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In this paper we define fuzzy quotient semigroups induced by fuzzy ideals and study

homomorphism between these fuzzy structures.

1. Introduction

Takashi kuraoka and Nobuaki Kuroki[2] has studied fuzzy quotient
ring induced by fuzzy ideals using fuzzy equivalence relations and dis-
cussed the relation between fuzzy quotient rings and fuzzy ideals. The
aim of this paper is to define fuzzy congruence on a semigroup and to
study a fuzzy quotient semigroup using a fuzzy congruence, a fuzzy quo-
tient semigroup induced by fuzzy ideals and also to discuss homomor-
phism and isomorphism between these fuzzy structures.

2. Preliminaries

Throughout this paper S denotes a semigroup. We recall some defi-
nitions and results for the sake of completeness and add some properties
of fuzzy ideals.

Definition 2.1. Let X be a nonempty set and u be a fuzzy relation on
X. Then p is called a fuzzy equivalence relation if
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(i) p(z,z) =1 for all z in X, (ii) u(z,y) = p(y,z) for all z and y in
X, (iii) for all z and y in X,

ple,y) > sup,exmin{p(z,2),p4(z,y)} = pop(z,y)

Let p be a fuzzy equivalence relation on X. We shall say that u[a] is
the fuzzy class corresponding to a. For each a € X, we denote pla](z) =
p(a,z) for every z € X. The identity relation I'dx on X is defined for
any z,y in X as

0 ifz
Idx(:c,y)={1 ifmfg

Given a fuzzy equivalence relation g on X, for each « in [0,1], two
crisp relations on X are defined as follows.

Definition 2.2. A weak a-relation denoted by w, is defined on X as
zw,y if and only if p(z,y) > @ and a strong a-relation denoted by o, is
defined on X as zo,y if and only if u(z,y) > a, for any z,y € X.

We call the fuzzy quotient set, the set X/pu = {ula] : a € X}, where
i is a fuzzy equivalence relation on X [2].

Lemma 2.3. Let p be a fuzzy equivalence relation on a set X. Then
(1) p(a,b) = 0 if any only if min{u[a], u[b]} = 0,
(2) supaexplal =1,
(3) pla] = plb] if and only if p(a,b) =1,
(4) there exists the surjection p: X — X/pu:z — plz].

Definition 2.4 (1) A fuzzy set § is a fuzzy semigroup in S if for z,y in
S,6(zy) > min{é(z),(y)}.

(2) A fuzzy set 6 is a fuzzy left, right or two-sided ideal respectively
in S if forall z,y € S

d(zy) > 8(y),
§(zy) > é(x),

6(2y) > maz{8(z),8(y)}.
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Note that the N of any set of fuzzy semigroups is a fuzzy semigroup and
the N or U of any set of fuzzy left, right, or two-sided ideals, respectively,
is a fuzzy left, right or two—sided ideals. Moreover, 7 is a fuzzy ideal of §
if and only if the level set 1, = {z € §|n(z) > t} is an ideal of § for each
t €[0,1].

Definition 2.5. Let 5 be a fuzzy set on a set X and f be a function
defined on X. Then 7 induces a fuzzy set nf on f(X) defined by

7 (y) = supegy{n(z)}  for ally € f(X)

and is called the image of 7 under f. Similarly, if v is a fuzzy set on f(X),
then a fuzzy set on X can be defined through v/~ (z) = u(f(]a:')) =vof(z)
for all z € X. where o is the composition of mappings. v/ is called the
inverse image of v.

We can prove that a homomorphic image of a fuzzy ideal is a fuzzy
ideal without assuming the sup-property.

Lemma 2.6. Let S and §' be two semigroups and let f : § — §' be a
semigroup homomorphism. If f is surjective and § is a fuzzy ideal of S,
then so is 67, If v is a fuzzy ideal of S, then so is vf ™",

Definition 2.7. For a function f from a set X onto the set f(X'), a fuzzy
set 5 of X is called f-invariant if n(z) = n(y) whenever f(z) = f(y) for
all z,y in X.

