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Using covers of a frame , we introduce a concept of convergence of filters in a frame 
and then characterize compact regular frames by convergence of maximal filters. \\7e 
also introduce strict extensions of a frame a.ssociated with sets of filters in the frarne 
and construct a zero~dimensional compactification of a zero-dimensional fram e by the 
strict extension associated with the set of non-convergent maximal Boolean filters 

0 , Introduction 

It i5 well known that the data of conve1'gence of filte1'5 in a topological 
5pace completely dete1'mille the strnctu 1'e in the space and that the theo1'Y 
of f1'ames gene1'alizes that of topologic따 spaces , F1'ames (= complete 
Heyting algeb 1'as loc외es) a1'e also called pointless topological spaces 
Although the1'e are no points in f1'ames, the1'e is a possibility to int 1'oduce 
convergellce in a frame , The neighborhood filte 1's in a topological space 
correspolld completely p1'ime δlte 1's in the f1'ame of the open set lattice 
of the space, 50 that one can introduce conve1'gence in a f1'ame using 
completely p1'ime filte1's ([6]) , 111 the theo1'Y of nearne5S 5paces, one can 
dete1'mine the conve1'gence of filte1's in a nearness space by its cove1'illg 
strnctu1'e ([4]) 

The pu 1'pose of this pape1' i5 to introd uce a concept of convergence of 
filters in f1'ames by cove1's and study its ba;;ic p 1'opertie5 

In the fi 1'st section , we defi ne that a fil te1' F in a f1'ame L is conve1'gellt 
(cluste1'ed) if eve1'y co、 e1' S of L meets F (sec F , 1'esp ,), This c1early 
gene1'alizes convergent filters or filters with cluste1' points ill a topological 
space , We show that a 1'egula1' f1'ame L is compact if and only if every 
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maximal fìlter iJl L is convergent. 
The second section concerns strict extensions of frames. Banaschewski 

defines two extreme cases of extensions of topological spaces i.e., simple 
and strict ones ([1]). He aslo has a good deal results on com pactifi ca
tions of frames ([2J,[3]). For the simple extensions of frames , we refer to 
([5J, [8]). Using simple exiensions and th e right adjoints, we int roduce a 
concept of strict exiensions of frames. We show that a zero-dimensional 
fra,me is compa.ct if and on ly if every maximal Boolean filier is convergent , 
where a Boolean fil ie r is a 에ter generaied by its co ll1 ple ll1 ented elements 
Using this and st rict extensions, \Ve const ru ct a zero-dimensional COtn 
pactification of a zero-di ll1ensional fr a ll1 e. 

For the ter ll1 inology, we mostly refer to [ïJ 
This research is supported by Sogang \j niversity Research Grant and 

we acknowledge its support and we take th is opportunity to express our 
gratitude to Prof. Banaschewski for his suggestions and TGRC for the 
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1. Convergence in frames 

We first recall that a Jrame is a complete lattice L in which the dis
tributive law 

a^V 5 =V{a^s ’ s E 5} 

holds for an y a E L and S 드 L and that a ll1 ap between fra ll1 es is a Jrame 
homomorphism if it preserves δllite meets and arbitrary joins. 

In the foll owing, the top and bottom of a frame will be denoted by 
e and 0, respectively and a fìl ter in a fr ame 떠ways meaJl S a proper fì l ter 
i.e. , a fìl ter which does not contain the bOttOIll o. For a subset F of a 
frame L, sec F = {x E L : for any a E F, a ^ x 카 이 and for any x E L, x' 
denotes the pseudocomplement of x . By a cover of a frame L‘ we mean 
a su bset S of L with VS = e ‘ 까’'e say that for A, B 드 L, A refines B if 
for any a E A, there is b E B wi th a ::; b. lt is clear that if a cover A of L 
refi nes B, then B is again a cover of L‘ 

We also recall that a filter :F in a nearness space (X , Ç) is convergell t 
if and ollly if for any member A of t he associated covering structure μ， 

:F n A i' ø and that a Hl ter :F in (X , Ç) has a cluster point if and only 
if for any A E μ ， sec :F nA i' 이 (see [4J for the detail s). In partic1l1ar, .. 
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fi Jter F in a topologicaJ space X is convergent if and on ly if for any open 
cover A of X, F meets A , and it has a cluster point if and only if for any 
open cover A of X, sec F meets A. 

Using thi s, we introduce a concept of convergence in a frame as follows. 

Definition 1.1. A filter F in a frarne L is said to be 
1) COllVe1yent if for any cover S of L, F meets S, 
2) ctusle,'ed if for any cover S of L, sec F mee ts S 

Rema,'k 1.2. 1) Every completely prime filt er in a fram e L is convergent 
and a convergent filter F in L is clustered , for F 드 sec F. 

