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PREORDERINGS ON LOCAL GLOBAL RINGS

KEE-YOUNG SHIN

ABSTRACT. Suppose A is a local global ring (with many units) and
T C A is a preordering. Let a; € A*,i = 1,2,---,n and a €
(Zf;% a;T) N A*. Then, for any integer [,1 < | < n, there exist
z € (Ei;} a;T)NA* and y € (37—;aiT)N A* suchthata =z +y

1. Introduction

Let A be aring, f € A[z1,- - ,z,]. We say that f has unit values if
there exist aj,- -+ ,a, € A such that f(aj,---,a,)€ A*. We say f has
local unit values if for each maximal ideal m C A, f has local unit
values as a polynomial over the local ring A,,. If every polynomial
over A with local unit values has unit values, we call A a ring with
many units ( or a local global ring, in short LG-ring). We will show
the Theorem 6 over the local global ring,.

We need some words and notations.

Let A2 = {a? | a € A,A : LG —ring} and denote by >~ A% : the
set of all finite sums of elements of A2. The level of A is the smallest
natural number s such that —1 is a sum of s—sqﬁares in A and if
—1 ¢ A%, A has finite level.

A subset T C A is called a preorderingon Aif T+ T C T, T-TC
T,A? C T and —1 ¢ T. Note that A has finite level iff Y~ A? is a
preordering, if A has infinite level then Tp = 3> A? is the smallest

preordering on A.
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An ordering on A is a subset P C A such that P+ P C P, P.P C
P,PU—P = A, and PN —P is a prime ideal of A. Denote by X 4 the

set of all orderings on A. It is easy to cheek that every ordering on A

is also a preordering.

2. Some Propositions and Main Result

Next some propositions are well known.

PROPOSITION 1. A preordering T on A is an ordering iff it satisfies.

szye€-T=>z€ToryeT

PROPOSITION 2. Let T be a preordering on A. Then
2y € =T = oneof T+ 2T and T + yT is a preordering.

PROOF. Note both T+ 2T and T + yT are closed under additon,
multiplication and contain AZ2.

Suppose zy € —T and neither T+ 27T nor T +yT is a preordering.
Then, —1 € T+ 2T and —1 € T +yT. Thus, there exist s1,t1, 32,12 €
T such that —1 = s; + at;, and —1 = sy + at;. Hence, —at; =
1+ s1,—yts = 1+ s2. By multiplying, zyt;t; =1+ s for some s € T'.
But thén —1 = s — aytyty € T. This is a contradiction.

PROPOSITION 3. Every maximal preordering is an ordering. Every
preordering on A is contained in an ordering. [1], [5]

PROPOSITION 4. Let P € X 4. Then the set of all ordering con-
taining P forms a chain under inclusion.

In particular, there is a unique maximal ordering containing P.

PROOF. Suppose @;,Q2 € X4 such that P C @;,P € @2 and
Q1 ¢ Q2,Q2 ¢ Q1. Then there exist z € @1 \ Q2 and y € Q2 \ Q1.
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So,—z €@z and —y€e @y andz—y € Q;.Ifx—y € PC Q, then
z = (z—y)+y € Q2, that is a contradiction. So z—y ¢ P and hence,
y—z € P C Q. Thus,y = (y —z) + 2 € @, a contradition too.
Hence, one of @1 C Q2 and Q2 C @1 holds. If T is a preordering on
A, let T* denote T'N A*. Note this is a subgroup of A* of exponent 2.

PROPOSITION 5. Suppose A is a LG-ring. Let T C A be a pre-
ordering and P C A a maximal ordering. Then T C P iff T* C P*.

PRrROOF. The implication only if part is clear. Assume T' ¢ P.
Choose ¢ € T. « ¢ P. By the maximality of P, —1 € P 4+ zP and
hence, —(1 +z) € P + zP.

