such that
Ve =(0,-+-,0,0,0, - ,0n0)

in Q.
DEFINITION 1.3. Let ¢ € C*°(Q) with V  ¢(zo) # 0. The hypersur-

face
S = {¢(x) = ¢(z0)}

is called pseudo-convex with respect to P at xg if
(1) It is not characteristic of P,

(2) For all € € R"\ 0 pa(0,€) = {p2, #}¢(0,€) = 0 implies

{p2, {p2, 8} 4}4(z0, &) > 0.

§2. REsULTS

2.1. Energy Inequality with Weight.
We estimate the L? norm with weight exp ¢, 7 € R with respect
to P, by means of commutator [, ].

LEMMA 2.1. There exists a constant C' > 0 such that for u € C§°

(2.1)
‘/ng(:c,D)ul2 exp 27 dx > T/S-,-(:t:, , D)oo dz

6 ] (1+ €3 8O dz + 72 |lol]?)

n
where [£]4 = Z |§j|m5/m", v=u exp T7¢ and S,(z,D) is the semiho-
j=1 :
mogeneous partial differential operator of degree 2:

72
(22) S‘r'(m':é) = {P?a {p27 qs}q}q + —'2_{{132396}(” {{p2a¢}qv¢}q}q'
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Proof. Let v = u exp 7¢. Then it follows that
jlpg(:c,D)ulzexp 2r¢da = ] |(exp 7 Py(x, D) exp —7¢)v|* dz
= /IP,(x,D)tr|2d$.
It is obvious that P,(z, D) = Py+7[¢, Po]+ 2[4, (4, Ps]). Let Q1(z, D)

be the partial differential operator with symbol {ps,¢},. We then
obtain [¢, P;] = i Q1(z, D) — Ps(z, D)¢. Since

{{p2a¢}qv¢}q‘ Z aé-]ag pZ(:E E)a ) ¢(:1

k=g
it follows that [¢, [¢, P2]] = —Qo(x) = —2p2(x, V é(2)). So we have
2
: ¥

P.(z)(z,D) = Py(z,D) + i1 Q(z,D) — 3 Qo(z) — 7 Py(x, D).

On the other hand It is not difficult to show that
1

(2.3) f|P,(:c,D)v[2 i —O-/lLr(x,D)UPd:r: —er?|[o||?
wherec—Macr:x | Py(z, D) ¢| and L.(z,D) = Py(z,D) +iQ:(z, D) —

&= Qu(m). If L*(z, D) is the adjoint of L.(x, D) with respect to inner
product [ u v dz, it follows that

(2.4)
flLT(:c,D) 7 = /(|L,(m,D) of? — |L*(z, D) v[2) da
= /[L:(:::,D), L.(z,D)] vo de.

Since coefficients of P, are real, we have

Li(z, D) =Py(w, D) = i1 Qu(z, D) = = Qu(2) + Ra(a, D)
— it Ry(),
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where
Ri(,D) = P;(z, D) - Pa(x, D),
Ro(z) = Qi(z, D) — Q1(z, D).
We note that ri(z,£) contains no variables £;, j = 1,...,¢ — 1. and
that the principal symbol of
i [Py(z, D), @z, D)+ i [Qu(z,, D), Qo(x)]

equals

2

.

ST(CU, ﬁ) == {p‘Za {P2, Qs}q}q < ? {{PZ, ¢}Q7 {{3)21 ¢}qr q‘l)}fl}‘?'
Thus there exists Rj(z, D) of order < 1 such that

i [P2(a7v D)v Ql(maD)]'l';_z Z [Ql(ma ,D), QG(P"")] = Sr(an)‘!'Rll(m’D)‘

It is easy to show that there exist R, RY, R| semihomogeneous of
degree < 2, <1, 0, respectively such that

[Ri(z, D) — i 7 Ro(z), L.(z,D)] = R)(z,D)+ r R{(z, D)
+ 12 Ry(z).
Thus the Poisson bracket [L*(z, D), Lr(z,D)] equals
(2.5) 2r S-(z,D) + Ry(z, D) + 7 R{'(z, D) + 7° Rj(x),

where R{'(z,D) = 2 Ri(z, D)+ R{(z, D). Consequently from (2.3),
(2.4), (2.5) we have

