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Let J( be a loca1 ly compact hypergroup as defin ed by R. Jewett. The purpose of 
this paper is to show that the amenability of K is eq uivalent to the foUoi \Y ng condi tion 
“ lf r.p is a continuous positive definile function defi ned on K and <; 2:: 0 then the 
constant function 1/'、 belongs t.o the spectrum of <p" _ Our study deals with the c월es 

。 f exponen ti띠 1)' bounded hypergroups and dîscrete solvable hypergroups 

1. Introduction 

There has recently been cons.i derable .i nterest shown by some harmon .i c 
analysts .i n the qu est .ion of wh .ich topological spaces have enough structure 
so that a couvolution on t he corresponding space of all fin .i te regular Dorel 
measures can be defir때 Dunkl [3], J ewett[5J aud Spector [7J have al l 
cons.i dered this question a nd they have given axioms which are esseutially 
the same. These objects were caJled Hypergroups . We note that some 
methods of proof used in the group case are not available for hypergroups 

Let]( be a locally com pa.ct Hausdorff space, M( J() denote the space 
of 때 bounded randon measures , M' (J() be th e subset of all probabili ty 
measures and κ be t he point measure of x E J(. T he support of a 
measure μ is denoted by supp μ C( J( ) denotes the space of cOlltinuous 
functions ou](. The space ]( is called a hypergroup if the following 
conditions are satisfied 

(H l ) There exists a ma p : J( X lí • M 1( J() , (x , ν) • Px * Py , called 
convolution , whi ch is co ntinuous, where M ' (J( ) bears the vague topology. 

(Recei\'ed : II October 1993) 

17 



18 A. S. Okb EI-Bab and F. M. Bayumi 

The linear extension to M(J(), see [5 , Lemma 2.4 8] , satisfies 

P~ * (감 * P,) = (깐 * 감) * P, 

(H2) sUP1'Px * 감 is compact. 
(H3) There ex.i sts a homeomorpltism J( • !( , x • x, called involu 

tion , such that x = 중 and (Px * pyt = Pfi * Px 
(114) There exists an element e E li", c외led unit element , such that 

l깅 * Px = Px • Pe = Px 
(H5) e E S때1'Px * Pÿ if and on씨l 
(떠H6이) Th뼈1낸ema때p (야z’ y씨) • SUppPx*Py of lí" x lí" into the space of nonvoid 

com pact subsets of J, is continuous, the latter space with the topology 
as given in [5,7]. 

Now, let J( be a hypergroup and P(κ) be the convex set of all contin
uous positive-definite function s φ on κ with cp(e) = 1. The spectrum S]J 
ψ of ψ E P(I' ) can be defined as the set of a l1 illdecomposable ψ E P(J() 

which are limits, in the sense of the topology of uniform convergence on 
compact subsets of J( , of function s of the form 

z • ε Px , * p.εJ(ψ(x ))Ci다， 
’,)=1 

where c},'" , Cn E C , X l ,'" , X n E J( 
If π" denotes the cyclic unitary representation of]( associated with 

1", then S1' 1" consists of 외l ψ E P( lí") for 삐IÎch πψ is irred ucible and 
wea.kly conta.i ned in πψ (see [2] , Chapter 18). If J is a positive function 
on J( with compact support, J(x ) = J(X-l) and * is the convolu tion , it 
is easy to see that the function J * J is positive-defìnite 

Our main subject here is to prove that exponentially bounded hyper 
groups and solvable discrete hypergroups satisfy the following property 
(which we denote by (P)) 

(P) lf 1" E P(J() and if 1" is positive in usual sense, then the constant 
positive-defìnite fun ction 1 on J( , 1J(, belongs to 8 1' rþ. For connected 
hypergroups we show that the condition that the hype rgroup is arnenable 
is equiva.l ent to the following weaker version (P*) oí P: 

(P* ) If 1" E P(J() and if 1" is positive then 1J( E SPd(cp) , where 
SPd(cp) is the spectrum of ψ when the domain of 1" is J(d (the discrete 
hypergroup) 
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2. Exponentially bounded hypergroups 

