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SMASH PRODUCT ALGEBRAS

AND INVARIANT ALGEBRAS

Kang Ju Min and Jun Seok Park

ABSTRACT. Let H and G be finite dimensional semisimple Hopf alge­
bras and let A and B be left H and (구-module algebras respectively. 
We use smash product algebras to show that 1) if A is right Ar- 
t ini an then AH is right Artinian, 2) Soc C Soc Vah and rad 
VA D radV^H, 3) K dim b^a = K dim bgVah •

Throughout we let A; be a field. Tensor products are assumed to 

be over k unless stated otherwise. Let 互 be a Hopf algebra over a 

field k. We let A be the comultiplicatin and we will use the sigma 

notation, A: H — H ⑭ H, A(7z) = S(h)Ai ® Let e be the counit 

and S be the antipode of H.

An algebra A is said to be a left H-module algebra if

(1) A is a left 2f-module, via h ® a — h • a

(2) h • (a6) = E(hi • a)(Ji2 • b)

(3) A • lx = e(A)lx for all h E H and for all a, b 6 A.

Let A be a left -module algebra then the smash product algebra 

A큐H is defined as follows: For all a,b 6 A and for all hJc^H,

(1) as A-spaces, A井 H = A® H. We write(녀%h for the element 

a ® h.

(2) multiplication is given by
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(a#/z)(6#A:) = Ea(/zi • b)#h2k.

We 아low that A 은 A#1 and H 으 녀두for this reason we fre­

quently abbrivate the element 여%h by ah.

REMARK. Let H be a> group algebra kG and let A be a 2f-module 

algebra. Since Agr = g ® g for g 三 G, g • (a6) = (g • a)(g • 6) for 

all a^b E A and thus g acts as an endomorphism of A. In addition, 

each g acts as an automorphism of A since g—g = 1. Thus we have 

a group homomorphism G ——> AutkA. Conversely, any such map 

makes A into a AG-module algebra. In this case A뀨kG = A * G is 

the skew group ring. The multiplication in A뷰kG is just (ag)(bh) = 

(여포9)(며甘i) = a(g • l)、)gh = ab— gh.

We extend some arguments for the skew group rings to finite di­

mensional Hopf algebras. If Zf is a finite dimensional Hopf algebra 

then the left integral of Zf, j] = {/ G H\ht = e(h)t, for all 7i 6 £『}, is 

one dimensional [LS]. Choose 0 / i G Let A be a left If-module 

algebra and let AH = {a E A\h - a = e(Ji)a for all h G H}, Then 

the map £: ,4 — A given by i(a) = Z • cz is an ,4H-bimodule map with 

values in AH.

LEMMA 1 [CFM]. Let H be finite dimensional acting on A and 

assume that t: A AH is surjective. Then there exists a nonzero 

idempotent e 6 A규H such that e(A뷰H)e = AHe 스 AH.

If i is surjective , there exists c E A with £(c) = i • c = 1. Define 

e = tc then e2 = tctc = (t • c)tc = e. If H is finite dimensional Hopf 

algebra then H is semisimple if and only if e(f서) 羊 0 [LS]. Hence if 

H is semisimple , we may choose tE with e(i) = 1. It follows that 

f(l) = t • 1 = e(t) -1 = 1 and so f(A) = .

Fix a basis {/서, 유么, • * • , hn} of H. Let R be any algebra. For any 

(E,A)-bimodule V, let W = V0a(A#H) be the induced 

bimodule. Let L(rV^h) denote the lattice of (7?, A日)-subbimodules 
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of V and let L(/iWa#h) be the lattice of (J?, A#Br)-subbimodules of 

T'K

LEMMA 2. Let H be a finite dimensional semisimple Hopf alge­

bra and let R,Afe,V and W be as above. Then there exist inclusion 

preserving maps

흐: L(rVah) — L(rWa#h)

and

I丄: L(rWa#h) — L(rVah)

such that forU E L{rV^h), and Xi, X2 6 L(rWa#h) we have?/" = 

U and (Xi © X2y = Xf © X$.

