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SOME PROPERTIES OF
ONE-SIDED STOPPING TIMES

SUNG-KYUN KiMm

ABSTRACT. Let 7, be the first time that a perturbed random walk
with extended real-valued independent and identically distributed
(i.i.d.) random variables crosses a constant boundary a > 0. For the
stopping times 7, we investigate some basic properties and obtain its
limiting distribution as a — oo and an upper bound of the expected

stopping times F(7,).

1. Introduction

Let Z,,Z5,- -+ beii.d. random variables with a distribution func-
tion F' and a positive finite mean y and let £, &5, - -+ random variables
for which (Z1,&1),(Z2,€2), -+ ,(Zn,&n) are independent of Zi, k > n,
for every n > 1. In addition, €1, €2, - are i.i.d. and independent of
(Z1,&1),(Z2,&2),- -+ such that

P{€1=0}=])0, P{€1=+OO}:1—])0.
Define X; = Z; + ¢;(i = 1,2,+++), and put Sp = 1, Zi, Sp = Sn +
€n, and 571 = Z?:l X; + €,. It is convenient to let Sy = 5'0 = 50 =0.
For given a > 0 define

(o =inf{n > 1| S, > a},

te =inf{n > 1|5, > a},
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and
7, =inf{n > 1| Sp > a}.

For the stopping times of (, and ¢4, several studies such as asymptotic
normality of the stopping times (Sigmund 1968, Feller 1971, Section
11.5, Woodroofe 1982, Lemma 4.2, Gut 1988, Theorem III 5.1), as-
ymptotic expansion for the expected stopping times (Hagwood and
Woodroofe 1982, Lai and Siegmund 1979), and the limiting distribu-
tion of the residual waiting times (Woodroofe 1982, Section 2.2, Lai
and Siegmund 1977) were done.

In this paper, we investigate some properties of the stopping times
T.. First we examine the relations between t, and 7, and use them
to find the limiting distribution of 7, and an upper bound of E(7,)
in terms of E(t,). In remarks, we refer to the limiting distribution of
the residual waiting times R,, where R, = 5',-,1 —a.

Throughout this paper, 2, and -4 denote convergence in prob-

ability and convergence in distribution, respectively.
2. Some Properties of One-Sided Stopping Times

LEMMA 1. (1) If {Y,},n > 1, is uniformly integrable (u.i.) and
Y, -5 Y, then E|Y| < +c0 and E(Y,) — E(Y).

(2) Y, >0 and Y, -5 Y, then E(Y,) — E(Y) < +oo if and
only if {Y,} is u.i.

PROOF. See [5], p. 183.

LEMMA 2. Suppose that sup, E|Y,|'*t¢ < 400 for some ¢ > 0.
Then {Y,} is u.i

Proor. Observe that

cf/ |Ya|dP < / 1Yo |16 < E|Ya |1t
"Y'n.|>C IYn[>C
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Divide by c¢¢ and take the supremum over the set of positive integers

n. Then by assumtion

sup/ ~ |Yal|dP < c ¢ sup E|Y,|'t¢ — 0 as ¢ — oo.
[Ya|>c n

n

Thus {Y,} is u.i.

LEMMA 3. Suppose that £,/n - 0 as n — co. Then
(1) to < 400 with probability 1 (w.p. 1), and 7, <t, w.p. 1.
(2) E(t3pi*) — 0 as a — oo for any fixed a > 0 and py € [0, 1).

PROOF. (1) By the law of large numbers and the definition of S,
Sp/n = Sn/n+€x/n L5 1 asn — oo, so there is a subsequence (n;)
for which S,,, /nx — p w.p. 1 as k — oo. It follows that sup, S, =
+o0o w.p. 1 and this implies t, < +00 w.p. 1 for all @ > 0. On the
other hand, it holds that for each n, k € N

P{t, = Fk, 'razn—l—k}=P{.§i_§af0r0§i§/c~1,§k>a,S~j_<_a
for 1<j<n+k—1, Spyx > a}
< P{Sk >a, Sy < a}
< P{Sy>a, Sy <a}=0,

so that

P{r,—t,>0}=> > P{ta=k, ra=n+k}=0.

n=1 k=1

(2) t, increases strictly to a limit too < +00 w.p. 1 as a — o,
and P{te < n} = limg—o P{maxi<i<n S > a} =0foralln > 1.
Therefore t, — +00 w.p.1 as @ — oo. Now define a function u(z)

by z®pg. Since it is continuous and u(z) — 0 as @ — oo, we have
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u(ta) — 0 w.p. 1 as a — oo. Next, we shall show that {u(ts):a >0}
is u.i. . Note that u(z) is bounded on [0, c0), that is, sup,»q u(z) < B
for some B > 0. Since 1 < t, < 400 w.p.1 for all a > 0, we have
supP,>o U(ta) < B w.p. 1. This implies that sup, E[u(t.)?] < B? <
+00. By Lemma 2 with € = 1, {u(t,) : @ > 0} is u.i. and hence, by
Lemma 1 (2), E[u(t,)] — 0 as a — oo.

The following theorem gives the relations between t, and 7.