Let π be a continuous unitary representation of the hypergroup K in 
the Hilbert space < hμ，< ‘ >). A unit vector ~ E Hτ will be called a 
positive vector for 7C, if Re(7C (x)~ ， Ç) 으 o fo1' all x E J'ι So, 

Rε〈πOU) E P( K) 

Now, it is easy to translate (P) into a property of unitary representa
tions with positive vectors. In fact , consider the fo l1owing property (P') 
。f J( which is formally stronger th잉1 (P) 

(P') If π is a unitary representat ion of J( with a positive vector, then 
π conta.i ns weakly 1κ 

Proposition 2.1. (P) and (P') a1'e equivalent fo 1' everν hype1'group K. 

P7'OoJ. Let π be a unitary 1'epresentation of J( with a positive vector 
~ E Hπ. Let 'f'( x) = Re(π(x)~ ，Ç)， x E J(. If (P) holds, then 1[( is weakly 
conta.i ned in πl' which is the subrepresentation of π E!l 7C. Thus 1[( is 
weakly cont a.i ned in π $ π and this implies that 1[( is weakly contained 
m π. 

A locally compact hypergroup is cal1ed Exponentially bounded if 

llg1 |Gn|1/n = 1 

for each compact 뼈ghbourhood C of e, where 1.1 denotes the Haar mea
sure and Cn = {gl ‘ gn;gi E C}. Exponentially bounded hypergroups 
are amenable [4J . 

Theorem 2.2. Exponentially bolln<Jed hype1'g7'O ups satisfy property (P). 

ProoJ. Let J( be an exponentially bounded hypergroup and let 'f' E P(K) 
with 'f' 2: O. Let C be a compact neighborhood of e with C = c- l, and 
E> O. Then there is an n E N such tha.t 

I Py' Pz( 'f' )dydz :::: (1 + ε ) I Py • Pz( 'f' )dνdz ， (1) 
ι Qn+l xGn+l ι GnxGn 

where dy and dz are Haar measures on J( 
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In fact , otherwise 

IGn +112 ~ / . . Py * P.ε ( <p)dydz> (1 + Et / α *Pε ( <p)dydz 
J(Cn+I) :l JGxG 

for all n E N. Since 

I Py * P,,( <p )dydz > 0, 
JGxG 

this would be a contradiction with 

lIJn |Gnll/n = 1 

Now choose n E N such that (1) holds . Let J = XGn be the char
acteristic function of Gn. Let π be the UJ삐nα1111μtarηy representa따tlOn 0이f J( a잃5-

sociated to <p ‘w‘v…’ 
(1πr(x)U히)，’ x E J( . Th냉떼e밍n l 

1 1 π (J)떼2 = L r * J(x)<p때x > 0, 

since r * J( e) <p(e) > 0 and r * J(x) <p(x) ~ 0 for all x E J(. 

Now let 
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Then ψ is associated \0 π. M oreover, for each x E J( 

|ψ(x) - 112 
= II_f ~\ c Il 4 1(π(xJ - J)ζ π (J)에2 

11“(J)çll 

< 만프二죄인E 
11 7r(J)떼 2 

LXI、띠 J) (y)(xJ - Jη)(μz) p.ν *쇄새써Pi페ε닝'i( <p빼p 

L써x서A，:‘ fη(y씨)νJ(z)Py * Pz( <p)dνdz 
= I _ Py * Pi (<p )dydz/ I _ Py * P，ε ( <p )dydz, 

J(xG" .ð.Cn) :l J(Gnf.! 
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where L::,. is the surnmetric difference. Now (1) implies that for x E G. 