Proof. Define

<7: I(RVah ) — L(rW『a#h), u —(u® e)(A#H)

and

/i: L(rWa#h) — L(z군1<4日), 2仙 ® hi — S6(/zJvi,

for any w = ® hi G W, Then 아 is well-defined since any w E W

has a unique representation in this form. 1丄 is an (7?, A^R-bimodule 

map since ha = ah for all a G AH. Thus if X £ L{rWa#h\ then 

* G L(rVah) and if XUX2 G L(RWA#H) then (Xi +X2)“ =

十 入2岸 Clearly both cr and 供 preserve inclusions. If X2 = 

0 then X\e「) X* = 0 since X斗 X2 € L(rWa#h)- For any w = 

2凶 ® hi e g

we = (St?i ® hi)e = 2仙 ® h^e

= Sv/ 0 hitc = Su/ ® e(hi)tc

= Se(/i/)vi ®tc = /』(w) ® e,
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and

v ® et = (v ® e)t

v(g)et = t; ® Zcf = v (g) (Z • c)Z = v (g) If = v (g) / € V.

If tHg) e = 0 then v® t = v (g) et = (*沙® e)t = 0 so v = 0. Thus 

vj ® e = V2 ® e implies Vi = Therefore if X± A = 0 then

A X$ = 0. For then, for any v 6 X$ Cl X후 v = /li(xi) = /i(^2) 

for some x\ € Xi,⑦2 G 入2 and v ® e = 사(⑦ 1) ® e = /z(a?2)® e. 

So v ® e = x\e = ⑦2匕 € Xie n = 0 hence v = 0. Therefore 

(Xi ® X2f = Xf ©X崇 For U e L(rVah\Uae = (U®e)(A큐H)e = 

U®AHe = U®eby Lemma 1. Thus if w E Ua ^we = ,/(w)®e E U®e 

and so /』(w) € U\ that is U이1 C U. If u € U then w = u ® e = 

(u (g) e)(l (g) 1) G Ua and u ® e = we = /z(w) ® e. It follows that 

u = 사(w) g U이1 and so U = U이1. This completes the proof.

When if is a finite dimensional semisimple Hopf algebra and A 

is a left If-module algebra, if A is right Noetherian, then A is right 

Noetherian AH-module [M].

Two basic properties of Krull dimension we require are as fol- 

lows[GW]:

(a) Let R and S be rings, let V and W be modules over R and S 

respectively and suppose there exists an inclusion preserving one-to- 

one map L(Vr) ― L(Ws\ If Kdim Ws exists then Kdim Vr exists 

and 7k dim Vr $ Tidim Ws> In particular, this always applies in the 

special case when V = S G R and where L(Vr) — L(Vs) is given 

by restriction of operators to S.

(b) Let V be a submodule of the right 7?-module W. Then Kdim 

Wr exists if and only if both /fdim Vr and If dim {W/V^r exist and 

in this case /Cdim Wr = sup{7Tdim V》, 7k dim (V7/V)比}.

LEMMA 3. If f: M —今 N is a group isomorphism for left S-modules 

M and N for a ring S and M is a right R-module for a ring R then it 
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is possible to give a right R-module structure on N and there exists 

a right R-module isomorphism 아: M — N.

PROOF. For any n G 7V, there exists m G M such that /(m) = n. 

We set n • r = /(m) • r = f(m • r) for n G A『, m £ M and r £ R. Then 

JV is a right /《-module. DefineM — N via m — «f(m) = q!>(m). 

Then <》is a right 7?-module isomorphism.

PROPOSITION 1. Let H be a finite dimensional semisimple Hopf 

algebra and let A be a. left H-module algebra. IfV is a right A-module 

then Kdim Va exists if and only if Kdim V^h exists and in this case 

Kdim Va = Kdim Vah .

