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A Simple Method of Vibration Analysis of Laminated

Composite Plates Under Axial Loadings and with Attached
Point Masses

Bong-hak Lee - Kyeong-jin Kim" - Chi-moon Won" - Ki-tae Sung™

ABSTRACT

A method of calculating the natural frequency corresponding to the first mode of
vibration of beams and tower structures, with irregular cross-sections and with
arbitrary boundary conditions was developed and reported by D. H. Kim in 1974.
In this paper, the result of application of this method to the laminated plates with
axial forces and with attached point mass/masses is presented. Both N, and N,
forces are considered. The solution for the laminated plates with arbitrary
boundary conditions and irregular section can be obtained by simply obtaining the
deflection influence coefficients by any method.

The effect of neglecting the mass of the plates on the natural frequency, as
the ratio of the point mass/masses to the plate mass increases, is thoroughly
studied. The influence of N « and N, is also carefully investigated.
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Table 1. @ = @ ey - V(o h), without
considering plate weight, case A (N=1)

‘\al
ag™., 05 | 03 | 01 0 0.1 03 05
0.5 | 71664 | 721.51 | 726.33 | 728.72 | 731.10 | 735.82 | 740.50
0.3 | 721.80 | 72662 | 731.40 | 733.77 | 736.13 | 740.81 | 74545
-0.1 | 72691 | 731.69 | 73643 738.78 | 741.11 | 74576 | 750.36
0 17204573421 7383 | 74127 | 74359 | 74822 | 752.80
0.1 | 731.98 (73672 | 741.41 | 743.74 1 746.06 | 75067 | 755.23
03 | 737.01!741.71|746.36 | 74867 | 750.97 | 75654 | 760.06
05 |74200| 74665 | 751.27 | 753.56 756.84J760.37 764.8(1

Table 2. @ = @ ey - V(0h), without

considering plate weight, case A (N=3)

I
ae l 05| 03| 01t 0 | 01|03 05

05 | 41375] 41656 | 41934 | 42072 | 422,10 | 42482 | 42753
| 03 |41673| 41951 {42227 | 42364 | 42500 | 427.70 | 430.38
01 | 41068 | 420,44 | 42517 | 42653 | 427,88 | 430.56 | 433.22
0 |421.15| 42890 | 42662 | 427.97 | 42931 | 43198 | 43463
01 | 426142534 | 42805 | 420.40 | 43074 | 433.40 | 436.08
{ 03 | 42551 42822 {43091 | 43224 | 43357 | 436.21 | 43882

05 |[428.39|431.08|433.74 | 435,07 | 436.38 | 439.00 | 441.50

Table 3.

W =

W (real) *
considering plate weight, case A (N=5)

V(oh),

without
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2] s o | o1 | 03 \ 05
__:N_“A_J o
05 | 050 2590|3696 | 2907 | 31,16
03 | 22® PB15| 2921 | B1.Y | 3038
01 | 2509 3030 | 331.44 | 3052 | 3557

0 |32 BI51| 3255 | 3462 | 3666

ol | 273 261 | 33365 | 38671 { 30775

03 | 2960

05 | 3183

Table 4. @ = Weay - V(oh), without
oonsnderlng plate wetght case A (N=7)

. -
2| 08

.
05 |27086
03 | 27281
0.1 27474
0 |20
o1 |o76e6
03 |27856
05 |28044
Table 5. w = @ (real) * \((ph), without
considering plate weight, case A (N=10)
az\"‘ 05! 03] 01] 0 | o1 | 03] 05
S S I N
05 | 22662 228.16 | 22068 | 23044 | 231.19 | 23068 | 234.16
03 2282522977 | 231.29 | 232,08 | 232.78 | 234.26 | 235,73
0.1 | 22987 |231.38 | 232,68 | 23362 | 234.36 | 205,83 | 237.28
0 |23067 {217 | 23367 | 23441 | 235.14 | 206,60 | 208,06
01 | 23147 | 2097 | 23645 | 236,19 | 2% | 23738 | 2882
03 | 23006 23455 | 2062 | 23675 | 237.47 | 282 | 24035
05 | 20464 | 206,11 | 20757 | 23829 | 20001 | 24045 | 24187 |
Table 6. @ = @ (real) * ( Ph), without
considering plate weight, case A (N=15)
]
05 | -03 } 01 o | ot \ 03 | 05
18503 | 18629 | 187.53 | 188.15
186,36 | 18761 | 188.84 | 183.45
1 | 187681 188.92 | 190.14 | 190.75
0 | 18334| 18057 | 190.79 | 191.39
01 |18399] 19022 | 191.43 | 19208
03 | 1902919150 19271 | 19630
| 05 [ 19158 19278 | 19897 | 19456




Table 7. @ = wqe * V(oh), considering Table 1. @ = @e " V(poh),

plate weight, case B (N=0) considering plate weight, case B (N=7)
el Sal

@ 05 | 03|-01] 0 |otloal| as o205 03| 01| 0 | o1 ] o3| o0s
-05 | 15341 | 15400 | 15459 | 1551.8 | 1567.6 | 15635 | 15603 05 |267.21| 26008 | 27084 | 271.74 | 27263 | 274.41 | 276.16
-03 | 15459 | 15618 | 15576 | 15635 | 15683 | 1575.1 | 15808 03 |2ep1a| 27095 | 27274 | 27363 | 27452 | 276,97 | 2TB R
0.1 | 1557.7 | 15635 | 15693 | 1575.1 ) 1580.8 | 15866 | 1592.3 -0 | 271.06 | 27285 1 27462 | 27550 | 276.38 | 278.13 | 279.85
0 | 15635 | 1569.3 | 15751 | 15808 | 15866 | 152.3 | 1598.0 0 |or00!|z7379 ! 27856 | 27644 | 27731 | 270.06 | 280,77
0.1 1560.3 | 15751 115808 | 15866 | 15023 | 15980 16087 01 | 27296 | 27473 27649 | 27736 | 27823 | 270,96 | 2B1 68
03 | 15608 | 15666 15023 | 15680 1600.7 | 160331 16150 03 | 27483 | 27650 | 278.34 | 27021 | 280,07 | 281.79 | 280,49
05 | 15823 | 15080 | 16037 | 1600.4 | 16150 16206 | 16262 05 | 27670 | 27844 | 280,18 | 281 0 | 281 80 | 28360 | 286,28