The following theorem gives the correspondence between fuzzy semi-
groups of S and fuzzy semigroups of homomorphic image of 5.

Theorem 2.8. If f : § — f(5) is a semigroup homomorphism, then
there is a one—to—one correspondence between f-invariant fuzzy semi-
groups of 5 and fuzzy semigroups of f(5).

If f:5 — 5§ is a semigroup isomorphism (onto) and p is a fuzzy
semigroup of 5, then p is f-invariant. Thus there is a one—to—one cor-
respondence between fuzzy semigroups of § and fuzzy semigroups of S'.
This correspondence 5 < 71/ is called an isomorphism between fuzzy
semigroups i and 17,
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Definition 2.9. Two fuzzy semigroups (S,7) and (S',n') are said to
be isomorphic if there exists a mapping f : § — S such that f is a
semigroup isomorphism and that 5 o f = 7.

3. Fuzzy congruence relation
Now, we define a fuzzy congruence relation on a semigroup S.

Definition 3.1. A fuzzy relation p on S is said to be left [right] com-
patible if for any z,y,a € 8, p(az,ay) > u(z,y)[n(za, ya) > p(z,y)], and
compatible if g is both left and right compatible. A compatible fuzzy
equivalence relation on a semigroup S is called a fuzzy congruence.

Note that the N of any fuzzy congruence relation on S is a fuzzy
congruence relation.

Theorem 3.2. If u is a fuzzy congruence relation on S, then the following
are crisp congruence relations on S

(i) wy for each a € [0,1],

(ii) oo for each a € [0,1).

Proof. (i) Let 0 < @ < 1. For each z € S, pu(z,2z) =1 > a. Hence zw,z.
Twyy implies p(x,y) > a and so p(y,z) = p(z,y) > o implying ywy2.
Suppose zw,y and ywsz. Then p(z,2) = (po pu)(z,z) = sup(u(z,t) A
wu(t,2)) > plz,y)Au(y,2) > aAa = a. Finally, if zw,y then p(z,y) > a.
Thus, p(az,ay) > p(z,y) > o implies azw,ay. Moreover u(za,ya) >
w(z,y) > a implies zaw,ya for any a in S. Similarly (ii) is proved.

Theorem 3.3. Let S be a semigroup and let i be a fuzzy congruence on S.
Then S/u is a semigroup under multiplication defined by u[s]*pu[t] = p[st)
for any s,t in S and p: S — S/v is a homomorphism.

Proof. By Lemma 2.3, (3), u(z,y) = 1 if and only if p(z] = p[y]. Let
ple] = ple’] and ply] = ply]. Then p(z,2’) = 1 and p(y,y) = L.
We claim that p(zy,zy) = 1. For p(zy,zy) > p(z,z) = 1 and
p(z'y,z'y’) > ply.y) = 1. Since p(zy,z'y’) > (po p)(zy,z'y) =
sup.{pu(zy,2),u(z,2'y)} = 1. Hence p[zy] = pz'y’]. It is clear that
this multiplication * on S/u is associative. Furthermore, there exists the
surjection p : § — S/p 1 ¢ — plz]. Since p(z) * p(y) = plz] * uly] =
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ulzy] = p(zy),p is homomorphism.

It is useful to observe that if p is a fuzzy congruence on S, and m and
m* are the multiplications on S and S/u resp. Then m* is the unique
multiplication on S/u such that the following diagram commutes

Slu x Slp = S/u
21 rl 1

s x § = 5

Theorem 3.4. Let S be a semigroup, 6 a fuzzy ideal of S, and p*(z,y) =
(6(z)Ab8(y))V Ids(z,y), for all z,y in §. Then p* is a fuzzy congruence
onS.

Proof. 1t is clear that y is reflexive and symmetric.

Now, if z = y, then (p* o p*)(2z,y) = 1 = p*(z,y), and if z # y, then

(1" o p*)(z,y) = sup.(p*(z,2) A p*(z,y))
= sup.({(6(z) A 6(2)) v Ids(z,2)} A {(8(2) A 8(y)) V Ids(z,9)})
> {8(z) A é(y)} = p™(2,y).

