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A model based on two coupled generalized Langevin equations is prop。왾ed to investigate the /rans-stilbene photoiso­

merization dynamics. In this model, a system which has two independent coordinates is considered and these two 

system coordinates are coupled to the same harmonic bath. The direct coupling between the system coordinates 

is assumed negligible and these two coordinates influence each other through the frictional coupling mediated by 

solvent molecules. From the Hamiltonian which is equivalent to the coupled generalized Langevin equations, we obtain 

the transition state theory rate constants of the stilbene photoisomerization. The rates obtained from this model 

are compared to experimental results in n-alkane solvents.

Introduction

The photoisomerization of 纳次-stilbene has attracted con­

siderable experimental1'8 and theoretical9'12 interests due 

to the fact that it provides a practical testing ground for 

theories of activated barrier crossing processes occurring in 

solution. In theoretical approaches to barrier crossing,15 

the dependence of reaction rate on solvent friction can be 

considered to have two phases. At very low friction the rate 

of energy accumulation in the reaction coordinate may be 

rate-limiting and the reaction rate will increase with increas­

ing friction. At high friction regime the frictional effects re­

sulting from multiple barrier crossing and recrossing begin 

to dominate and the reaction rate begins to decrease with 

increasing friction. Therefore a peak known as the Kramers 

turnover should exist in the variation of rate with friction. 

In the low viscosity regime there has been an effort to detect 

this maximum, and it has been only observed in pressurized 

gases but has not been observed in low viscosity liquid.516

The experimental situation of stilbene isomerization in al­

kane or alcohol solvent corresponds to high friction regime 

of Kramers theory. In this regime, there have been attempts 

to explain the effect of the medium on the isomerization 

rate in terms of the Kramers theory since Hochstrasser's 

initial application.117 The Kramers theory is based on the 

concept of a Brownian particle escaping over a one-dimen­

sional potential energy barrier along a potential energy curve 

that is piecewise parabolic For the application to the trans- 

stilbene isomerization, the Kramers equation for the rate 

constant gives

辰a=(W既)(8/23'){[1 + (徧78)邛/2-i}厂时打 (1) 

where Eb is the barrier height,and id' are the frequencies 

of the initial well and the curvature at the top of the barrier, 

respectively, and 0 is the reduced friction coefficient. Kra- 

mers' theory does not have the correct curvature necessary 

to describe the experimental results. It was found that the 

experimental results could be fitted very well to a viscosity 

dependence of the following form2,3

瞄 = 쓸 exp(-Eb/kT) (2)

where n is the solvent viscosity, A is a viscosity-independent 

constant, and the activation energy Eb is obtained by isovis­

cosity plots where the temperature is changed but the vis­

cosity is held constant through the use of different solvents. 

The value of the empirical exponent a is typically between 

zero and unity.

Possible factors that result in the deviation from Kramers' 

theory are non-Markovian effects,14,15,18 complicated interrela­

tion between the microscopic friction and macroscopic visco-
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Hgure 1. The system coordinates of frans-stilbene.

sity,4 the solvent variation of barrier heights,16 and th은 multi­

dimensional nature of the reaction system,919 etc. In particu­

lar, Agmon and Kosloff9 have pointed out that if there is 

a transverse degree of freedom coupled strongly to the reac­

tion coordinate dynamics, then the fractional dependence of 

rate on viscosity may arise.

In this paper we propose a model theory to treat the pho­

toisomerization of ^nzns-stilbene placing a focus on its multi­

dimensional effects. The motion of #mws-stilbene is composed 

of the internal rotation about the ethylenic bond (reaction 

coordinate, q) and the torsional motion around the bond join­

ing the phenyl ring to the ethylenic carbon (perpendicular 

coordinate, z). Here for the phenyl ring torsion it is assumed 

that the two rings are moving with the same degree as 

shown in Figure 1. Multidimensional effect, or the influence 

of the phenyl ring torsions described by z coordinate on 

the rate of the isomerization described by q coordinate, is 

thought to stem from the frictional coupling between these 

two types of motion. That is, we assume that the dynamics 

of fraws-stilbene can be described as a system with two inde­

pendent coordinates which are coupled to the same bath 

of harmonic oscillators. In contrast to Agmon and Kosloff,9 

we neglect the direct coupling between the two reactant 

modes via any coupling potential. Instead, the inodes are 

hydrodynamically coupled in an indirect way through the 

bath. Then we can construct two coupled generalized Lange­

vin equations for the two system coordinates respectively 

and calculate the reaction rate through a normal mode analy­

sis from the Hamiltonian which is equivalent to the coupled 

generalized Langevin equations (GLEs).20,21

This paper is organized as follows. In Sec. II, we describe 

the GLEs and corresponding Hamiltonian and derive the 

rate expression through a normal mode analysis. In Sec. Ill, 

we suggest a model of the frictional coupling and apply it 

to experiment지 results. Finally various aspects of this ap­

proach are discussed in Sec. IV.

