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BCG-LIKE METHODS FOR SOLVING
NONSYMMETRIC LINEAR SYSTEMS

JAE HEON YUN AND MYUNG SuK Joo

ABSTRACT. This paper proposes two variants of BCG-like method
for solving nonsymmetric linear sytems. It is shown that these new
algorithms converge faster and more smoothly than the existing BCG

and BiCGSTAB algorithms for problems tested in this paper.

1. Introduction

The classical Conjugate Gradient (CG) method of Hestenes and
Stiefel [1] with some preconditioning technique is one of the most pow-
erful iterative methods for solving large sparse linear systems Az = b
with symmetric positive definite coefficient matrices A. However, this
algorithm fails in general for nonsymmetric linear systems. In the last
15 years, a large number of generalizations of the CG method have
been proposed for solving nonsymmetric linear systems [2,5,6,7,8,9].
The Bi-Conjugate Gradient (BCG) method [4], the Conjugate Gra-
dient Squared (CGS) method [2], and the stabilized variant of BCG
(Bi-CGSTAB) [3] are typical examples of those for solving nonsym-
metric linear systems. Unfortunately, all iterative methods developed
to date for nonsymmetric indefinite systems are either slow converging
or converge fast only for very special case.

Throughout this paper, we consider variants of BCG-like method

for solving nonsymmetric linear systems Axz = b, where A4 is a sparse
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matrix of order n. For simplicity, all coefficients of A and b are as-
sumed to be real. BCG seems like an ideal algorithm because of its
short recurrence (i.e., 3-term recurrence), but in practice it has a few
disadvantages:

* The transpose of A is often not available for certain applications,
such as linear systems arising in ordinary differential equation
solvers.

Each iteration step requires two matrix-vector multiplications (one
with A and the other with the transpose of A) which are double
the cost of CG.

BCG often converges irregularly. In finite precision arithmetic,
this irregular convergence behavior may slow down the speed of
convergence.

In 1989, Sonneveld. proposed the Conjugate Gradient Squared
(CGS) method [2] which converges to the exact solution much faster
than BCG whenever the CGS converges. One iteration step of the
CGS algorithm requires two matrix-vector products with A, but no
matrix-vector products at all with the transpose of A. The CGS seems
like an attractive variant of the BCG, but, like BCG, it also exhibits
rather erratic convergence behavior. This erratic convergence makes
the method more sensitive to round-off errors on the finite precision
arithmetic. To handle this problem, Van der Vorst [3] proposed the
Bi-CGSTAB algorithm which uses local steepest descent sﬁeps to ob-
tain a more smoothly convergent CGS-like process. In many cases, it
was shown that Bi-CGSTAB converges more smoothly and also often
faster than both BCG and CGS.

The purpose of this paper is to propose BCG-like algorithms which
converge more smoothly and faster than Bi-CGSTAB. In Section 2,
BCG and Bi-CGSTAB algorithms are briefly reviewed and then a new
BCG-like algorithm MR-STAB is proposed. We also propose another
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BCG-like algorithm COM-STAB which is a combined version of the
Bi-CGSTAB and the MR-STAB. In Section 3, we report all compu-
tational results for MR-STAB and COM-STAB. The performance of
MR-STAB and COM-STAB is compared with Bi-CGSTAB. Finally,
some concluding remarks are drawn in Section 4. From now on, AT
denotes the transpose of A, and (-,-) denotes the Euclidean inner

product on R™ x R™ and || - |2 denotes the Euclidean norm on R".

2. BCG-like Algorithms to be Proposed

We first review the BCG method [4] for solving Az = b, where
A is a nonsingular and nonsymmetric matrix of order n. The BCG
algorithm on which the BCG-like algorithms to be proposed in this

paper are based is described below.

ALGORITHM 1 : BCG
Choose zo and then compute rg = b — Axg
Choose 7y such that (7o, 7o) # 0, and set py = ro and po = 7o
For: =0,1,... ,k, ..., until satisfied, do:
a; = (Fi,ri)/(Api, pi)
Tip1 = Ti + oip;
Tit1 =1 — a; Ap;
Pir1 =7 — a; ATp;
Bi = (Fiyr,ria)/(Fiyri)
Pi+1 = Tit1 + Bip
Pi+1 = Fiq1 + Bipi
From this scheme, r; = P;(A)ro, #; = Pi(AT)fy, p; = Ty(A)ro, and
pi = Ti(AT)?y, where P;(t) and T;(t) are the i-th degree polynomials
with P;(0) = 1. Moreover, P;(A) and T;(A) satisfy the following

relations :

(2.1) Py(A) =To(A) =1
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(2.2) Pi11(A) = Py(A) — a; AT;(A)

(2:3) Tiy1(A) = Pipa(A) + BiTi(A)

