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In the present pa.per we study some quantit a.tive estimates 00 a sequence of power 

series operators introduced by J . Swetits and B. Wood by using Peetre K - function a1 

and modulus of contìnuity 

1. Intro ductio n 

Meir and Sharma [3J introduced a generalization of the S" method of 

the summability by a matrix (an ,k) defìned as 

샤
 

l ( h 느으암11= ξ훌an 
j=o (nl aJ8) k=o 

where {이}품Q is a sequence of complex numbers and 0 < 8 < 1. 
If O < aj < 1 (for j = 0,1,2, ... ), then a샤 ~ 0 (for n = 0, 1,2,'" 

and k = 0,1,2," .). By putting 

hj(x) 
J = a j(I) = -」--，j = 0‘1. 2 

l+ hj(x) 

(1.2 

in the result (1.1), the following identity 

Rn(x;8) = 묘 1 + hj(J- hJ(Z)8 
= §Cn k(2)8k 
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is obtained where {hj(x)}품o is a sequence of non-negative real valued 
functions defì ，때 on [0, ∞). 

Swetits 잉ld Wood [6] studied the following positive linear operator 
{Ln} of order n defined as 

(Ln f) (x) = 효Cn.k(X때 for 1 E 때∞) (1.3) 

and proved the following result on convergence. 

Theorem. Suppose {hj(x)} is “ sequence 01 continuous non-negat iνe real 
valued J:μnctions deβned on [0 ， ∞). 5μppose Ihat on each interval [0, a] 
there is a constant M ψhich depends only on a such Ihat h j(x) :s 11,1 
lor j = 0,1,2,"', X E [0 , 이 Let 1 be continuous on [0 , ∞) and satisly 
I/(x)1 :s eAx 101' some constanl A > O. Then the sequence {Lnf}품o 
deβned in (1.3) convelyes 10 1 unψrm나싸l 

(μc’ 1) summab“le 10 X on [0, 띠 . 
By putting hj(x) = x ， γj in the operator (1.3), the following (Baskakov 

[1]) 

응'..， (n+k-1\ ι 
(ι f)(X)=(l+ X)-n>~ I -';- - I(~)"f(::.)， I EC[O ， ∞) 

z=。\ k )'l+x 
(1.4) 

is obtained 
In the present paper [5] 、，ve prove some quant때tive theorems on the 

operator (1.3). 

2. Results 

Proposition 2.1. For n ~ 1, the lollowing momeηts are obtained 

(Ln1)(x) = 1 (2.1) 

(Lnt)(x) = 식으Rn(x ， l)] (2.2) 
n δ8 

0... 1 . & _ . &2 
(Ln t' )(x) = 김[해Rn(x ， 1) + 함Rn(x ， 1)] (2 .3) 
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In particular, one gets 

(Ln(t - X)2)(X) 
1 . 82 

=치-τ R，. (X ， 1) + (1 - 2nx) ::nRn(x , 1)] + x2 
n2laB2- -'~\- '-" , - - --- ' 80 

= Hn(x) (say) (2 .4 

Proof By putting ei(x) = x' for i = 0, 1,2 in the operator (1.3) , the 
results (2. 1) to (2.4) follow easily. 

Theorem 2.2 . 1f 9 E C~)[O，∞ ) then for n 으 1, we have the following 
est 't mate, 

where 

and 

I (L n이(x) - g(x) 1 :S: M'n(x )llg ll r (2 ) 
~ o 

(2.5) 

1 {) 
Mn(x) = max {l-::- ~n Rn(x ， 1) - x l; ;"; IJJn(x )l} (2.6) 

n 8{) 

II g l l서2 ) = Ilgllco + 119'lIc o + Il g치 Ico 
~ 8 

(2.7) 

for a bounded all(l l1 nifomlly cOllti71UOUS fllflctio71 f On the illterval [0, ∞) 
with th e 7l0rm 11 . 11 defi:ηed as 

Ilf llco = Sllp If (t )1 
O< t <o。

Pmof By appl ying the Taylor ’s ex pa삐on for 9 E C~)[O ， ∞)， we wri te 
that 

g(t ) - g(x) = (t - x)g'(x ) + ~ (t - x) 2g따) 
where min (x ,t) < ~ :S: max(x ,t ). Using the ex pression (1.3) and t he 
reslllts (2 .1) to (2.4), we see that 

I (μ(μLμμ싸써n새셰싸，9씨gω) 

1 8 __ ", 1... 
119'111':' :nκ，(x ， 1) - xl + ;"; 119" IIIJJn (x )1 n {){) 

:S: Mn(x ){ 1I9' 1I + 1Ig" II} 

:S: M，‘ (x) lI gll서2) 
~ o 
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This completes the proof. 

For a function f E CB[O, ∞) the Peetre K-functional is defined as 
([4]) 

k(J ;u) = inL{ llf - gllcB + ullgll r (2)} 
9EC~) ~B 

where μ 으 o is any real number. The Peetre K-functional is related to 
second order of modulus of continuity as below 

k(J; u) ::; A{ω2 (J;V표) + min(l , μ)llfI IcB} (2.8) 

where the constant A depends only on f and u 

Theroem 2.3. For f E CB[O, ∞)， one gets that , 

I (Ln J)떠 f(x)1 ::; 2A{ω2 (J : 펌) + min(l빨)llfllcB } (2.9) 

ψhere M n (x) and A are already defined. 