PROOF. Set W = V ® By the special case in (a) above,

if dim V^h exists then so dose Kdim Va and, moreover, Kclim 

Va $ /fdim V^h . Conversely, assume that Kdim Va exists. Give a 

right A-module structure of W as w • a = w(여for w E W and 

a E A. Since A井H is a free left A-module of rank n = dim 人2£, there 

exists a left A-module isomorphism f: 셰:H —> A(n). Give a right 

A-module structure of V A(n)as (v ® u) • af = (v 0 /(사0) • o! = 

v ® f(ah • a') for v G V , ah G A井H , u G V(n)and a1 E A and define 

<》： V (g)/i (A#JT) —> V A(n)by id ® f. Then <》is a right A-module 

isomorphism. And V 스 (l흐 A)(⑴ 은 Vas right A-

inodules by the Lemma. 3. Hence (b) implies that 71 dim Wa = A"dim 

VCi。Since A 스 A큐 1 G A뷰H, Kdim Wa# h exists and in fact Kdim 

Wa# h $ Kdim Wa = Kdim Va by the special case in (a). We 

show that Lemma 2 also holds for right A-moclule V. So Lemma 

2 asserts that there exists an one to one inclusion preserving map 

a: L(Vah ) — L{Wa#h}^ Hence (a) implies that Kdim Vah $ Kdim 

Wa#II $ /fdim Wa = dim Va- This completes the proof.

COROLLARY. A is right Artinian if and only if A is a right Artinian 

AH -module.
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THEOREM 1. If A is right Artinian then AH is right Artinian.

PROOF. Assume that A is right Artinian and take V = Ain Propo­

sition 1. Since A^If C Aah , Kdim A^H $ K dimA月// = Kdim 八4. 

Therefore AH is right Artinian.

LEMMA 4. Let A#：H be a smash product algebra for a finite di­

mensional semisimple Hopf algebra H. Let W be an (2?, A^H)- 

bimodule for any algebra R and let V E ‘ IfV has a com­

plement in L(rWa) , then V also has a complement in L(rWa#h)-

Proof. See [BM 89].

PROPOSITION 2. Let H be a finite dimensional semisimple Hopf 

algebra and let A be a，left H-module algebra. If Va is completely 

reducible then so is V^u.

PROOF. If Va is completely reducible then Wa = V ® (A규H) 은 

is also completely reducible. By Lemma 4, we conclude that 

Wa#H is completely reducible. Therefore if U E 刀(V〕ih) then Ua E 

刀(W.4#H)has a complemet X € L(Wwith W = Ua ® X. By 

Lemma 2 , V = T'l" = (Ua © X、f = U이1 ®X^ = U®X^. Thus 

X>1 三 L(V^h ) is a complement for U and we have shown that Vah is 

completely reducible.

Recall that the socle of V, Soc Va , is the sum of all simple sub­

modules of V and the radical of V, rad V4, is the intersection of all 

maximal submodules of V.

THEOREM 2. Soc Va C Soc VAH and rad Va D rad V^h where H 

and A are as above.

PROOF. By Proposition 2, soc Va is completely reducible as an

-module. Hence soc Va D Soc V^h , Let M be a maximal A- 

inodule of V, Then V/M is a completely reducible A-module. By 
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Proposition 2, V/M is completely reducible as AH-module. In par- 

ticula, M = DLi for certain maximal A즈-submodules of V. It follows 

that rad Va D rad V^h .

LEMMA 5. Let H and G be finite dimensional? semisimple Hopf 

algebras, A a left H-module algebra and let B be a left G-module 

algebra. If V is a (B, A)-bimodule then the induced module W = 

(B#G) ®BV0A (』4# 흐) is a (B#：G,A#：H)-bimodule. Furthermore, 

there exists inclusion preserving maps

<7： L{bgVah} — L(b뀨gW『a#h)

and

L{b#gWa#h} L(bgVah)

such that for any U G L{qgV^h \ Uaii = U and /丄 preserves direct 

sums.

