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We investigate some properties of Hom(- ,-) as BCK/BCI-algebras‘ and discuss 
some ideal structure in Hom(-,-) 

1. Introduction 

This paper is a continuation of [14]. Iséki and Thaheem [13] proved 
that if X is an associative BCI-algeb ra then H 07미X)， the set of all homo
morphisms on X , is again an associative BCI-algebra. Aslam and Tha
heem [1] proved that if X is a p-semisimple BCI-algebra then H om(X) 
is a p-semisimple BCI-aIgebra. Hoo and Murty [7] and Deeba and Goel 
[3] independently showed that H 07미X) may not, in general, be a BCI
aIgebra for an arbitrary BCI-algebra. In view of this resuJt we can also 
see that H om(X, Y) , the set of 외1 homomorphisms of a BCI-algebra 
X into an arbitrary BCI-algebra Y may not be a BCI- aIgebra in gen
er떠. However Deeba and Goel [3] proved that if X is a BCI-algebra 
and Y is a BCK-algebra then Hom(X ,Y) is a BCK- aIgebra and hence a 
BCI-algebra. Liu [16] sho、~ed that if X is a BCI-algebra and Y is a p
semisimple BCI-aIgebra then H 07띠X， Y) is a p-semisimple BCI-aIgebra. 
In [14] we discussed the orthogon aI subsets of BCI-algebras, and investi
gated their properties wltich are related to some ideals. In tltis note we 
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investigate some properties of H om( - , - ) as BCKjBCI-algebras . 

2. Hom(- , -) as BCK j BCI-algebras 

RecalJ that a BCI-algebra is a nonempty set X with a binary operation 
* and a constant 0 satisfying the ax ioms ; 

(1) {(x * y) * (x * z)} * (Z* y) = 0, 
(2) {X* (x * y)} * ν = 0, 
(3) x * x = 0, 
(4) x * Y = 0 and y * x = 0 illlply that x = y, 
(5) x *0 = 0 im pl ies x = 0, 

for all x , ν ， z E X. If (5) is replaced by (6) 0 * x = 0, then the algebra is 
called a BCK-algebra. A part ial ordering ~ on X can be defined by x ~ ν 
if and on ly if x * y = O. A BCI.algebra X is said to be associative([8]) 
if (x * y) * z x * (y * z) for all x ,y,z E X. Let X+ be the BCK
part of a BCI-algebra X , that is, X + is the set of all x E X such that 
x <: O. If X+ = {O} t hen X is called a p.semisimple BCI.외gebra([15]). 

A mapping J : X • Y between BCKjBCI-algebras X and Y is called a 
homomorphism if J(x* y) = J(x)* J(y) for all x ,y E X. Define the trivi꾀 
homomorphism 0 as O(x) = 0 for all x E X. Denote by Hom(X ,Y) the 
set of 외1 homomorphisms of a BCKjBCI-algebra X into a BCKjBCI
algebra Y. A BCK.algebra X satisfying (x * z) * (y * z) = (:1: * ν) * z 
for all x , y , z E X is said to be positive implicative([12]) . If, in a BCK. 
algebra X , x * (y * x) = x holds for all x ,y E X , then it is called to be 
implicative([12]). It is shown in [12) that any implicative BCK.algebra is 
positive implicative. 

Lemma 1. ([1 2]) A BCI，.따gebra X is positive impJicat.ive if and onJy if 
x * y = (x * y) * y for aJJ x , y E X 

Theorem 1. Let X be a. BCI-aJgebra and Y be a positive implicative 
BCK-aJgebra. Then H om(X , Y) is a posi ti ve impJicative BC](.aJgebra 

Proof Frolll Lemllla 1 we only need to show that (J *g )*g = J *g for every 
J,g E H om(X , Y). Let J ,g E H om(X, Y) and x E X. Since Y is positive 
implicative, we have ((J *g )*g)( x) = (J *g )( x )*g( x) = (J( x )*g( x ))*g( x ) = 
J(x)*g(x) = (J *g)(x) . This means that (J *g)*g = J *g , and the proof 
is completed . 
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Theorem 2. lf X is a BCI-algebra and Y is all implicative BCliιalgebra 

then Hom(X , Y ) is an implicative BCliιa/gebra 

Proof. Let j ,g E Hom(X ,Y) and x E X. Then (f * (g * f) )(x) = 
j (x) . (g. j )(x) = f(x). (g( x) . j (x)) = j (x) , because Y is implicative. 
Hence j. (g * f) = j , and the proof is completed 

A BCK-algebra X is called a r-BCK - algeb대((4]) if whenever x. ν = 
y • x then x = y for every x , y E X . 

