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ON THE PETTIS INTEGRABILITY

Jin Yee Kim

ABSTRACT. A function / : Q X is called intrinsically-separable 
valued if there exists E C 2 with 卩(E) = 0 such that /(Q — E) is a 
separable in X. For a given Dunford integrable function / : Q —> X 
and a weakly compact operator T, we show that if f is intrinsically- 
separable valued, then f is Pettis integrable, and if there exists a 
sequence (/n) of Dunford integrable and intrinsically-separable val
ued functions from Q into X such that for each x* C X*, x* fn —> x* f 
a.e., then f is Pettis integrable. We show that a function f is Pettis 
integrable if and only if for each E CF(E) is weak*-continuous on 
jBx* if and only if for each E C 2, M = {⑦* C X* : F(E)(x*) = 0) 
is weak*-closed.

1. Introduction
In [6], R・ Huff investigates the Pettis integrability with respect to 

complete probability space. In this paper, we generalize the ideas put 
forth in [5] and [6].

Let us fix some terminology and notation. Let X be a real Banach 
space with continuous dual X* and the closed unit ball of X* will be 
denoted by Bx* . Throughout, “)will denote a finite measure 
space.

A function f : Q —》X is Pettis integrable if
(a) f is weakly ^-measurable and weakly /z-integrable, and
(b) for every £? G S, there exists an ⑦e € X such that

= I r* f d卩 
Je '
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for every ⑦* G X*
By the closed graph theorem, T : X* —> L'(卩，)is bounded linear 

operator. Hence, if T* denotes the adjoint of T, then we can define 
T* :乙8(户)—x** by

%S*)= / gT(S、)di』=[gx*fd卩

Jq Jq

for every g E 乙°°(«). In particular, define F : S —> X** by

F(E、) = (D) — I El

Je

for each E G S, and F(E) = T^E is called the Dunford integral of 
f over E. In the case that F(E) E X for each E € & we write 
F(E) = (P)—比 f d卩，and it is called the Pettis integral of f over E.

The function F is not necessarily countably additive. It can be 
shown that F is countably additive if and only if T is a weakly com
pact operator if and only if {x* f : z* € Bx* } is uniformly integrable 
in

2. Pettis Integrability
A weakly measurable function f : Q —)X is separable4ike if there 

exists a separable subspace D of X such that for every x* € X*,

x^\of = x* f ^z-a.e..

In [6], R・ Huff defined such function separable-like. This property 
of the function f is generalized in the following definition.

DEFINITION 2.1. A function f : Q —> X is said to be intrinsically- 
separable valued if there exists £? G S with /"(E) = 0 such that f(Q — 
E) is a separable subset in X.
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In Particular, if f be a weakly measurable, then it is separable-like.

Example 2.2. (a) Let / be a simple function. Then f is intrinsically- 
sepa호사)le valued since f is strongly measurable function.

(b) There exists a function " Q t X such that x^f = 0 a.e., 
but / is not intrinsically-separable valued. [7, Example 9].

PROPOSITION 2.3[6, Corollary 4]. Let f be Dunford integrable and 
T is weakly compact. If f is separable-like, then it is Pettis integrable.

The next two Theorems give a sufficient condition for the Pettis 
integrable.

THEOREM 2.4. Let f : Q T X be Dunford integrable and T be a 
weakly compact. Iff is in trinsically-separable valued, then f is Pettis 
integrable.

Proof. Suppose that f is intrinsically-separable valued. Since f 
is weakly measurable, / is separable-like. By Proposition 2.3., f is 
Pettis integrable.

By [2, Theorem 8, p.55] and [5, Theorem 3], we obtain the following 
proposition.

PROPOSITION 2.5. Let / : Q —) X. H there is a sequence (/n) of 
Pettis integrable functions from Q into X such that for each z* € X*,

^fn = r* f 卩-ae, then f is Pettis integrable.

Theorem 2.6. Let f be Dunford integrable and T be a weakly 
compact. If there exists a sequence (fn) of Dunford integrable and 
inti、insically-sepa흐able valued functions from Q into X such that hr 
each € X*, fn —> f a.e., then f is Pettis integrable.

Proof. By hypothesis and Theorem 2.4., (/n) is a sequence of 
Pettis integrable functions from Q into X such that for each z* £ X、

一> a.e.. Then, by Proposition 2.5, f is Pettis integrable.
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From the above two Theorems, we obtain the following Corollaries.

Corollary 2.7. Let / : Q —> X** be Dunford integrable, X be a. 
leHexive, and T be a weakly compact. If f is intrinsically-separable 
valued, then f is Pettis integrable.

