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A NOTE ON THE LIPSCHITZ CLASSES

OF PERIODIC STOCHASTIC PROCESSES

Jong Mi Choo

ABSTRACT. In this paper, in order to generalize the Theorem[l], it 
was attempted to generalize the method to prove the Theorem.

1. Introduction
Throughout this paper, (Q, 으, P) is the underlying probability 

space and X(Z,u?), Z G R, is a stochastic process of the r-th order, 
r E [1, oo), that is,

||X(tq)||r = (E|X(슈)< =

We say is periodic with period 2冗, if

||X(Z + 2tf,u?) — X(t,u?)||r = 0 for every t

and
I im—oH：허 < = 

7T

The class of 27r-periodic processes of the r-th order will be denoted 
by

Let 0(A) be a positive nondecreasing function of h€(0,l]. Write

=(tq) = … (,X(t + "=),

i/=0 乂 어
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where j is a positive integer. The class of with the property

sup
/i>0

\ 으으— ；
df < oo

is denoted by A；,r(q!>) and is called the Lipschitz class A；,r(q!>).
For a stochastic process of L； which belong to A；,r(q!>), we 

consider the Fourier series

oo

X(Z,cu) 〜 리 Cn(에’,

n=—oo

where
仁=) = 丄「xit^y-^dt.

27T J —7T

In this study, in order to generalize the Theoremfl], it was attempted 
to generalize the method to prove the Theorem.

Let 1(h) be a positive non decreasing function on (0,1] such that

(1) I(2h) < Ki 1(h)

and 

(2) 7而

(3)

du < I〈2

으1忌

where Ki^K^IQ are constants. We put

에】0入?丁시） =
L 느 (/jl=(M0P) dh
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B",Z,a') = £@ £ IICWB'
n=l 1yn)\|시사 )

쯔 n-(2+jp) ( G t \
Cp(X,I,a!) = 江 —p- £ P ||CG)||：

n=l (n' \|人| = 1 /

where a > 1, ——|---- = 1, and 0 < p < a'.
. a a， . 으We give the following Lemma.

LEMMA. The conditions Bp(X,I,al) < oo and CP(X^ I, af) < oo 
are, respectively, equivalent to the relations

OO / 00 \ a>
B；(X,丁,€i') = 리 7리 (IK데)IB < 00

k=o 八灰) \u=* )

and

00 Q —(J7)+1)A: ( 이저 \ a
C；(X,/,a') = 1>>化=)||：' < =

a=o \i/=i )

From now on K is a. constant which may be different in each oc
currence.

THEOREM 1. (Z) The rela tions Bp(X, I, a') < 00 and CP(X, I, af) < 
. 1 1 • 

00 are equivalent. (JI) If a > 2,——|---- = 1 and 0 < » < a', then
. . a c? —

the fact that one of the expressions B?)(X, 7",(7.') and CP(X, 1, a1} is 
11 finite implies that Ap(Xy Z, a) is Unite. (Ill) Ifl< a < 2, ——|----= 1

\ — a a1
and 0 < p < a', then the fact that Ap(X, !,a) is finite implies that 

Z, a') and C?)(X, Z,(/) are finite.
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PROOF. (I) It is sufficient to show that I, a1) < oo is equiv
alent to C；(X, I,a') < oo. We know that

= 9-Cip+m
엉*'’

k /2m + 1 \ ] 占

E E

m=0 \p=2m )

、쯔、2—（J 꺼“m 
파）

人 2m+x ~l 方
£2n%' £ ||C")| 비 

m=0 j/=2m

Since 0 < p < a', we find from the last inecfuality that

= 2”"(J꺼"바 
정재’〜'!?〜

/ K Z"1
fc (2m + l \ a'
£2"% £ IK%시If 

m=0 \p=2m /

oo

= K 乞 2mjp 
m=0

\ 으
t \ 쯔、2—（』꺼‘1）즈 

IKON： E —元丁厂.

/ k=m

In addition,

°° 9—Gp+lH 00

From this last and (2) we have

O — 771 •f2 U3P
du < K I —— du- Jo 取)

으、2—（•方서"1）저 느—（』깨4）m
> -—“—r—— < I〈三~-~r——.으n J（ 조 ） Z（ 자 ）

Hence,

oo 2_m(…1 \ 으

C；(X,I,a') < K £ 元% £ H이⑷川：' 

m=0 이\p=2m J

00 Q-m ( = \ 으
에 E 그T』E ||« 

777=0 1 V 2m / V=2m /

= KB；(X,I,a')<(x).
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Let us prove the converse;

00 9_m / 00 \ 匕
B；(X,Z,a') = £ 하 ( £ IKW)||f )