Theore m 3. If X is a B CI-a/gebra alld Y is a r -BC[,--a/gebra then 
H om(X , Y ) is a r-BCl\-써'gebrii. 

Proof. Assume that j.g = g. j for j ,g E H om(X, Y ). Then j (x )*g(x) = 
(f. g )(x) = (g * f) (x) = g(x). j (x) for any x E X. Since Y is a f-BCK
algebra, it follows that j (x) = g(x) for all x E X , and that j = g. Hence 
H om(X ,Y) is a f-BC I-ιalgebra 

Since any pos i ti 、 e implicative BC Iι algeb ra is a f-BCK-algebra([4 ]), 
we have the following coroll a.ry 

Corollary 1. lf X is a BCI-algebra. alld }' is a. posiiive implicati ve 
BCK-algeb ra, th en H om(X ,Y ) is a. r -B CK- a.lgebra. 

A BCK-algebra X is said to be with condition (S) ([ 1이) if for any 
fixed y , z in X , the set A(ν ， Z) ={xEX ‘ x • y ::; z } has the grea.test 
element which we denote by y 0 z. 

ln any BCK- a.Jgebra X 、w‘v싸f 

x ,’ yι’ z E X (see [10]) 
(7) x 0 0 = 0 0 x = x , 
(8) x. (y 0 z) = (x . y). z 
In ca.se X is also implicati ve, then 
(9) (xoy)oz = (x * z)o(ν • z) , 
( 10 ) x 0 x = x _ 
In [l1J Iséki considered a condition on BCK -algebras that he called 

cOlldition (C). This states that if y, z S x and x * z S x * y, thell y ::; Z. 

Theorem 4. Let X be a BCl-a./gebra alld Y be a.lI implicative B CK
algebra. with condition (5). Then the a.lgebra H om(X , Y ) is a1so with 
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condition (5) 

Proof Define aJ\ operation “。"on Hom(X ,Y) by (f og)(x) = f (x)og(x) 
for all x E X and all f ,g E Hom(X ,Y). Then fog is c1 early well.defined. 
Now 

((f og). J) (x) = (f og)(x).f(x) 

= (f(x)og(x))'f(x) 

= (f(x). f(x)) 0 (g(x). f(x)) [by (9)J 
= Oo(g(x).f(x)) 

= g(x).f(x) [by (7)J 
:S: g(x) 

for all x E X. This shows that f 0 9 E A(f, g) ‘ To prove f 0 9 is the 
greatest element of A(f, g) , let h E A(f, g). Then 

(h. (f og))(x) = h(x). (f og)(x) 

= h(x). (f(x)og(x)) 

= (h(x).f(x)).g(x) [by(8)J 

= (h. J)(x) .g(x) = 0 

for every x E X , which implies that h. (f 0 g) = 0, that is , h :S: f 0 g. 
This completes the proof 

Theorem 5. Let X be a BCI.aIgebra and Y a BCliιaIgebra. If Y 
satisfìes the condition (디， then the aIgebra H om(X, Y) also satisfìes the 
condition (C) 

Proof. Let f ,g,h E Hom(X , Y) be such that g,h :S: f and f. h :S: f. g. 
Then g(x) ,h(x) :S: f(x) and f(x). h(x) = (f. h)(x) :S: (f. g)(x) = 
f(x). g(x) for all x E X. Since Y satisfies the condition (C) , it follows 
that g(x) :s: h(x) for every x E X. Hence g :S: h, 잉ld H om(X, Y) satisfies 
the condition (C) 

For any elements x, y in a BCI-algebra X , let us write x • yn for 
( ... ((x. y). y) • ... ). y where ν occurs n times. We say that an element 
x in a BCI-algebra X is a nilpotent element ([이) if 0 • xn = 0 for some 
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positive integer n. If every element x of X is nilpotent, then X is called 
a nil algebra ([9]) . 

Theorem 6 . Let X be a B CI-algebra and Y a p-semisimple BCI-algebra. 
If Y is nil, then H om(X;Y) is nil. 