Theory

A. Basic formalism. A system which has two indepen­

dent modes is considered. As described in the introduction, 

the two system coordinates are coupled through frictional 

forces, and thus the equation of motion on each coordinate 

may be written as

Mq^+ 이*。--卜 M LpTYq (t - T)^(T)

(t-g)=M) (3)

M2z+ 이拱 +M r)亦)

+ (M,M)I/2J^«-T)9(T)=rX0 (4)

where q and z are the system coordinates. And, 丫*) and 

K(t) are the time-dependent friction acting upon q and z, 

respectively. Vq(t) and r2(0 are fluctuating forces upon q 

and z coordinates. Mq and Mz are the effective masses asso­

ciated with coordinates q and z moving in the potential field 

of V\ (q) and V2 Cz), respectiv이y. 丫骅 (f) represents the frictional 

coupling between the two system coordinates. These equa­

tions can be shown to be equivalent to the equation of mo­

tion derived from the Hamiltonian of the following form20

H=最+吾.+%，。

+ 状 [쑙 51音 )] ⑸

where (环 />>) are the coordinates and conjugate momenta 

of the jth bath oscillator with mass w； and frequency 

The coefficients and c甘 couple the jth bath oscillator to 

the system coordinates q and z, respectively. The coupling 

between the two system coordinates in the potential energy 

surface is neglected. Thus,

V(q, z) = K(g)+V2⑶ (6)

From the Hamiltonian of eq' (5), the equations of motion 

for the system (pq, pZi q, z) may be written exactly in the 

form of two coupled generalized Langevin equations under 

the following conditions. The time dependent friction is iden­

tified as

N -2.
的)=,看由諸再cos頌 ⑺

N Z
汆*硕 ⑻

The Hamiltonian representation of the time dependent fric­

tional coupling is

財)=言(M跡函cosM ⑼

The random forces are given in terms of the initial condi­

tions of bath variables 你0), />y(0)) as

1迫)=一备。｛侦0)+；斜(0)

+ 湍萨0)]cos3#+提 sig r｝ 

1、0=-昏“｛侦 0)+읎贸 (0)

+ 為 z(0)]cos 四-篮 sir® 4

(10)

(11)
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These two fluctuating forces R(£) and 1^(/) are Gaussian.20 

If one consider a bath that has equilibrated at £=0 in the 

presence of the system,20 the appropriate initial bath distri­

bution in phase space is given by

PEz(O),力(0)］=ZT厂圈/" (12)

where HB is the bath Hamiltonian,

%=言際*離+ 요忠의】 (13)

With this distribution, the fluctuations rq(t) and ］二。)are zero 

centered:

<L(£)> = <□(£)> = 0 (14)

By direct calculation using eq. (12), we can obtain the fluc­

tuation-dissipation relations20 for each system coordinate

<r/or9(v)>=kTM^q(t-x) (15)

<rz(or2(r)> =kTM2yz(t-x) (16)

The correlation of the fluctuating forces 】二(£) is express­

ed explicitly as follows

<r?«)n(r)> =kT(M^)1/2 (17)

If the right hand side does not vanish, the fluctuating forces 

on the q and z coordinates are correlated each other.

B. Normal Mode Analysis. Of th은 two system coordi­

nates, -coordinate is taken to be the reaction coordinate 

and z-coordinate a perpendicular coordinate. Along the reac­

tion coordinate q, the potential is assumed to be harmonic 

and the barrier is located at q=q*

V血)=**—诚 9—”)2 (18)
厶

Along the z-coordinate, the potential is given by

楼⑵碇2 (19)

where 时2 and (房2 are curvatures along the reaction coordi­

nate and the perpendicular direction, respectively, at q=(广 
on the potential energy surface and V* is the height of the 

barrier. When we loc가e a well at g = 0, the potentials along 

each coordinate are given by

V的=%M禅f (20)

丫女)=$此3繆 (21)

where(诺2 and co? represent curvatures along the reaction 

coordinate and in the perpendicular direction, respectively, 

at q=0 on the potential energy surface. In eqs. (19) and 

(21) the interaction of the two system modes can be taken 

into account implicitly to some extent by using different val­

ues of curvature,(蘭2 and(o^.

