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AUTOMORPHIC FORMS ON ORTHOGONAL GROUPS
ATTACHED TO QUADRATIC EXTENSIONS

YouNG Ho PARK

§1. NOTATIONS

Let F' be a number field, and E/F be a quadratic extension of F.

We choose a # € E such that E = F(f), and let ¢(z) = 2?2 — B2 be
the irreducible polynomial of 3 over F. Then the Galois group of E/F
is generated by the automorphism o of order 2, where

(a+b8)° =a—0bB, fora,be F.

Let Tr(z) = = + 2%, N(z) = xz® be the usual trace and norm of
E/F. Define a bilinear form ( , ) on E by

(z,y) = %Tr‘(:ﬂy”)-

Note that (z,z) = N(z). Let O be the isometry group of E,( , ),
viewed as an algebraic group defined over F. We also let

E'={z e E|N(z)=1}.

For each place v of F, let F, be the completion of F at v, and let
E,=F,@r E. Then E, = FU[E], where 1, 3 are linearly independent
over F, and ¢(8) = 0. Define o, : E, — E, by (a+bB)? = a—bB. Via
the usual imbedding E — E,, a+b8 — a+ b3, o, is an automorphism
of E, of order 2 extending o. _

If ¢ is irreducible over F, (i.e. v is inert.), then F, = Fy(8) is a
field. If g is reducible over F, (i.e. v splits), then E, ~ F, @ F,, via
a+b3 — (a+0bB,a—bpB). Note that F, is imbedded into F, & F, ~ E,
diagonally, and ¢, on F, @ F, is given by (a,b)” = (b, a).

Let Tr,, and N, be the trace and norm on E,/F,. Then (z,y), =
3Try(zy”) and O, = O(E,) is the isometry group of Ey,( , )». Note
that when v splits, (z,y), = (zy,zy) € F,, for (z,y) € F, @ F,.
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§2. STRUCTURE OF O.

For any anisotropic y € E, let 7, be the symmetry defined by

2(z,y)
(v,9)
Then O is generated by 7, where y runs over the anisotropic vectors

[O]. We have

ry(z) = —

() = —Ey;;:ca.

For u € E!, let m, : E — E be the automorphism defined by m,(z) =

uz. Then my € O, and omuo~! = mye. By the Hilbert theorem 90,

we see that O is generated by m,(u € E'), and ¢. In other words,
PROPOSITION 2.1. O(E)~E' % (o) O

Note that O, ~ E} x {c), and that if v splits, so that E, = F, & Fy,
then Bl = {(a,9) |zy=1} = F.

For a finite place v of F, let O,, U, be the ring of integers, ring of
units of F,, respectively. Then L, = O, + 80O, is a maximal compact
subring of E,. Let.

i = { (ElNLy) % {oy) if v is inert,
Tl Uy x (oy) if v splits.
Then K, is a maximal compact subgroup of O,. Now suppose v is an
archimedian place. We have

R* % (o) if v is real and splits,
O, =1{ C!'x{o,) ~0(2) ifv isreal and inert,
C* x (o) if v is complex.
So we let
{£1}'% o) if v is real and splits
K,=+¢ 0(2) if v is real and inert

C! % (o,) >~ O(2) if v is complex
and I{C’O = Hv archimedian I{"-’? K= HU I{U
Let A denote the adele ring of F as usual. Then O(A) = [], Oy,

restricted direct product with respect to I{,. Since ( , ) is anisotropic
over F, we see that O(F)\O(A) and E'(F)\E'(A) are compact.
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§3. AUTOMORPHIC REPRESENTATIONS OF O.

Since O, is a semidirect product of commutative E} and finite (o,),
we may apply a Mackey’s result to obtain the following [L]

ProProSITION 3.1. Let 7, be an irreducible representation of O,.
Then there is an associated character y, of E} such that t, is one of
the following representations:

(1) Ind gixv, where x% # 1,
(2) x»®1, where x2 = 1 and 1 is the trivial representation of (7,),

(3) x ® det, where x? = 1 and det is the nontrivial representation
of {o,). O

To be more precise, let fi, f2 € 7 = Ind g‘f Yo be defined by

x(z) ifg=r€Ey,

0 otherwise,

f1(9)={

and (@) if -
Xl I g =20, € L0y,
falg) = { 0 otherwise,

Then 1, is generated by f; and f; and 7,(0,)f1 = f2. Thus fi + fa is
fixed by o, while f; — f2 changes the sign. It is not difficult to show
that Ind g-':'Xv are irreducible if and only if x2 = 1, and that if y? =1,

then 7, = (xo ® 1) ® (x» ® det), with the basis f1 + f2 and f1 — fa,
respectively.

DEFINITION 3.2. Suppose v is a finite pace of F', which splits. We
say that a character x, of E} is unramified if it is trivial on ElnL,.

Recall that a representation 7, of O, is unramified if it contains a
K ,-fixed vector. Thus 7, is unramified if and only if its associated
character y, is unramified, and 7, # x., @ det.

Now let 7 be an admissible irreducible representation of O(A). Then
T = ® 4Ty, Where T, is irreducible representation of O, such that almost
all 7, are unramified [F]. We recall the Langlands characterization of
automorphic representations of a reductive group G [Lal.
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PROPOSITION 3.3. A representation 7 of G(A) is an automorphic

representation if and only if T is a constituent of Ind ggi;)‘ for some

parabolic subgroup P of G with Levi factor M and some cuspidal
representation A = @,A, of M(A). O

In our case, the only nontrivial parabolic subgroup of O is E!. Note
that the Levi factor of E! is itself. Since the constituents of Ind A are
the representations r = ®,7,, where 7, is a constituent of Ind g‘{ Ay
and almost all A, are unramified, we obtain ’

THEOREM 3.4. 7 = @7, is an irreducible automorphic representa-
tion of O(A) if and only if there is a character x = @y, of EY{(F)\E'(A)
such that 7, is one of the 3 types given in Proposition 3.1 with asso-
ciated character x, and the number of v’s such that 7, = x, @ det is
even. [
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