The basic properties among the vectors generated by the BCG
algorithm which are proved in [4] are as follows:

(2,4) (r,-,ﬁj) =0 if ¢ £y

(2.5) (Api,p) =0 if i #7

For an arbitrary vector ¢, (¢, Ac,..., A™ 1c) denotes the subspace
spanned by {c, Ac,...,A™ 1c}. From properties (2.4) and (2.5), it
follows that ' '

(2.6) ri L (o, AT#o,...,(AT) " 7)

(2.7) Ap; L (7o, AT#q,...,(AT)717y)

Next, we briefly review the existent BCG-like method Bi-CGSTAB
[3] which computes an approximation zj whose residual is of the form
7 = Qr(A)Pr(A)ro, where Qo(t) = 1 and for £ > 1 Qi(t) = (1 —
wyt)(1 — wat)...(1 — wit). The parameter wy is determined at the
k-th iteration so that || #x ||z is minimized. It is clear that 7y =
ro = b— Azo. If we define pr = Qr(A)Tr(A)ro, then the Bi-CGSTAB

algorithm is as follows:

ALGORITHM 2 : Bi-CGSTAB

Choose zg and then compute 7o = b — Az
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Choose 7y such that (7g,79) # 0 and set pyp = 7o
For:=0, 1, 2, ..., k, ..., until satisfied, do:

a; = (fo,7i)/(Po, APi)

$;i =T; — a;Ap;

t; = As;

wit1 = (L, 8:)/(ti, t)

Tit1 = Ti + aiPi + Wit1Si

Tit1 = Si — Wit1t;

If || 7it1 ||2 < (tolerance), then stop

Bi = {(Po,7it1)/(Po,Fi)Hai/wit1}

Pit1 = i1 + Bi(Pi — wit14p:)

Now, we will consider the Minimal residual Bi-CGSTAB (called
MR-STAB from now on) which is a new variant of BCG-like method.
Notice that the polynomial Qk(t) in Bi-CGSTAB is a product of k
linear polynomials with Qx(0) = 1. However, the MR-STAB al-
gorithm to be developed below uses a polynomial Q3,(¢) which is
a product of k quadratic polynomials. In other words, the MR-
STAB computes an approximation z2; whose residual is of the form
5 = Q3 (A)Par(A)ro, where Qf(t) = 1 and for £ > 1 Q3,(¢) =
(1 +wit + w2t?)(1 + wat +wyt?) -+ (1 + wop—1t + w9xt?), and the pa-
rameters waor_1 and wsy are determined at the k-th iteration so that
| 73, ||2 is minimized. Clearly, r§ =ro = b — Az,.

To derive the MR-STAB algorithm, for each ¢ let

r3i = Q3i(A)rai = Q3;(A)Pai(A)ro

3.1
&1 P = Q3 A)pas = Qis(A Tl A

where Py;(A) and Tyi(A) are defined as in (2.1) - (2.3). We will
describe how 73, , and p3;,, can be generated from given vectors r3;

and p3;.
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Denote
Taiv1 = Q3;(A)r2iy1 =13; — aziAp;
(3.2) P2i+1 = Q3;(A)p2i+1 = T2i41 + Paipy;
Foive = Q3;(A)raive = T2it1 — Q2ir14P2is1.
Using (3.1) and (3.2), it follows that
";i+2 = Q;:’+2(A)T2i+2
(3.3) = (I + w2it14 + w2i42A2)Q5;(A)raiyo

_ _ 2 _
= Toit+2 + Woit1AT2i42 + Woip2 A Toi40

P;i+2 = Q;i+2(A)P2i+2

(3.4 = Q%io(A)raits + P2it1Q3i 12 (A)pris

=130 + Boiv1({ + waip14 + waiy24%)Q5;(A)p2it1

= 1349 + B2iv1(P2i+1 + W2it1AP2i41 + W2i424%P2ig1)

The parameters ay;, f2i, @2i+1, and f2;4+1 used in equations (3.2) and

(3.4) are the same as those in the BCG. To express these 4 param-

eters in terms of new vectors - r3;, p3., T2it1, P2it1, T2i4+2, - which
are denoted in (3.1) and (3.2), we use the properties (2.6) and (2.7)
that the BCG algorithm satisfies. Notice that the highest order term
of @3;(AT) is wowy - - - w2;(AT)? by the definition of Q3;(t) and the

highest order term of Py;(AT) is (—=1)*agay - - - ai—1(AT)?* from re-

lations (2.1) to (2.3). Using these facts, one obtains
az; = (f2i,72:)/(Ap2i, P2i)

(A7) 70, re:) (= 1) P oy - - - cvgimy
((AT)2i7, Apei )(—1) ¥ apary -+ - @igi—y
(3.5) (A7)0, rgi)wawy - - - wo;

