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ON THE EXISENCE OF A HOLOMORPHIC

STRUCTURE ON A SMOOTH

COMPLEX VECTOR BUNDLE

Seunghun Yi

ABSTRACT. We give another detailed proof of the existence of a holo
morphic struct니re on a smooth complex vector bundle over a complex 
manifold.

1. Introduction
A holomorphic vector bundle E over a complex manifold M is a 

complex vector bundle together with a complex manifold structure 

on E）such that for any x G 虬 there exists U 3 x in M and a 

trivialization

: Eu있 t Ua x Ck

that is a biholomorphic map of complex manifolds. Such a trivializa

tion is called a holomorphic trivialization. Note that if ｛（f）a : Eua 一스 

UaxCk｝ are holomorphic trivializations, then the transition functions 

for E relative to ｛标｝ are holomorphic maps, and that, conversely, 

given holomorphic maps g球 :Ua A Up —* GL（k^ C） satisfying the 

identities

9（邛（工、）, 9/沁（£）= I）① £ UqU（3

g 이3（£） • 弗"） • g”3） = L x e Ua n
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we can construct a holomorphic vector bundle E t M with transition 

functions ga^ ([GH]).

A condition for the existence of a holomorphic structure on a 

smooth complex vector bundle over a complex manifold is well-known 

as the following ([K]).

THEOREM 1. Let E be a C°° vector bundle over a complex man
ifold M. Let D = D1 + Dn be a connection on E. Then there is a 

unique holomorphic vector bundle structure on E such that D = df, 

ifD,foDu=0.

In the above theorem, D1 and Dn are the (1,0) and (0,1) compo

nents of 2), respectively.

We give another detailed proof of the above theorem by using the 

following.

THEOREM 2. Let1 < X < n, be C°° complex 

valued functions on Cn which satisfy the equations

쯯沁邳"為 = 發+；%•%，1 < 很" n.

Then there exist r C°° functions a1, a2, ••- , ar defined in a neighbor

hood of the origin in Cn which satisfy the equations

幻 £M =。
3

with initial condition al(0) = q, (ci, C2, •…,cr) G Cr.

2. Proofs of the Theorems
In the first we prove theorem 2. We need the following lemma.
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LEMMA. ([N], [NN]) Let Q = Q(g) be a k-dimensional subspace 

of complex valued forms of a 2k-dimensional smooth manifold M, 

defined in a neighborhood of the origin and Q A Q = 0. Then 

necessary and su^icient condition for the existence of a new local 

coordinate z = (z\ z% ・・• , z") : M t (〔* such that Q is spanned by 

V dza >^1 < a < k, is dQ C ideal generated, by Q.

Moreover, the new coordinates in the above lemma have the fol

lowing property: if, on a neighborhood, a basis for Q can be chosen 

so that a finite number of forms 由卩 + 시贝 ai^e basis elements,

then for these values of j, we have dz，= dyj + /二讪卩+“ ([N]).

Proof of Theorem 2. Let (孔^，…,/) and (歹'方七...，烫, 

C1, C2, , , , 5 O be standard coordinate functions on Cn and Cn x Cr, 

respectively. Consider a. 이mce of forms Q on Cn x Cr spanned by

Q =V dzx,dC +、时。>,1 < <r,l < A <n,
j

where 3； = £ %d宀 Then Qn。= 0 and dQ C ideal generated by 
A

Q・ So by the lemma, there is a new coordinate (w1, w2, ••- , wn, t/1, t/2, 
, • , r)r) on Cn X Cr such that Q is spanned by < c?wA, d이' >, 1 < A <

n, 1 < 厂,and we have 歹，=wA, 1 < A < n.

Now consider as a function of w1, w2,---外宀俨，於，…,r)r. 
Then we have

0 = d(: +(mod Q)
3

- £ 쓰評卩 + £ 為缨 + 硏 (mod Q)

3 1 A j X
f쓰心祐쏧 fwg.

3 1 A j
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So we have
쓴 = o, ■쯔+ EW = o・ 
術 dwx y街

Now define functions a\l < i < ry on Cn by

疽(z)=〈'(广("))，

where(/> : Cn x Cr = ••-，方",〈'〈七一.©)- (C" x Cr =

(w1, w2,- - - , w71,^1,^2, - - - , Cr) is a local diffeomorphism such that 

机0, c) = (0,0). Here c = (cj, C2, , • • , cr) E Cr and (a1(0), a2(0), • • •, 

ar(0)) = (<i(©T(O,O))/20T(O,O)),...，(了(©T(0,0)) = (C1,c2, 

• • • ©)・

Then f

씥3 + £「，«)= 雄栽 s + 庁挪(广 (E) 
卩， M

=0.

Thus 6注(2),1 < i < r, are the solutions.

Proof of Theorem 1. Let 51,52, ••- , sr be linearly independent

C°° local sections for E on U and let Dl,Sj 3；卸 where 3： is the

(0,1) part of the connection form of D with respect to 初,§2, •…,§厂.

Now let Sj=云.Then

"勺=Z)〃(£<弓云)
i

=£网* & +加緬)

i

= 해j , 岛 + Z 弓3 槌 k
i i,k

=£，(賦 + ”")歛.
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So {si,S2, •・• , <sr} is a holomorphic local frame on U if ^iaij =
i

0 for some C°° function （a；） with det（aj）尹 0. This equation has a 
solution by the theorem 2.

Now let UQ. Ug be two overlapping open sets of M and let {sQl, ,

• • • , Sg } and {s们, 옹阮, • • • , s毎 } be two holomorphic local frames for 

E on respectively, such that Dnsai = 0,D〃s為=0. Then on
Ua1们 =£汶扣们・，where g =侦;）is a transition map. Then

0 = D"이万

=刎（〉*細）

i
=E（匆細**〃（細）） 

i

=（为;Sc“）.

So dgj = 0. Thus the transition map g =（况）is holomorphic.

So there is a holomorphic structure on E and the uniqueness is 
trivial.
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