Pr짜 For f E CB[O ， ∞) and 9 E Ci;l [0，∞) we can write that 

I(Ln J) (x) - f(x)1 ::; I(Lnf)(x) - (Lng)(x)1 + I(Lng)(x) - g(x)1 

+If(x) - g(x)1 

< ||Ln|1||f - g||CB + Mn(x)lMlleg) + 1|f - gl|CB 

::; 2{llf - gllcB + 버n(x)llgllη(2) } 
~ ~B 

Taking i빼num over 9 E Ci;l [0, ∞) and using the result (2.8), we see 
that 

f; 펼) + min(l; 펼)llfh} 
This completes the proof 
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Theorem 2 .4 . Let 1 E C(1 )[O ,a], a > O. Then for n 으 1 

I(L" f) (x) - f(x) 1 :s MIll|i옳R，， (x ， 1) - xl (2 .10) 

+강(1'; 패펴)매피 
ψhere ω(1';.) is the 111α;uh‘s of continuity of f' and H,,(x ) is <le.βne.<i in 
the resv.lt (2.μ 

Proof 、Ve have 

I (t ) - f( x) = (t - x )f'배 l (t - x) [J'{x +II(t - x)} - I'(x)뼈 

so applying (1.3) we get that 

| I(L" f) (x) - f (x)1 

:s 11'띠l'끼’'(x셰)1빠| 

::::: 111'띠때l'끼깨깨'11깨빠μ뻐|川빠빠11μ빠빠lμι싸Lμμn서(μt-X )( .1끼셰) 1나써+사{μLnlt - x씨싸!매10' I f띠1'(강(야I삼뼈뼈+얘때8에(t - x야)) - 1'끼파쩌쩨'(강껴써(야ψ써t야헤) 1 <111삐떼빼8에떼빠](바(야x) 

:s Ilf' IIIL,,(t - x)(x)1 + [L"lt - 패I ω띠빠 x l)dll](x) 

{l / • . 1IIIIt - xl :s II f'IIIL,,(t - x )(x)1 + [L"lt •| L (l + -r얘(1'; ó)dll ]( x) 

It - xl :s 1II'II IL,, (t - xJ(xJI + ω(1’ ， ó) [L"lt- xl( 1 + , - ", - ' )](x) 
26 

:s 111’IIIL,,(t - x)(x)1 + ι(I'， ó) [Ln lt - xl(x) + 옳(L，， (t - x?)(x)] 

Further using (2. 1) to (2.4) and schwarz inequali ty we get that 

I(L"야 

Fi때ly choosi ng Ó = 끼긴감， 、ve get the l'equired resu lt. This completes 
the proof 
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Theorem 2.5. For 1 E C (1 )[O, a], a > 0, let (Ln J) be a sequence 01 
positive linear' ope7'ato7's de，βned in (1 .3). Then lor n 으 1 the fiψO이lμ10"ψvμjαiηm 

estμ'"’m<μwtes hold 

Hn(x) 
I( LnJ) (x) - l(x) 1 ::s (3 + τ~- ')ω2 (1 ;b) 

+; l i옳Rn(x ， 1) - xlω，(1; ð) (2.11) 

< 아(1 센과) (2.12) 

::s II J' III넓Rn(x ， I)-xl 
+ ω，(I';b)[씨피+ 옳 Hn(x)J (2 .13) 

Where , 야(1 ; ‘ ) is the Imst concωJC majorant 01 ω1 (1; . ) and (2.13) is 
valid 107' 1 E C(1)[a ,bj 

P1'00f T he proof follow 5 from ([2J Theorem 2.1) on using (2.1) 10 (2 .4) 

3. A Special Case 

Baskakov Operator. By putting hj(x) = X γj in the result (2.1) to 
(2 .4) we get that 

In particular, 

and 

and also 

(L"I)(x) = 1 

(L"t)(x) = x 

(Lnt2)(j ) = z2(1 + i) + $ 

L ,,(t -x)(x)=O 

x(l + x) 
Ln(t - r)2(I) = -ττ-'--=Hπ(x) (5ay) 

l ,x(l+x)" x {1 +x) 
M n = ma.x {O; ~ 1←~l}= •• 

ι 11 ιn 

'vVe get the following resul t5 on Baskak。、 。perators (1.4) 

(3 .1) 

(3 .2) 

(3 .3) 

(3 .4) 

(3 .. 5) 

(3.6) 
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Theorem. 1f 9 E C~)[O ， ∞ ) then for n ~ 1, 

(1+ x) 
I( lμg)(x) - g(x)1 $ (2τ， - ')lIgll ... (2) (3.7) 

‘ t ‘ - B 

Theorem. For f E CB[O ， ∞) then for 11 으 1 

I!Vn f) (x) - f (x)1 $ 2A[ω2(샤 판월) + min (1; 벌쉰)llf llcBJ 

Theorem. Let f E C (1 )[O, ∞) and /et ω(1’ ; . ) be the modu/us of continuity 
of 1'. Then for 11 ~ 1 ψe have 

I(ιf싸 f (x)1 $ 향(fj판랜)괜괜 (3.9) 

Theorem . Uηde r the “ssumptions, the Theo'rem 2.5 reduces to the fol
lowing result 

I(ιf)(x) - f (x)1 띄(1; 괜괜) (3.11 ) 

l (Vn f)싸 f (x) 1 $ [괜괜+ 많퍼ω1 (1' ; ó) (3 .12) 
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