Using the standard techniques,21 we first transform to 

mass-weighted coordinates

< =、国展 Z x,j=y/m^Xj (22)

如쑝 +쑝 +W)+W)+土*［伪+祝

+ 為 技r新 &,+由좄紀 2

+i즚矿，七对為' 心'］ (23)

Diagonalizing the (N+2)X(N+2) force constant matrix K 

with respect to the mass-weighted coordinates, one can prove 

the following identities21,22

• N+l N
det(X*)=—入了 IIA*z=-id7(貞 (24)

i=1 i=l
N+l N

det(K°) = X：2 a)：2n(of (25)
i=i

where K° is the second order derivative matrix at the well 

and X* at the barrier.

The transition state theory rate is given in terms of the 

product of all stable mode frequencies at the minimum and 

the inverse product of stable mode frequencies at the saddle 

point, respectively.21 Using eqs. (24) and (25) we can write 

the rate as

如 소 導 exp( —隔) (26)

zn (%(o2

Using the relation

det(U—X#) = 0, (27)

we can express the positive-valued, unstable normal mode 

frequency 舄 in terms of the frictional kernel or its Laplace 

transform as

［入7+入5g(X) - 勺［入;2+入;乏(入：)+(O*2］ 一 ［入3弊(入)］2=0 (28)

If we determine the explicit forms of the friction kernels 

for the system coordinates and the type of the frictional cou­

pling, we can obtain the unstable mode frequencies as the 

largest positive solution of eq. (28) and calculate the rate 

using eq. (26).

Applications

A. Frictional Coupling. To apply the formalism de­

scribed in the previous section to the photoisomerization of 

^rains-stilbene, we should first construct a proper model of 

the frictional coupling which connects the two coordinates 

of the system. The Hamiltonian shown in Sec. II does not 

have any parameter which represents the explicit coupling 

between the two system coordinates, q and zt but the form 

of the Hamiltonian is made such that the mutual influence 

between q and z coordinates increases as the couplings be­

tween these and the bath coordinates increase. That is due 

to the fact that we neglect the direct coupling between the 

two system coordinates and assume only the existence of 

the indirect interaction through the bath oscillators.

The Hamiltonian representations of the friction kernels, 

eqs. (7)-(9), are multiplied by cos c” and integrated over 

t to give

Then the Hamiltonian can be written as
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Jj")cos3#=蜀舔 (29)

Ao yr
I dty2(t) cos co/=—5날 (30)
Jo ' 十 2Mz m縱

J"t)cosg标时端 (31)

Comparing these three equations, one can obtain

[ Jo”시')cos (이 = [ Lcos(*#] [ Jpt*) cos 做] (32)

In the continuum limit, integration in the bath frequency, 

(D, gives

(co /oc
J d(a j di j 村'驛(t) 丫诉。')cosarf cos 做'

Yi(f)coscofcosa)Z,

Using an identity23

j°d(o cost나 cos o# = 号 8(t—f) (34)

we finally obtain

忠)]2 = jpt Yq(t) * (0. (35)

This is the relation between the friction kernels on the two 

system coordinates and the frictional coupling between them. 

This consequence means that eq. (35) is assumed implicitly 

when we write the coupled generalized Langevin equations 

as eqs. (3) and (4).

B. Application to Experimental Results. In the mo­

del proposed in the previous section the explicit forms of 

the time-dependent frictions are assumed to be exponential 

functions

Y9(0=-^-exp( - (36)

Ti

yXO=끔 exp( -1/6 (37)

Y*)=-^-exp( -1时 (38)
P，c

where y is the friction coefficient and x is the relaxation 

time of the ^medium. Substitution erf these equations in eq.

(35) gives the following result: 〜一

若= 끠咨 (39)

2rc Ti+t2

From this relation we assume that the parameters for the 

frictional coupling are given by

Y?=YiY2 (4。)

The relation between the friction coefficient and th은 solvent 

shear viscosity is given in the hydrodynamic model예12

wM (42)

Table 1. Basic data for the bzzws-stilbene isomerization 

d(A) r(A) A^XIO-45 kg"mz JW^XIO-45 kg*m2 co^XlO13 s-1 

3.7。2.5s 4.33* 0.37， 0.89伊

Reference 1. Reference 26. Reference 19(b). d Reference 25.
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Rgure 2. Plot of the reduced isomerization rate vs. the shear 

viscosity for stilbene in normal alkanes: O experimental results 

from ref. 1. — present model calculation.