Table 8. @ = w ey * V(0h), considering Table 12. @ = @y - V(o N),

plate weight, case B (N=1)

.
.\a 1

a2 ™

-05

-0.3

0.1

0

0.1

03 0.5

-05
-03
-0.1
0
0.1
03
05

686525
660.07
664.84
667.21
668.57
67427
67892

650.87
664.65
669.38
671.73
674.08
678.73
6836

664.45
669,19
67388
676.21
678.54
683.16
687.75

666.72
671.44
876.12
678.44
680.76
635,26
680.93

6689
67368
67834
680,66
68298
687.56
610

67348 67796
678.14 | 68256
68276 | 687.14
685,06 | 6802
687.35 | €91.70
691.90 | 69621
69642 | 700.70

Table 9. @ = @ (e * V(o h),
plate weight, case B (N=3)

considering

a

a2 ™,

' 05

03

R

0

01

03 | 05

-05

-03

-01
0
01
03
05

406.51
409.37
41221
413.62
41503
“78
420.59

Ar87
41072
41356
41495
416.35
419.13
42189

400.2
41206
41488
41627
41767
42044
42319

411.91 ) 41457
41472, 4176
41751 | 420.13
41890 421.51
42020142288
42303 | 42561
42576 | 428.31

considering plate weight, case B (N=5)

al
a2 ™~

-05

-0.3

01

0

Q1

03 05

-05
-03
-0.1

01
03
05

31448
31676
31901
32013
125
32346
32566

31664
31889
1.13
3224
23%
554
7.7

31877
321.01
3.2
4.3
36.42
37.61
32877

31983
X206
427
325.36
3646
32863
3079

32088
X310
530
640
3748
32965
331.80

298| X505
2518 | 7.8
3736 | 32040
2844 | 3047
32082 3315
33167 | 3068
33381 | 305.80

considering plate weight, case B (N=10)

n\a!

a2

-05

-03

0.1

0

0.1

03

05

-05
03
0.1

278
22911
23069
28147
%
2338t
256

ax2
22985
231.43
222
229
23453

23607

Table 13. w= W (reat) ° V(ph),
considering plate weight, case B (N=15)

\'\ al
a 2\\

~05

03

-0.1

0

0.1

03

05

-03
-0.1
0
o1
03
05

-05

183.86
185.18
186.50
187.16
187.80
180.09
190.37

186,11
18642
187.73
188.37
18w
190.30

191.57

18636
18766
188.95
1905
190.23
191.50

192.76

186.97
18826
189.56
190,19
190.83
19209

198,35

187.58
188.87
190.15
19079
19142
192.69

198.94

188.79
190.08
191.35
19198
192.61
193.86

196,10

190.00
191.27
19253
190,16
193.78
196,03

196.26

Table

14. w{(caseB) / w (case A):(IN=1)%

el

a?l o

-05

-03

-0.1

0

0.1

03

05

-05
~03
-01
0
0.1
03
05

HA3
9145
HA46
9147
947
9149
91.50

9146
9147
91.48
9148
91.50
91.51
91.52

91.48
91.49
91.51
91.51
91.52
91.53
91.54

91.40
91.51
91.54
91.82
91.53
91.54
91.56

N80
9.5
91.53
91.54
91.54
91.55
91.57

91.53
91.54
91.56
91.5
91.56
91.58
91.59

9156
9.5
91.57
91.58
91.58
9t.60
91.61
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Table 15. @ (caseB) / w (case A);IN=5%

JR—

591 o5 | 03| 01 o | o1 | 03| 05

a2\\\
-05 | 9810
03 | 98.13
01 | 9813
0 | 913
01 | 9813
03 | 914
05 | 98.14

9%B.14
98.14
B.15
98B.15
9B.15
.15
9B.15

98.15
98.16
98.16
98.16
9%8.16
9®B.17
%817 |

98.13
98.13
98.14
98.14
98.14
98.14
96.15

98.14
98.14
98.14
9%B.14
B.15
.15
98B.15

98.14
%815
B.15
98.15
98.15
9,16
98.16

98.15
.15
98.15
98.16
8.16
98.16
98.16

Table 16. w (caseB) / w (case A );(N=10)%

al
fr a2\\ 05 | 03 l 0.1 0 0.t 03 05
| 05 | 9905 | 9905 | 906 | 99.06 | 99.06 | 99.06 | 907
03 | 9905 | 99.06 | 99.06 | 99.06 | 93.06 | 99.06 | 9.07
0.1 99.05 | 99.06 | 98.06 | 99.06 | 99.06 | 99.07 | 9907
} 0 99.06 | 9906 | 9906 | 9906 | 9906 | 99.07 | 99.07
po0 99.06 | 9906 | 99.06 | 99.06 | 99.07 | 99.07 | 99.07
| 03 | 9906 | 9906 | 9906 | 9907 | 9907 | 9907 | 99.07
‘ 05 | 906 | 9.06 | 9907 | 907 | 907 | 99.07 | 907
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