T ((AT)2i7g, Apg; )wawy - - - wo;
= (T2i7 Q;i(AT)FO)/(AFQia Q;z(AT)fO)
= (r3:,70)/(Ap3;, 7o)
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B2i = (F2i+1,T2i+1)/(T2i, T2i)
_ ((AT)2H170 roir ) (—=1) % apay . . . ag;
((AT)2%7g,12i)(=1) % agery ... arzi—1
((AT)%H?A'O, 7‘2i+1)w2w4 CeWag
((AT)2iﬁ0,T2i)w2104 < Wa4
= (—a2:)(Q3:(AT )P0, Arait1)/(Q%:(AT Yo, r2i)

= (—a2i)(Ar2iy1,70)/(r3;,70)

(3.6)

= (~a2i)

a2i+1 = (f2i+1,T2i+1)/(Ap2it+1, P2it1)
i1, AT 21414
(3.7) _ (raiga,( )9; 7‘9)
(Ap2it1, (AT)?+17)
= (AF2i+1,70)/(A*Pait1,70)

Bai+1 = (P2ix2, 2i+2)/ (F2it1,72i41)

(raitra, (AT)2H27)
3.8 = (—a9; —
(3.8) (a2+l)(r2i+1,(AT)21+1710)
= (—azli+1)(A27_‘2i+2,7A‘0)/(A7-'2i+1,f‘0)

It can be seen from equalities (3.5) to (3.8) that six matrix-vector
products with A are required to determine four parameters as;, B2;,
agi+1, and Bo;+1. This is too expensive, so that an efficient way to

find these parameters for given r3; and p}; is described below:

1. Compute Apj; and then determine ay; using (3.5)

Tait1 = T3; — Qi APy,

Compute A72;+1 and then determine fy; using (3.6)

D2it+1 = T2it+1 + P2iD3;

Aprip1 = Afgipr + Bai Aps;

Compute A(Apgi+1) and then determine ag;y; using (3.7)

NSOk N

T2it2 = T2i+1 — O2i414P2i41
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8. Afgiys = AFait1 — azip1A(AP2is1)

9. Compute A(A72i42) and then determine 2,41 using (3.8)

As can be seen above, these procedures require only four matrix-
vector products with A (i.e., each for steps 1, 4, 6, and 9) which is
a significant reduction as compared with six matrix-vector prdducts
with A. The next thing to do is to determine wy;4; and wq;49 in
order to compute r3;,, in equation (3.3). The wy;4; and w4 are
determined so that || 73;,, ||2 is minimized. After 73, , is computed,
P3irq can be easily computed using equation (3.4). Therefore, we

obtain the following algorithm:

ALGORITHM 3 : MR-STAB
1. Choose z( and then compute r§ = b — Az,
2. Choose 7y such that (7,r§) # 0 and set p§ = r}
Fori=0, 2, 4, ..., 2k, ..., until satisfied, do:
. Compute Ap}
- = (r],70)/(Ap}, o)

T —_ . .n*
- T4l = T+ agp;

. Compute AF;4;
. Bi = (—ai){(AFig1,70)/(rF,70)}
. Di+1 = Tiy1 + Bip}
10. Apiy1 = ATip1 + Bi Ap}
11. Compute A(Apit+1)
12. ajp1 = (AFig1,70)/(A(APit1),7T0)
13. Zigo = i1 + aigp1Pit1
14. Fipo = Fiy1 — ait1Apit
15. Afiye = AFiy1 — aiy1A(APiy1)
16. Compute A(A7i42)

17. Find w;4; and w;42 such that || rf,, ||2 is minimized

3
4
5
6. Tig1 =1 — o Ap}
7
8
9

18. @iy2 = Tiyo — Wit1Tite — Wit2 ATiqo
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19. 7¥ g = Tiyo + wit1 AT + wip2 A(ATi42)
If || 7f5 |l2 < (tolerance), then stop

20. Bir1 = (—air1){(A(ATiz2),70)/(ATit1,70)}

21. plyy = ripe + Bit1(Pit1 + wir1APit1 + wit2 A%Pit)

Notice that 7,41 = b — AZ;4; and 7i42 = b — AZ;y2 in the MR-
STAB. Since the properties (2.6) and (2.7) in the BCG are utilized
implicitly, the MR-STAB method is also a finite method, i.e., in exact
arithmetic it will terminate in at most n iteration steps unless it breaks
down.

It can be easily seen that the MR-STAB algorithm requires four
matrix-vector products with A (i.e., each for steps 3, 7, 11, and 16)
to execute two iteration steps. Here, execution of two iteration steps
in the MR-STAB means all computational steps for computing new
vectors Tita, piy,, and r¥,, from previously computed vectors z;, p¥,
and r} (i.e., steps 3 through 21 in Algorithm 3). The computation of
w; and w;4q in step 17 can be easily done using equation (3.3) and

the following relations:

(riye, ATig2) =0

(riyas A%Fig2) =0
Thus, step 17 requires 5 Inner product operations. The operation
counts of the Bi-CGSTAB and the MR-STAB listed in Table 1 are

those required to execute two iteration steps.