THEOREM 1. (1) (1—poe™)E(e'™) = (1—po)e't+(1—et) E(ple eitte).

: 1-E(pg* po—[E(G )] | E(ple)—2E(tapi®
(2) E(r) = 35295 and Var(r,) = 2 B@e)l” | B0it)—25(eri’)

where po # 1.

PRrROOF. (1) If pg =0, then 7, =1 w.p. 1 forall a > 0. If po =1,
then 7, = t, w.p. 1. Hence the equality holds for py = 0 or 1. Observe
that for each n > 1

P{ry, > n} =p{P{t, > n},
so that
P{r, =n} = pi ' P{ty 2 n} — py P{t, > n+1}.

It follows that for 0 < py < 1

E(e''™) = i e (ph P{t, > n} —py P{ta 2 n+1})
n=1
= q/po i ¢""'Plta 2 n} - i ¢"P{ta 2 n+1} (q=poe™)
n=1 n=1
= (¢/po — 1) iq"‘lP{ta > n} + P{t, > 1}
n=1
= (=2l By <)

(L=p) o, (1=¢Y)

= : — E(pieettle),
0 —poe) T (1=poa) o)
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Thus the equality holds for all py € [0,1].
(2) Differentiate both sides of (1) with respect to t twice. Then we

have
(2.1)
(1- ])oeit)E(iTaeitra) — ipoe”E(ei”a)
=1(1 - po)e“ _ ieitE(p(t)a eitt,,) +(1- 6it)E(ita1)3a itta ),

(1 W poeit)E(TZeitra ) _ 2poeitE(Taei”° ) _ poeitE(eitr,, )
= (1 —po)e't — e E(plee'tte) — 2e" E(t,pleeitte)
+ (1 = e E(t2pleeitte),

Putting ¢t = 0 in (2.1) and (2.2), we obtain that for py # 1

1 — E(pk)
Elre) = 1—po '
1
B(r) = Gyl 00 = (L p)EGE) = 21 = po) Etart)],

and these moments yield the variance of 7,.

REMARKS. (1) 7, has a finite limit w.p. 1 as a — oco. Let 7, =
limg—oo Te. Then P{7eo > n} = limg—o P{maxi<i<n S < a} =
limg— o0 p§ P{maxi<i<n Sy < a} <pi — 0asn — oo if py € [0,1).
Therefore P{7oc = +00} = 0.

(2) Let R, be the residual waiting times S,. —a. Under the as-
sumption of Lemma 3, R, 4 Ras a — oo, where P{R=+o0} =1.
For P{R, = 400} = 1 — E(pl*) and by Lemma 3 (2), E(p) —
0 as a — oo if pg € [0,1).
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THEOREM 2. Under the assumption of Lemma 3, if ¢(a) — ¢,d(a) —
d asa — oo and pg € [0,1), then —T—“—d:(Z—()a—) has the limiting distribution
Fo, where Fo, is the distribution corresponding to the characteristic
function @oo(t) = ﬁfﬁﬁei(l‘c)‘/‘i. In particular, if c=d = 1, then

F is the geometric distribution, Geo(1 — py).

PRrooF. By Theorem 1, we have

(2.3)
E[ei(re—e(@)t/d(a)]

it/d(a
1 —po eii=c(@))t/d(a) | 1 —eft/da

— ta i(ta—c(a))t/d(a)
1 — poeit/d@) 1 — poeit/d@ Elpye J

The second term of the right-hand side of (2.3) goes to zero as a — oo,
l_eu/dm) | < 12~ and by Lemma 3 (2)

._.poeit/d(n Po

because |3
|E[pleeita—c(aDt/d(0)]] < B(pte) — 0 as a — oo.

Hence the left-hand side and the first term of the right-hand side of
(2.3) have the same limiting function corresponding to the charac-
teristic function ¢oo(t) = ﬁf}’mei(l"‘:)”‘l. Since ¢oo(t) is contin-
uous and ¢oo(0) = 1, it is a characteristic function. Furthermore, if
c=d =1, then ¢(t) = 1;%(}”2;,—, which is the characteristic function
of Geo(1 — py).

THEOREM 3. If0 < py < 1, then

log,,[1 — (1 = po)E(1a)] < E(ta).

PROOF. Define u(z) = p§. Clearly it is convex. Hence by Jensen’s
inequality pf (t) < E(p{). By Theorem 1 (2), we have E(7,) <
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_ . E(ta) . . . .
Llﬂ_gﬁ_, Taking the logarithm with the base py, we obtain the above

inequality.

REMARK. For simplicity, we may regard the upper bound of E(7,)
1

g

both values is small for small pg. For example, if 0 < py < 271, then

E(tq)
. 1— . .
as - instead of ‘_1%0773‘" for small pg, since the difference between

the difference is less than 1. On the other hand, if py is, relatively to

any fixed a, very close to 1, then the difference is large. So in this case

_pE(ta) | .
17P0 " is better than —1—. Also, for sufficiently large a, we can use
1—po 1—po ) y g 9

the approximation of E(t,) under some additional conditions (see (7],

p. 48) in computing the upper bound.
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