9 _ m

m=0 v 2m)\i/=2m )

00 9_m ( 00 2버’1 \ 유

= Etp^ EEkmii：'
m=0 <2”； \k=mp=2fc )

00 9_m ( 00 2fc+x \ 으

玄E J E『애

m=0 으 … \k=m p=2人 /

— m

Hence, we find that, for 0 < p < a',

00 9_m 00 (2어’1 \ 으

b;(x,丁,«')< £ 元프 £ 2-* £ >'IKW)II：' I
m=0 이<2”』k=m \p=2fc

00 / 2 너느 \ 匕 k
= £2—* 흐"'IIMW £ .

k=0 \ 以=2人 ) m=0 ( 2m〉

— m

Now from the relations (1) and (3), we can show that

k
?S）丁 G숨）

2-m "$o』C 쯔=K』k 쓰"急

Consequently,

00 2-（刀서丄）人
2슈十! \ a'

( £"||C«' =KC；(X,I,af).
k=0 J(2이 \p=l )
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(ZZ) The Fourier coefficient of A(X(Z,c<』) is (7n(c/)(l — etr아1)『. For

a > 2, ——|---- = 1,0 < by the Hausdorff-Young inequality, we
— a a1 —

have
< (f; lor'ie" —1|九'『

' \k=—(= )

Thus

ff |A{X(i,cu)r^y < £ |C2(u<'|eW —1|>서.

丁7-7" ' k=—<=

Taking expectations of both sides, we have
oo

< E IKOiifk"-ip< 

k= — oo
E

冗 ] 으

\^hX(t^)\adt
— 7r

But

E
7r

|A{X(t,cu)|a 成
— 7T

Consequently,

° ==（厂（企林（부＜'）히）a

으！_ a

=(厂(11乂시011：')=丁 

a'
=( r w^hxM\\^dt}a.

— 7T

= K

< K

■Ajo(“入，丁, ⑴) =
\ a

II시X(U0||：dJa dh

oo \ 方’

E rw""-기北' dh

00 J시 \ 유
52 11(入(⑵)H： \s^n~\Ja j dh.
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Since 0 < p < a', we find from the last inequality that

+ K

Ap(X,I,a)<K

\ 으

IK入(⑵)11： —|ja j dh

\ 으

IKWOII： —pa j dh

"IXJH普"*=

+ K$j[jMpl

n=l 心니 \| 씨 = 1 )

+ xf 끄 (ehcg씨
n=l W \| 이 >n )

(Ill) In case l<a<2, - + -^- = 1, the Hausdorff-Young inequality 

gives us

£ 心》）|“'|유쁘p“'j 丄材（슈）세丁

人 =—oo I m 어

Thus we have

00 11 \ 引 /‘7T

£ |(7G)r'|sm%•門 ) < / I시 

k=—oo — 7T
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Taking expectations of both sides, we have

(
OO 7 T \ /»7T

By the Minkowski inequality, the left hand side of this inequality is 
not less than

{ £ |%(0<1%쁴;"『}허={ E 血〒門}허

< 人= —OO L 」 이 乂 k=-oo 저

So,

{ E IKW시丄

OO

Ap(Jf,I,a) 之 水 乞 

n=l

쯔、n-(>+2) / 斗、

Since sin kh > Kkh for kh < 1, we find from the last inequality that 

n \ 으

E 

I 시=1 /

x z

스오E—TFTF E kJa il^Hlla 

n=l 시 = i J
= /<C；(X,Z,a').
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We write the best approximation by trigonometric polynomials in 
1$ by E이, that is,

r n 丄2

<= £ • 
Jn|>N _

Then we have

THEOREM 2. The following two relations are equivalent:

oo 
分 n-%2)<oo 

n=l

and
이|||仁nMIMIl < OO-

PROOF. Take a = 2,p = 1 and 1(h) = h3. Then Bi(X, 1,2) = 
and we have the conclusion by the above Theorem 1 

and Theorem 3 [3].

References

1. Choo, J. M.)A Note on the Lipschitz Classes of Periodic Stochastic Pro
cesses of the Second Order, J. Chungcheong Math. Soc. 5 (1992), 103-110.

2. T. Kawata, Lipschitz Classes and Fourier Series of Stochastic Processes, 
Tokyo J. Math 11(2) (1988), 269-280.

3. M. Kinukawa, Some generalizations of contraction theorems for Fourier 
series. Pacific J. Math. 109 (1983), 121-134.

4. W. Kohnen, Estimates for Fourier Coefficients of Siegel Cusp Forms, of 
Degree Two,II, Nagoya Math. J. 128 (1992), 171-176.

Department of Mathematics 
Mokwon University 
Taejon 301-729, Korea