2) A filter containing a. convergent filte r is convergent and a filter 
contain ed in a clustered fiiter is clustered ‘ 

3) By 1) a nd 2), a fi lter containing a completely prime filter is con 
vergent. lf the fram e L is ßoolean , then every convergent fil ter is a 
completely prime filter. Let L be a chain of the intervaJ [0, 1] added with 
t he top e , th cn th e filter {l ,e} is convergent but not a completely prime 
fi 1 te r 

4) A max씨씨〈“ωIma꾀J filte밍r 1미n a fra때an뼈I 

clustered , because sec F = F for a ma.xirn머 fil ter F 
5) Let B be a base for a frame L, i.e. , for any x E L, there i잉s a subset 

C of B 、w‘ν애1 
lκf for a없ny C ç B with VC 二 e , F (sec F , res p.) meets C 

Proposition 1.3. A filt.er F ;n a fmm e L ;s clusler-ed if and only if 

V {x' : X E F} of e . 

Proof Suppose tha.t V{ x ' : x E F} = e, then by’ the assumption , there 
is an x E F with x' E sec F, which is a cont radi ction. For the converse, 
assume that t here is a cover S of L s ll ch th at sec r n S = ø, then for any 
s E S, there is Xs E F with s ^ x , 0; hence s :s x; , so t hat S refines 
{x “ x E F} , whκh is again a. contradiction. 

We recall that a frame L is aJ most compact if for any cover S of L, 
there is a finite F 드 S wi th (V F)" O. 1 t is known that a frame L is 
almost compact if and only i[for any fìlter F in L, V{x': x E F} ￥ e and 
that a reglllar fram e is almost compact if and only if it is compact ([5], 
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[8]). Thus the following are immediate from the above proposition. 

Corollary 1.4. For a frame L, the following are equivalent: 
1) L is almost compact. 
2) Every βlt er in L ;s clustered 
3) Every maximal filt er ;n L is conuergent. 

Corollary 1.5. For a regular frame L, the following are equiualent: 
1) L is compact 
2) Euery filt er in L ‘s clustered 
3) Every max;mal filter in L is conuergent. 

Let f : L -• M be a frame homomorphism . Then for any filter F 
in M, f -1( F) is again a filter in L. Moreover, if f is dense, i.e. , f (a) = 0 
implies a = 0, th en for any filter F in L, f (F) is a filter base in 111 
Furthermore, if f is dense onto, then f ( F) is a fi lter in ~1 . We recall that 
a fram e homomorphism f : L - M is codense if fla ) = e implies a = e. 

Proposition 1.6 Lel. f : L - M be a frame homomor]Jhism. 
1) If F ;s a filter in M u;hich ;s conve，νent (clustered) , then f -1 (F) “ 

also convergent (clustered, re8]J.) i71 L 
2) Assume that f is dense, cQ([e l1se and 01110, u71d a filt er F i71 L is 

convergenl μlustered) ， then f (F) is also c07we"gent (clus tered, ,'e8]J.) ;n 
M 

Proof 1) Take any cover S of L. then f (S) is c1early a cover of 111; hence 
F n f (5) t- 0 (sec F n f (S) t- 0. resp. ). Pick s E 5 with f (s) E F (J(s) E 
sec F, resp.), then c1 early s E f - 1(F) n 5 (s E sec f-1 ( F) n S, resp.). 

2) Suppose 5 is a cover of M, then f-1 (5 ) is again a cover of L, for f 

is onto, codense. The!'efore, there is t E r 1(5) n F (t E r 1(5) n sec F, 
resp. ), which implies f (t) E 5 n f ( F) (1(1) E S n sec f (F), resp ., because 
f is dense). 

2. Strict extensions of frames 

In th is section , we introduce a concept of st!'i ct extensions of frames 
and then we construct a zero-d imensional compac tifi cation of a zero 
dimension aJ frame 
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In what follows, X denotes a set of filters in a frame L and P(X) the 
frame of the power set lattice. Furthermore, we let 

sxL = {( x,E) E L x P(X): for any F E E,x E F} 

andlets:sxL-• L be the restriction of the first projection to sx 1. 
Then Sx L is a subf때ne of the product frame of L alld P (X) alld s is 
an open dense onto frame homomorphism , which is called the simp/e 
extension of L with respect to X (see [5J , [8J for the detail ). 

Let s' denote the right adj이 nt of s , then s'(x) = (x ,Ez) for any x E 
L, where Ez = {F E X : x E F} . Clearly, s'(L) is closed under fin ite meets 
in sx L and let tx L be the subframe of Sx L generated by s ‘ (L). Then tx L 
= {V{(x , 다) : x E A} : A 드 L}. Let t : tx L --+ L be the restriction of 
s to tx L, which is clearly a dense onto frame homomorphism . 

Using the above notation , we now define the following. 

Definition 2.1. The frame homomorphism t : tx L -• L or tx L is called 
the strict extension of L with respect to X. 