Table 1 : The operation counts of Bi-CGSTAB and MR-STAB

Operation Type Bi-CGSTAB | MR-STAB
Matrix-vector product 4 4
Inner product 8 10
Vector update 12 14

Since the || r¥,, ||2 in step 17 is minimized over two dimensional

vector space R?, it may be expected that the MR-STAB converges
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faster than the Bi-CGSTAB in which residual norm is minimized over
one dimensional vector space R!. Numerical experiments in Section
3 also show this fact. Table 1 shows that the MR-STAB requires two
more operation counts for each of Inner product and Vector update
than the Bi-CGSTAB. However, this is not a big problem because MR-
STAB converges faster than Bi-CGSTAB (see Fig. 1 through Fig. 4)
and the Inner product and Vector update are much less expensive

operations than the Matrix-vector product.

To take advantages of both Bi-CGSTAB and MR-STAB, we pro-
pose a combined version of Bi-CGSTAB and MR-STAB which is now
called the COM-STAB algorithm. In other words, the COM-STAB al- |
gorithm executes the Bi-CGSTAB and the MR-STAB alternately. By
doing so, the average operation counts per iteration of COM-STAB
become slightly smaller than those of MR-STAB. The COM-STAB

algorithm is as follows:

ALGORITHM 4 : COM-STAB
Choose z¢ and then compute 7o = b — Az
Choose 7y such that (7, 7o) # 0 and set py = 7
For: =0, 3, ‘6, .o., 3k, ..., until satisfied, do:
Find z;41, 7it+1, and p;4+1 using Bi-CGSTAB which starts
with z;, 7;, and p;
If || #i4+1 |2 < (tolerance), then stop
Set iy, = Tiy1 and piy; = pin
Find z;43, rly3, and pf,; using MR-STAB which starts
with @iq1, 78y, and piy,
If || rf13 ||l2 < (tolerance), then stop

Set 73 =7{y3 and piy3 = piy,
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3. Numerical Results

In this section, we consider linear systems Az = b with banded
Toeplitz matrices A of order n, since the discretization of the par-
tial differential equations often leads to such a matrix or a low-rank
modification of one. All numerical experiments have been carried
out in double precision floating point arithmetic. The right-hand
side vector b was chosen so that the exact solution z; to Az = b is
z, = (1,1,...,1)T. In all cases, the iteration was started with initial
approximate solution zo = (2,2,...,2)T, and the iteration stopped
when the norm of residual is less than 1075, All numerical results for

n = 200 and 400 are summarized in Fig. 1 through Fig. 4.

EXAMPLE 4.1. This example is one in which Bi-CGSTAB con-

verges fairly smoothly. The matrix A is given as follows.

4 =2 0 0 0
1 4 -2 0 0

M 0 4 -2 0
"o 0o 1 4 0
0 0 0 0 4

As can be seen from Fig. 1 and Fig. 2, the MR-STAB and COM-
STAB converge faster and more smoothly than the Bi-CGSTAB. In
addition, the COM-STAB converges as fast as the MR-STAB, which
means that the COM-STAB performs slightly better than the MR-

STAB since the average operation counts per iteration of COM-STAB
is less than those of MR-STAB.

EXAMPLE 4.2. This example is one in which Bi-CGSTAB con-

verges irregularly. The matrix A is given as follows.
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21000 ...0
02100 ..0
10210 ...0

A=]0102 1 ...0
00102 ..0
\0 0 0 0 0 2/

As can be seen from Fig. 3 and Fig. 4, the MR-STAB and COM-
STAB converge faster and more smoothly than the Bi-CGSTAB, and
the COM-STAB converges faster than the MR-STAB.

4. Concluding Remarks

For the problems considered in this paper, the MR-STAB and
COM-STAB converge faster and more smoothly than the Bi-CGSTAB
which was recently proposed by Van der Vorst for the purpose of rem-
edying disadvantages of the BCG. Also notice that the COM-STAB
algorithm which executes the Bi-CGSTAB and MR-STAB alternately
performs slightly better than the MR-STAB algorithm since the for-
mer converges as fast as or better than the latter. Therefore, we have
some preference of the COM-STAB over the MR-STAB. However, we
need further research to see how well the COM-STAB performs over
the MR-STAB for other problems. On the basis of our work, we rec-
ommend the use of MR-STAB or COM-STAB instead of Bi-CGSTAB

to solve large sparse nonsymmetric linear systems.
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