(43)
87미妒

where a stick boundary condition has been chosen and t* 
is the solvent shear viscosity. is a reduced moment of

the rotation around the ethylenic bond and Mx for the torsion 

of the phenyl rings, d is the hydrodynamic radius of a sphere 

which corresponds to a phenyl ring and r is distance from 

the rotating axis. The values of these parameters used in 

the calculations are listed in Table 1.

To calculate the unstable mode frequency, X, using eqs.

(40) and (41), eq. (28) can be recast as follows

X2히血 =n
[1 +入而危2)/2]2 —U (44)

To solve this equation for the unstable mode frequency, X, 

we need to determine the curvatures of the potential energy 

surface of ZnzMS-stilbene at the barrier. For the value of the 

transverse mode frequency,(o*, we use the estimate obtained 

by Spangler et 시.25 from spectroscopic data. The value is 

listed in Table 1. The value of co； is assumed to be the 

same as(o].

Hence there remain four adjustable parameters, rb r2, 

and 矶，which are fitted to the experimental results. The 

fitted curve is shown in Figure 2 with experimental results 

for frans-stilbene in n-alkanes taken from Rothenberger et 

al) The solid line in Figure 2 is obtained with the following 

parameter values ：Ti=0.10 X 10~13 s,r2 ― 3.45 X 10~13 s,(d；=057 

X1013s-\ 矶=4.9X10%t.
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Discussion

In this paper, we do not treat the solvent effect on the 

height of the potential energy barrier. Velsko et 시.”'雄 show­

ed that, for the cases of diphenylbutadiene in n-alkanes and 

the dye m이ecule, DODCI, in M-alkyl alcohols, the potential 

energy barrier effects could be separated from the dynamic 

solvent effect in the reactive process. This separation of static 

and dynamic solvent effects is not always possible.28,29 

But for the case of ZraiMS-stilbene in «-alkane solvent1^7 it 

was possible to extract the activation energy from the slope 

of the isoviscosity plot. Hence in the present work only the 

pre-factor of the rate expression, eq. (26), is compared with 

the corresponding experimental results.1 As shown in Figure 

2, there is a good agreement between the model and the 

experimental data except in the low viscosity limit.

Of the four adjustable parameters, q r2,说 and 城，the 

three parameters, ■匸2, and 瓦 determine the shape or cur­

vature of the rate versus solvent viscosity curve. The reason 

is that in the pre-factor of the rate expression only the un­

stable mode frequency, X, has the viscosity dependence and 

the relation used to obtain the unstable mode frequency, 

eq. (44), includes only these three parameters, coj can change 

the absolute magnitude of the rate but not the shape of the 

curve.

The validity of eqs. (42) and (43) depends on the relative 

size of solvent and solute. In the experimental data used 

in Figure 1, the size of the solvent is changed when the 

viscosity is changed. As the size of solvent starts to exceed 

that of the solute, the validity of the hydrodynamic relations, 

eqs. (42) and (43), is rather ambiguous. There has been effo­

rts to mod이 the modified form of the friction in the one 

dimensional Kramers theory in order to consider the effect 

of solvent size.4,31 But these efforts are not satisfactory. Trea­

ting the solvent size effect rigorously needs some microsco­

pic theory and that is another problem. In this work, we 

take the exponential form as the friction and assume the 

form of hydrodynamic relation between the solvent viscosity 

and the friction coefficient. So, the quantities in eqs. (42) 

.and (43) can be regarded as parameters adjusting the effect 

of solvent size to some extent.

From the result described in the previous section, the fric­

tion kernel for the reaction coordinate dynamics decays fas­

ter than that for the transverse mode. Unfortunately there 

is no experimental data to compare with. The calculated val­

ues of the relaxation times in both modes are very small. 

But we cannot say from this fact that the friction is time­

independent in this formalism because the eqs. (36)-(38), (42) 

and (43) are very crude approximations. In order to clarify 

this point better, the friction kernel should be modeled by 

a more realistic form.