Say —(1 4+ 2) = s + at,s,t € P. Then —1 = s+ z(1 +¢) so
—(1+t) =s(1+1t)+2(1+1¢)? and hence, 1 + z(1 +¢)* = s' for some
s'eP. ' »

Let m be a maximal ideal of A. Then there exists y € A such that
1+2(1+t) +2y> #0 (mod m)

If 1+2(1+4+1%)? =0 (mod m) take y = 1. Otherwise, take y = 0. Since
A has many units, there exits y € A such that a = 1+2(1+¢)2 +a2y? €
A*. Clearly a € T* but a = —s' + 2y*> € —P so a € P*.

The following main theorem is a special case of a transversality

theorem in [1], but it is smart technique.

THEOREM 6. Suppose A is a local global ring and T C A is a
preordering.
Let ay -+ ,a, € A* and a € (4T + -+ + a,T) N A*. Then, for any
integer 1,1 < I < n, there exist x € (a;T + -+ + a1 T) N A* and
y € (T + -+ a,T)NA* such that a = v +y.

PROOF. Let us prove it by two steps.

First we show that we can write a = 2 + y, where ¢ € (1T + --- +

ai-1)T and y € (T + -+ + a, T) N A*.
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Step 1. Let u € (a1 T+ -+ ai—1T) and v € (T + -+ + a,T)
such that a = u +v. Since 2 € A*, T —T = A and hence, there exist
s,t € T such that a;/a = s —t.

Suppose s € A*. Then a = (3)(at + a;) = (1)ut + (2)(ar + vt). Let
z = (%)ut €(@T+- - +a1T)and y = (—i;)(al +ot) € (T + -+
anT). Thus, it is sufficient to show that there exists s',#' € T such
that aj/a =s' —t',s' € A* and a; + vt' € A*.

Let m be a maximal ideal of A. Then there exists a,3 € A such

that
s+a?+p42#0 (modm)

ar+v(t+a?+p%)#0 (modm).

(Since 2 € A*, char(A/m) # 2 and hence, a? + ? represents at least
3 distinct values in A/m so this is always possible) Since A has many
units, there exist o, 3 € A such that s' = s + a? + % € A* and if
t' = t+a?+ B2 then a;+vt' € A*. Clearly, s',t' € T and a;/a = s' —t'.

Step 2. By the above, we can write ¢ = u + v, where u € (a1 T +
oot aT)NA*and v € (wT + -+ + axT) and a = u' + v', where
we(aT+ -, +a1T),v' € (T +--- ,+a,T)N A*. Let o, B € A.
Then a?a = o*u + o®v, f%a = B*u’ + B?v' and hence, (a? + f?)a =
(a®u + B%u') + (a?v + f20')

Suppose a? + 2 € A*. Let

(a®u + B%u')
T = ——0-1—2—_—{_—'5-2—— € (alT+"'+al——1T)

and

_ (et + )
y = a7+ € (alT + + anT).

Thus, it is sufficient to show that we can choose a, 8 € A such that
a? + % € A%, a%u + B*u' € A* and o®v + %' € A*. Let m be a
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maximal ideal of A. Then there exists «, 8 € A such that

a® + % # 0 (mod m)
a®u + f*u' #0 (mod m)
o?v + B £ 0 (mod m).

Hfu+u #0 (mod m),v+v #0 (mod m) then just choose @ = f =
1. Ohterwise, we may assume u + ' = 0 (mod m). Then u = —u’
(mod m) so we may take a = 0,8 = 1. Since A has many units, the
result follows.

If T is preordering of A, denote by X1 the set of all maximal
orderings of A containing 7. Note that by proposition 4, if P € X 4

then X p is singleton set.

COROLLARY 7. Suppose A is a local global ring and let T C A be
a preordering.
Then T* = Nyex, P*.

ProoF. Clearly T*C Npex,P*. Suppose a € Npex,P*. Then —a ¢
P for all P € Xt and hence, T — aT is not a preordering as otherwise
—a €T —aT C P for some P € Xr.
Thus, —1 € T — aT. By the Theorem®6, there exits s,t € T* such that
—1 = s — at and hence, a = Q;:'S—) € T. So Npex, P* C T*.
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