Corollary 2.8. Let f : Q X** be Dunford integrable, X be a 
reflexive, and T be a weakly compact. If there exists a sequence (fn) of 
Dunford integrable and intrinsically-separable valued functions from 
Q into X** such that for each x* G X*, r* f几一)⑦*/ a.e., then f is 
Pettis integrable.

3. Properties of The Pettis Integrability
In a real Banach space X, if X is reflexive, then X** = X. And 

so, we have the following theorems.

THEOREM 3.1. Let 7 : X* —> L'M) be a weakly compact operator 
and X be a reflexive. Then F has a relatively weakly compact range.

PROOF. Since T be a weakly compact, F : S —> X** is a countably 
additive vector measure., say F : t X. Then there exist a7.4 : S — 
[0,8)be a countably additive measure such that F《由 Define 
T* : L。아、卩) X by

T； = j gdF

for every g G L°°(/z).
Since "F《卩 for each x* £ X*, there exists an h* € £(Q, S, /z, R) 

such that
芒F(E)= I 如

JE
for each E £ 2.

Hence, for each ⑦* £ X*, there exists an dx^F/dn = J、* G。(卩) 
is the Radon - Nikodym derivative of x*F with respect to 卩，such that

g dx F = J g 卽-= j gjx* 叩.F = J
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If (</a) is a net in L°°(/z) converging weak* to go, then, for each 
z* e x*,

li严= lim ] gd* d卩 

=J g° J%* d卩 

=西慕，

i.e.,(写@) converges weakly to T*q. Hence T* is a weak*-weak con
tinuous.

Note that {g € L°°(卬):〔以屋 < 1} is weak*-compact. Since T* 
is a continuous, T*({g e L°°(/z) : ||g|〔8 으 1}) is a compact in X. 
But {F(E) : E £ 2} = {耳£ : E Q {T； : |以云 < 1) and so 
{F(E) : E e 2) C T\{g 5"・ ||<o < 1}).

THEOREM 3.2. Let / : Q —> X be a, measurable, T be a weakly 
compact, and X be a reflexive. Then f is Pettis integrable.

PROOF. Since T is a weakly compact and X is a reflexive, F has 
a relatively weakly compact range by Theorem 3.1.. Therefore f is 
Pettis integrable by [2, Corollary 9, p. 56].

The following results give necessary and sufficient conditions for 
the Pettis integrable.

THEOREM 3.3. Let f : Q ―十 X be Dunford integrable. Then the 
following statements are equivalent :

(a) f is Pettis integrable
(b) For each E € there exists xe E X such that F(E)(t*)，= 

x*(xe) for every x* G X*, i.e., F(E) G X.
(c) Fe each E £ F(E) is weak*-continuous on Bx*
(d) For each £? € S, M = {⑦* £ X* : F(E)(x*) = 0} is weak^-closed.
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PROOF, (a) <=> (b). Since f is Pettis integrable, for each JE? G S, 
we can define F(E)(z*) = for every £ X*・ Since, for each
Ee E,

W)*闵

is in X)there exists xe E X such that £*(*&) = fE x* f d/j, for every 
z* e X*.

It is trivial that (b) implies (c).
(c) => (d). Since F(E)(M) = {0}, for each E G S, and {0} is 

closed in R, F(E)T({0}) = M is weak*-closed by hypothesis.
(d) =》(b). Suppose that M = {z* E X* :尸(E)(z*) = 0), for 

each E C is weak*-closed. We will show that, for each E € S, there 
exists an element xe € X such that 尸(E)(z*) = %*(ze) for every 
a?* € X*, and hence f is Pettis integrable. For each E C define 
F(E)(z*) = fE x*f d/.i. We may assume that M 丰 X*. Otherwise 
we can take xe = 0. Let Xq € X* with F(E)(a：3) = 1- Then there 
exists an ze € X such that ⑦*(ze) = 1 and z*(⑦e) = 0 for every 
z* E M. Hence, for each x* € X*, x* — F(E)(⑦*)⑦* = g* C X* 
satisfies F(E)(g*) = 0, z"., y* e M. Therefore F(Eg*) = x^xE).

As a Corollary of Theorem 3.3., we find the next Corollary.

COROLLARY 3.4. Let f be Dunford integrable. Then the following 
statements are equivalent:

(a) f is Pettis integrable
(b) For each E G S, T*£ is in X
(c) For each £? G S, F(E) restricted on Bx* is weak*-continuous at 

0.
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