Thus u is transitive.

Now we show that p is compatible. For all ain S, p*(az,ay) = (é6(az)A
&(ay)) Vv Ids(az,ay). If az = ay, then it is clear. If az # ay, then

u*(az,ay) = (6(az) A b(ay))V Ids(az,ay)
> (6(z) Ab(y)) = pl(z,y).

Thus p is a fuzzy congruence on §.

Theorem 3.5. Let f : § — S’ be a semigroup (onto) homomorphism.
Let 6,7 be a fuzzy ideals of S and ', respectively, such that §f C . Then
there is a homormorphism of semigroups f* : §/6* — S /n* such that the
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diagram

’

S y— S'

! !
5/6* — S/
is commutative, where
6"(z,y) = (8(z)Ab(y))VIds(z,y) Vz,y€S,
' (z,y) (m(z) An(y)) VIdg(z,y) Vz,y€S.

Proof. By Theorem 3.4, §* and n* are congruences on S and s, respec-
tively, and we note that 6*[z;] = 6%[z2] if and only if 6*(z;,22) = 1.
Suppose that §*[z,] = 6*[z2]. If ; = z2, then clearly 7*(f(z,), f(z2)) =
1. If 2y # z2, then &(z1) A 6(z2) = 1 since é*(z1,z2) = 1. Then
n(f(x1)) A 1 f(2)) > 8(z1) A 6(z2) = 1 and hence 7*(f(z1), f(22)) = 1.
Thus f* is well-defined. It is easily seen that f* is a homomorphism.

Theorem 3.6. Let f: S — S be a homomorphism. Let 8,0 be fuzzy
ideals of S and ', respectively. Assume nf~ = 6. Define §**(z1,23) =
(6(z1) A é(z2)) V Idg (f(21), f(22)). Then 6 is a fuzzy congruence on
S-

Proof. 1t is clear that 6~ is reflexive and symmetric. Now,

(6= 0 6% )(z1,22) = sgp(&"(rl,z) A &§**(z,z7)).
If 2y = z3, then (6™ o 6**)(zy,22) = 6*(x1,22) = 1. If 2y # 2z, and
f(z1) # f(z3), then
(6 0 6™ )(z1,22)
- S'ip({(é(l'l) N6(2))V Idg (f(21), f(2))} A{(8(2) A 6(22))}

VIdg(f(2), f(z2))})
(6(x1) Ab(z2)) V Idg(f(z1), f(z2)) = 6™ (z1,22).

IV
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If z; # 72 and f(z,) = f(z2) then (6* o §**)(z1,22) = §™*(21,22) = 1.
Finally,

67 (az1,az7) = (8(az1) A é(az3)) V Idg(f(az1), f(az2))
2 (6(z1) A é(z2)) V Idg (f(az1), f(az2))-

If f(azy) = f(az,), then it is clear that §**(az,,az;) > 6™ (z1,22). I
f(ez,) # f(az;), then

8% (azy,az2) = (8(az1) A é(azy))
> (8(z1) A é(z2)) = 6 (z1,22).

\%

Similarly
8 (zq1a,z2a) > 67" (z1,22).

Thus 6™ is a fuzzy congruence on S.

Theorem 3.7. Let f : S — § be a onto homomorphism. Let é,7 be
fuzzy ideals of S,S’, resp. Assume nf”" = §. Then §/6* = §'/n* holds.

Proof. By the similar method as in Theorem 3.5, the mapping f** :
S/6* — S§/n* is onto homomorphism. To show that f** is injective.
Suppose 7*[y1] = 17*[ya2) for any yy,y, in §'. Since f is onto, there exist
w1 and z3 in § such that f(z,) = y; and f(z;) = y2. If 3 = yo then
0**(z1,22) = 1. Hence §**[z1] = §*[z]. If y; # yo then

67 (z1,22) = (8(z1) Ad(22)) V Idg (f(z1), f(z2))
= 6(z1) Aé(z2) = n(f(21)) A n(f(z2))
= 7(y,p) =1

This completes the proof.
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