Proof. Let J E Hom(X ,Y) and let x E X. Since Y is nil , there exists a 
positive integer n such that O. J (x)n = O. It follows that 

O(x)=O = O(x) .J(x)" 

= ( ... (O(x). J(x)). J (x)) • ... ). J (x) (J(x) occurs n times) 

= ( ... (0. J). J) •... ). J) (x) (J occurs n times) 

= (o.r )(x), 

so that 0 • J n = O. The proof is complete 

A non-empty subset 1 of a BCK/BCI-algebra X is called an ideal of 
X if (i) 0 E 1, (ii) ν • x E 1 and x E I imply that y E 1. An ideal 1 of a 
BCI-algebra X is a closed ideal ([이) if O. x E 1 whenever x E I. An ideal 
1 in a BCI-algeb ra X is cal led a strong ideal ([2]) if for a E 1, x E X - 1, 
a.x E X - 1. Let X be a BCI-algebra and Y a p-sernisimple BCI-algebra. 
Let M and θ be subsets of X and H om(X , Y) respectively. ，，\겉 define 
orthogonal subsets M J. and 0 .1 of M and 0 respectively ([14]) by 

M J. = {J E Hom(X ,Y)IJ(x) = 0 for 며1 x E M} 

and 
0 1. = {x E XIJ(x) = 0 for 떠1 J E 0} 

It is shown in [14J that M .1 and 0 1. are ideals of H om(X , Y) and X 
res pecti vely. 

Theorem 7 . Let X be a BCI-algebra, Y a p-semisimple BCI-algebra, 
M 드 X and 0 드 H om(X , Y) . Then M J. alld 0 .1 are st rollg ideals O[ 

H om(X, Y) alld X respectively. 

Proof. Note that in a p-semisimple BCI-algebra, an ideal 1 is strong if 
and only if it is closed. From [14; Propositioll 1 and T heorem 4], we have 
that M J. is a strong ideal of H om(X , Y). Let a E 0 .1 and x E X - 0 1. 
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If a *X rt X - 0 .1 , then a *X E 0 .1 and hence 0 = f (a *X) = f (a) * f (x) = 
O*f(x) fo l' a lJ f E 0 . Sin ce Y is p-se mi simple, it fo11ows fl'o m [14;Le l11 ma 
2(13)J t hat f (x) = 0 fo r eve ry f E 0 . T hus x E 0 .1, a con t ra di ction . 
T herefo re a * x E X - 0 .1, a nd 0 .1 is a st rong ideal of X 

A non • empty subset J of a ßCJ-algebra X is called a quasi- asso디ati ve 

ideal of X ([17]) if(i) 0 E J , (ii) X* (y *Z) E J a nd y E J imply X *Z E 1. 

Lemma L ([8J , [13]) 111 a BCI-a/ge bra X t.he followil1 g a 1'e eq uiva/ent 
(11 ) X is associati ve, 
(12) x * y = y * x fo1' all x , y E X , 
(1 3) 0 * x = x [or all x E X 

Theor e m 8 . Let X be a. BCI-algebra a.l1 d Y an associa.!ive BCI-aJgebra. 
Let M a nd 0 be su bsets of X and H om(X , Y) respectiveJy. T hen M .1 

an d 0 .1 a 1'e q uasi-associa ti ve ideaJs of J/ om(X ,I') a.IJd X 1'espec tiveJy. 

Proof Note that the zero homomorp hi sm is cont a.i ned in 111 .1. Let f * 
(g * h) E lv1 .1 a.nd 9 E 1"1 .1 . Then for a삐ny 
fη(x치) * (ωg(x야) * h이(x)) an뼈1띠d 0 = g (야x). It fo Uows from Lemma 1 that 0 = 
f (x) • (0 • h(x)) = f (x) . h(x) = (f. h)(x) for all x E M . Hence 
f.h E M上 and M .1 is a. quasi-associa.ti ve idea.l of H om(X , Y). Next 

clearly 0 E 0 .1 . Assume t hat x • (y • z) E 0 .1 and y E 0 .1. Th en 

o = f (x * (ν • z)) = f (x) * (f(y). f (z)) a nd 0 = f (y) for eve l'y f E 0 
F1'om Lem ma 1 it follows that 0 = f (x) . (O. f (z)) = f (x)* f (z) = f (x ,z) 
fo r all f E 0 . Thus x. z E 0 .1. T he p roof is com plete. 
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