I _ Py • p,( rp )dydz 
J(xGn .6.Gn)2 

~ I . Py' P.(rp)dydy + I 꾀 • P.( rp )dydy 
J(Gntl)끼(Gn)' - J(Gn \ XCR)2 

~ t: I . Py • Pε(rp)dydz + I _ Py' Pε(rp )dydz 
J(Gn)' - J(x-1Gn\ xGn)2 

~ 2t: I 간 .Pε ( rp)dνdz ， 
끼G’， )' 

since x- 1 E G. Hence 1'1>( x) - 112 ~ 2ε fol' all x E G 

It is to be noted that Theorem 2.2 can be reforrnulate in the forrn 
“If rp is positive and rp E P(J() where J( is an exponentially bounded hy 
pergroup , then the constant function 1[.、 is the uniforrn lirnit on cornpact 
su bsets of J( of functions of the form 

z • ε PXi .. 암J (rp(x ))c‘김， 

where C[ 으 o and XI E J( for all 1 ~ 1 ~ n 

Theorem 2.3. Discrete solvable hypergroups satisfy property (P) 

Proof Let J( be a discrete solvable hypergroup and let rp E P(J() with 
% 으 O. Let J( = J(n ::2 ](n-1 ::2 • 으 J(o = {e} , be a cornposition series 
wi th abelian factor J(;/ J(‘ 1 ， 1~i~ η First we show by ind uction on 
i that: for each 0 ~ i ~ η there is a llet (<,&"),, in P(]() with ψ 으 o such 
that lirn ψ，，( x) = 1 for all x E J(i and such that πψo is weakly contained 
m π for all α For i = 0, the assertion is tri vial (take ψ。= rp) . For any 
i suppose that a net (ψ<x )oEN exists. Let ψ be a limit pOillt of {ψ，，} "EN 
in the weak .-topology IJ(l∞ (J()， 11 (Ií)). Thell ψ E P(J() and ψ ::: O. 
Moreover 

<,& (X) = lim ψ。 (x) = 1 for all x E 11ι. 

Hence ψ l](i-1 factors to a positive definite function of ](i+11 J(‘. Thus by 
Theorem 2.2 ill its reform뼈 



22 A. S. Okb EI-Bab and F. M. Bayumi 

of the form 

ψß(X) = ε CkC/PXk * P X/ (ψ(x)) ， X E 1(;+1 , 

where all Ck ::: 0 a.nd Xk E [(;+1 , such that 

Iim ψ'ÍJ(X) = 1 for aJ l X E 11";+ 1. 

lt is clear t hat 해 E P(K ) and 꽤 ::": O. Moreover π얘 = πψ . Hence 

each 7íψb is weakly contained in {πψ. I a E .4} which is we따‘ Iy contailled 

III π"' . 50, we get a net (ψ")，， E P(K) such that lim ψ，，( x) = 1 for all 
X E J(n = K a.nd such th a.t ea.ch πψ. is weakly contained in πψ. I-Ien ce 
1K is wea.kl y colltained in "ψ 

Now 、ve reforrnul a.te property (P‘), defi ned earlier , a.s foll ows: If π is 
a. uni tary re presentation of λ with positive vectors, then 1K is weakly 
contained in ;r, \vhen π and l ]{ is viewed a.s representations of the di screte 
hypergroup 1,. 

Theorem 2 .4. For a connected hypergroup J( the follo wing statements 
are equivalent: 

i) J( has property (P" ) 
ii ) 1( is amen뼈e 

Pro에 5uppose J( is arnenable. Le t N be the closure of t. he commutative 
S뼈hypergroup of J(, by [1 1 propositi on 3, N ha.s polynomi aJ growth hen ce 
it is expone nt ia.lly bounded 에 Let <p E P(κ) ， <p ::": O. By Theore m 2.2 
in its reformu lated form there is a. net (ψ")，， in P(J( ) with ψ。::": 0 such 
that lim ψ。 ( X) = 1 for aJ l X E N a nd such th a.t "ψ。 i s wea.kly contained in 
π'" for aJ l a. Considering 11' a.s a di screte group we can a.pply the method 
of proof of theorern (2꺼 to get some ψ E P( J(), ψ ::: 0 with ψIN = 1 
a.nd such t. ha.t πψ is wea.kly conta.ined in "",. Since J(/N is abelian, 1K is 
we따‘Iy contai ned in πψ and the res ult f01l0ws 

”。、，v if J( has property (p') , then 1]{ is wea.kly conta.ined ;n the 
reg띠ar representation 시 , when both representations are considered a.s 
representations of 1，ι Th is is equ ivalenl to the ame na.bili ty of J( [41 . 
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