PROOF. For all 6 e B and g E G , hg = Y}g2(Sgi • b); for Eg『2(S0i ° 

b) = S쑤#(瓦/1 • b) = E(l#汝)((瓦九 • 6)#1) = SI • (g2 • (Sgi • 5)#內 = 

SI • ("Sgi ’ i)#f/3 = SeQh )1g • b#g2 = b큐g = bg. Define 0: B#G —> 

G® B via bg = Eg『2(SS7i • b) ― S 우2 ® (5幻1 • b) and a: G (g) B —스 B 井G 

via g 0 b — (1 井g)(녀$1). Then 0 is a right B-moclule isomorphism 

with the inverse a. Therefore B^G is a right B-module. Since G 

is a finite dimensional Hopf algebra, the antipode S' of (7 is bijective 

[LS]. Therefore B^G is a free right B-module with rank n = dim^Zf 

since S is invertible [BM]. Thus W = (JB뷰G) ®日 V 0八 (A#ff) has, a 

proper tensor product structure and it is a. A구%Z/^-bimodule.

First set R = BG in Lemma 2 and let M = V ®a Then M- is

a (R, A#/f)-bimodule. By Lemma 2, there exist inclusion preserving 

maps

(Tl： L(j3gVAh) — L(bgIVIa 申: h)
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and

I丄 1 : L(bgMa유H)―스 L(bgVah}

such that 乂1<71 = id and /丄i pi’eserves direct sums. We can now apply 

the left analog of Lemma 2 with R = A뷰H for W = ® M,

since B井G is a free right B-module with rank n =(五11%日\ We deduce 

that there exist inclusion maps

쯔 : L{bg Ma#h) —녀 L(b#gMa#h\ U — (B#G)(e' ® U) 

and

사2： I人b#g\Va#h) — L(BGMA#H'),^9i®m.i — 分e(gi)mi

such that(72/』2 = id and 阿 preserves dirct sums. It is now clear that 

a =(丁2伏1 and /幻/丄2 have the appropriate properties.

THEOREM 3. Let H and G be finite dimensional, semisimple Hopf 

algebras and let H and G be acting on A and B respectively. IfVis 

a (B, A)-bimodule then Kdim bVa exists if and only if Kdim bg^ah 

exists and in this case Kdim qVa = dim bgVah .

PROOF. Let W = (B#G) ®B v 0A Since A#H is a. free

left A-module of rank n = clim^Zf and B井G is a free right B-moclule 

of rank m = dim^G as in the proof of Lemma 5, bWA = {B井G) 

V (A非H} 은 (B#G) V >1(")스 (B#(구) ®b (V A)(n)스

(B#G) V(")은 B(m)v(n)은 (B ®B V("))(m)으 (V("))(m)스B

V『mn\ as in the proof of Lemma 4. In view of preceding Lemma, 

the proof of Proposition 1 immediately can be applicable to yield the 

result.
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COROLLARY. Assume that H is a finite dimensional,semisimple 

Hopf algebra and A is a left H-module algebra. If A satisfies the 

descending chain condition on two sided ideals, then AH satisfies the 

descending chain condition on two sided ideals.

PROOF. Take A = B , H = G and V = A in Theorem 3. If 

A satisfies the descending chain condition on two sided ideals then 

Tfdim A^h $ dim a11 = 水dim a^a = 0. Hence Kdim

ah A^h = 0. Therefore A11 satisfies the descending chain condition 

on two sided ideals.

References

[ BM] R. J. Blattner, S. Montgomery, Crossed products and Galois extensions of 
Hopf algebras, Pacific J. Math. 137 (1989), 37-54.

[CFM] M. Cohen, D. Fischman, S. Montgomery, Hopf Galois extensions, Smash 
products, and Morita equivalence^ J.Algebra 133 (1990), 351-372.

[GW] K. R. Goodearl, R. B. Warfield,JR, An Introduction io Noncommutative 
Noeiherian Rings, Cambridge University, New York, 1989.

[LS] R. S. Larson, M. Sweedler, An associative orthogonal biline a form for Hopf 
algebras, Amer. J. Math. 91 (1969), 75-93.

[M] S. Montgomery, Hopf Algebras and iheir actions on Rings, AMS, Provi­
dence, Rhode Island, 1993.

[S] M. E. S weed lev, Hopf Algebras 수 Benjamin, New York, 1969.

Department of Mathematics

Chungnam National University

Taejon 305-764, Korea 
and

Department of Mathematics

Hoseo University

Asan 337-850, Korea