As mentioned by Spangler et al^5 the frequency of phenyl 

ring torsion of Znzws-stilbene in the excited state is 47.7 cm-1 

which is converted to 8.98X1012 This transverse mode 

frequency is not expected to change much as going along 

the reaction coordinate from the well to the barrier region. 

Hence we use this value for both cd° and cd； The frequency 

of the ethylenic C-C torsion in Zraws-stiibene calculated by 

Warshel30 was approximately 400 cm-1 which is converted 

to 7.5 X1013 s-1. This calculated value is comparable to the 

矶 value obtained in the present work. Note, however, that 

the cdJ value obtained is 0.57X1013 s-1 that is much smaller 

than 矶.This means that in the barrier region the curvature 

of potential energy surface along q becomes much smoother 

than in the well region. And this is the same conclusion 

as the previous one dimensional Kramers theory. The barrier 

frequency in the one dimensional Kramers theory with the 

frequency-dependent friction is 0.15 X1013 s-1 by Rothenber- 

ger et al) The barrier frequency in this work is roughly 

four times larger than that in the previous one dimensional 

Kramers theory. So we can say that when the transverse 

mode is taken into account the barrier become less smooth.

In this work, the coupling between q and z coordinates 

on the potential energy surface is ignored. But, as shown 

in eq. (5), the total Hamiltonian has the coupling term be­

tween q and z coordinates. The distinctive feature of this 

coupling term is that its strength is proportional to the 

strength of the interaction between these and the bath coo­

rdinates.
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Thermodynamic Properties of Caffeine in Compressed Gas
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The solubility of caffeine in compressed carbon dioxide has been measured to determine its fugacity coefficient between 

330 and 410 K up to 500 bar. The result allows the calculation of the thermodynamic excess functions such as 

the molar excess enthalpy, the molar excess free energy, and the molar excess entropy. The pressure variations 

of the molar excess functions of caffeine in the caffeine-CO2 mixture were discussed and also compared them with 

those in the caffeine-NH3 mixture.

Introduction

The solubility of a solid in a gas at law pressure is given 

by the vapor pressure of the solid. According to the Raoulfs 

law and the Dalton's law, the following relationship holds 

for the solid component in the gaseous phase at low pres­

sure.

y2P=x2P2 (1)

where y2 is the mole fraction of the solid component in the 

gaseous phase,趴 in the solid phase, and P is the total pres­

sure of the gaseous phase and P/ is the saturated vapor 

pressure of the solid component. Since we can assume that 

the mole fraction of gas in the solid phase is negligible at 

low pressure, the solubility of a solid in a gas is just the 

ratio of the vapor pressure to the total pressure. As the 

total pressure rises, equation (1) fails because of nonideal 

mixing in the gaseous phase which causes the fugacity of 

the solid component to be significantly different from its par­

tial pressure. At higher pressures above the critical pressure 

of the gas, the nonideality of the gaseous phase becomes 

important in determining the solubility of the solid compo­

nent.

There exist some partial data for the solubility of caffeine 

in carbon dioxide. They are the data up to 200 bar by Stahl 

and Schilz1 and 나re data up to 160 bar by Ebeling and Franck.2 

There is also an equation for the solubility of caffeine in 

COz in order to evaluate the interaction virial coefficients 

between caffeine and CO2 by Lentz et al.3 This work reports 

the data on the solubility of caffeine in compressed carbon 

dioxide between 330 K and 410 K up to 500 bar and uses 

them to determine the thermodynamic excess functions of 

caffeine due to mixing.

Thermodynamic Relationships

A binary system at temperature T and total pressure P 

consisting of caffeine as a heavy component 2 and carbon 

dioxide as a light component 1 will be considered in the 

present work. At equilibrium the distribution of the heavier 

component between the two phases of solid(S) and fluid(F) 

is governed by the Gibbs relation

f/=f/ ⑵

The fugacity of caffeine (component 2) in the fluid phase 

is related to its mole fraction by

(3) 

where 0 is the fugacity coefficient of caffeine in the fluid 

phase and is its mole fraction. On the other hand, if the 

mole fraction of a gas in a solid is negligible compared with 

unity, then the solid phase is considered to be pure and 

the fugacity of caffeine in the solid phase is given by

碱 exp[J,籌 dP\ ⑷

where 眼 is the fugacity coefficient of the pure caffeine vapor 

and it is similar to unity because of the very low vapor pres­

sure of pure caffeine. V/ is the molar volume of solid caf­

feine. Since we can assume V/ to be independent of pms- 

sure, equation (4) is rewritten