(2.6)
_ /|P2(.1:,D) ul|? exp 2r¢ de > 1 _/ST (z,D) v o dz

+%ng(I,D) v dm+%/R’1"(rc,D) v U dz

+ r2/R{,’(m) v o de —c T2 ||v||2

The inequality (2.1) follows from Cauchy-Schwarz inequality and semi-
homogeneity of Ry, RY', Ry.
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LEMMA 2.2. Let the real valued function ¢ € C*°(Q) satisfy V¢ #
0 in Q. Then it follows that
(2.7)
2
T ;
pz(l‘, C) = p2($?£) - ?{{p% ¢}q1 ¢'}q TE {an ¢}q:

(2.8)

P 9 T
ST(‘]"" 5) = = afJawh aEJ pZ(m3C)a£L PZ(Z:C)

L 2:;5*1 pa(e, € pale, ),
where ( = £+i 1V, ¢(z).
REMARK 2.3. It is obvious that
e (2, )= {Re 2 (=, 0), Imps (x, Q)
=5 2 & 0, 21 (= Oy

2.2. Carleman Estimates.
We note that py(z, () is the symbol of L, (z, D) and py(z, ¢) =0

if and only if p, — "'2—2 {{p2, 8}q, ¢}q = {p2, ¢}, = 0. From Lemma
(2.1) and Lemma (2.2) we obtain:
THEOREM 2.4. We assume that

(2.9) p2 (z, £E+ir V, ¢(2)) =0=> s, (z, £) > 0.

Then there exist a constant K > 0 and a real number 7o > 0 such that
n

(2.10) 7® /[u|2 exp 2r¢ dz + 71 Z f|Dju]2 exp 27¢ dz
J=q

<K ][Pg(:r,D) ul? exp 27¢ da



On the Semihomogeneous Partial Differential Equations 27

for all u € C§°(Q) and for v > 7.

Proof. We assume that 0,¢(z¢) # 0. By invariance of the condition
(2.9) under the diffeomorphism @ = z(y) with z; — (zo); = y;, 7 =
1,...,n — 1 we may assume that ¢(z) — ¢(z¢) = z, and ¢(zg) = 0.
From (2.9) it follows that s,(0, £) > 0 in a set V = {(£, 7)|[(]la =
1 p2(z,() =0} where N = (0,---,0,1) and { = £ 4+ :rN. By conti-
nuity and semihomogeneity there exists a constant C' > 0 such that

(3.11) C G} < 50, &)+ 2B,
T2

Thus for v = u exp 7¢ € C§(Q) we multiply (2.11) by |8(¢)|* ard
integrate, which gives

(212) (2m) ] (€12 [8(E)[? de < Cu{ / $.(0,D) v 5 du
+(2m)" ] (€17 1p2(0, O [8(E)? de).

It is not difficult to show that
(2.18) “7* /[u|2 exp 27¢ d:r:-}-z /|Djui2 exp 27¢ dz
j=yq
<0 [0 10 de

Thus our theorem follows from (2.1), (2.13) for sufficiently large .

COROLLARY 2.5. There exist positive constants K and 7o such that

3 /|u|2 exp 2r¢p dz + T Z f‘Dju|2 exp 27¢ dx

‘ J=q
<K /]J?t"(:a:,l))zd2 exp 27¢ dz,

for all w € C§° and T > 1.
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THEOREM 2.6. We assume that ¢ is pseudo-convex with respect
to P at zo. Then it follows that

78 /|u|2 exp 27¢ de + 7 Z /leu12 exp 27¢ dx
J=q
<K {/ |P(z, D)u|* exp 2r¢ dzx + 7° /|m|2 exp 27¢ dz}.

Proof. From the fact that there exist positive constants Cy, Cs and
C5 such that

[€)% < C1 5+(0, €) +C2 ?% +Cs 72
d

our theorem follows.
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