Remark 2.2. Let L be a frame U(E) of the open set lattice of a topological 
space E and {Ty : Y E E'} a family of open filters in E which extends the 
family of open neighborhood filters of E. Let X = {Ty : Y E E' - E }, then 
tx L is precisely the open set frame of the strict extension of the space E 
with respect to {Ty ν E E'} in the sense of Banasche“얀i ([1]) 

In the following, let C(L) denote the set of complemented elements of 
a frame L and we re때 that a frame L is zero.dime찌iona/ if C(L) is a 
base for 1. For any x E C(L), x' denotes the complement of x 

Defìnition 2.3. A filter F in a frame is said to be Boo/ean jfit is generated 
by F n C(L), i.e., for any x E F , there is a complemented element y E F 
with y::; x. Bya maxima/ Boo/ea n filter , we mean a Boolean filter which 
is maximal in the set of Boolean filters in L with the inclusion. 

We note that a filter on a topological space E is a clopen filter if and 
only if i t is a B。이ean filter in f! (E). 

Proposition 2 .4. For a zero-di7llension“/ fra 7lle L, the following are 
equiva/ent: 
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1) L ‘s compact 
2) Every Boolean [úter in L is clllstered. 
3) Every maximal Boolea n filt er i" L is COIJνel-gent 

ProoJ. 1) => 2). It is immediate from Co rollary 1.4 
2) => 3). We note that a Boolean fil ter in L is maximal if and only if 

sec F n C( L) 드 F. Thus the implication foll ows from 5) of Re mark 1.2, 
for C( L) is a base for L 

3) => 1). Suppose that there is a cover S of L which does not have a 
finite subcover. Let T = {t E C(L) : t :'Ô s for some s E S} , then T is 
a cover of L, which does not have a fillite subcover. Thus {x' : x E T} 
generates a B。이ean fil ter, which is denoted by F. Let G be a maximal 
Boolean fìlter containing F ‘ By the assum ption , G is convergent, so that 
GnT ￥ ø. P ick t E Gn T , then t., t ’ E G , which is a contrad iction. 

In the remainder of t he section , L is always a zero• dim ensional frame 
and X is t he set {F F is a non-convergent maximal Boolean filter}. 
Furthermore, s'‘(C(L)) = {(x , Er) E tx L : x E C(L)} . 

Lemma 2.5. s' (C(L)) is contailled i l1 C(tx L) “I1d is c/osed under finite 
meets in tx L. Furthel"lllOre, s' (C(L)) genemtes tx L. 

ProoJ. The fir5t part fo l1 ow5 from the fact that for any max imal Boolean 
βlter F and any x E C( L), x E F or x' E F , and th e second half is trivial , 
for C(L) is closed und er finite 뼈ets in L. We note that for any a E L, 
(a , εa) = V{ (x ,Ex): x E C(L) n J “} , because L is zero-dimensional and 
X collsists of Boolean filters ‘ Th야 tx L is generated by s'(C( L)). 

Notation 2.6 . The extension t : tx L - • L wi l1 be denoted by ( : ( L • 
L . 

Using this notion, we have t he fo l1owing 

Theorem 2.7 . (L is a zelY! -dimellsion“1 compact Jmme and hence ( : (L 
-• L is a zero-dimensional comp“chfication oJ L 

ProoJ. I t fo l1o\\'s from the above lemma that ( L is zero-dimensional. lt 
remains to show that it is compac t. Take any maximal Boolean fìlter 
ψ in ( L, then (( ψ ) is a lso a Booleall fil ter, for ( is a dense, onto frame 
homomorphi sm and ((C(( L)) 드 C(L). It is easy to show that s'(sec (( Iji ) 
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n C(L)) 드 C( ( L) n sec ψ 드 ψ; he nce ((ψ) is a rnax irnal Boolean filte r 

in L. 5uppose that (( >jI ) is convergent in L. Let φ ={aE(L: β 5 β for 
sorne ß E ç- l (((ψ )) n C(( L)} , then il. is a Boolean filte r in ( L containing 

ψ . Therefo re, ψ = φ By Proposit ion 1.6, ç- l ((( ψ )) is convergent and 

since ( L is zero-dirnension aJ, ψ = φ is aJso convergent in ( L. Now suppose 

that ((ψ ) is not convergent , then ((ψ ) E X. Take any cover 5 of (L with 5 

드 S’ (C(L)) w h ich is a base for ( L . Le t l' : ( L ~ P (X ) be the rest ri ction 
of t he second projection of L x P (X ), which is a fr arn e hornomorphisrn 

Thus 1'(5) is a cover 이 P (X ); ((ψ ) E 1'(( x , εx)) = Lx for sorne (x , εx ) E 
S. Hence there is a E ψ with ( (a) = x, 50 that a ~ ( "(x) = (x , εx)' 

Thu5 (X ,Lx) E 5 n >jI ; lherefore ψ is convergent in ( L. This completes 

the proof‘ 
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