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in the outer conductor of coaxial waveguide
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Abstract

A characteristic mode theory for longitudinal slot of arbitrary width in the outer conductor
of coaxial waveguide is applied for calculating the characteristic magnetic currents, the
characteristic fields, and the fields everywhere(inside and outside the
guide, and in the aperture region). Numerical results of the equivalent magnetic currents and
the radiation patterns are compared with those obtained by use of the method of moments.

radiation patterns,

I . Introduction

Recently, a characteristic mode . theory was
developed to treat aperture problems. A general
procedure for formulating problems involving
electromagnetic coupling through apertures in
conducting bodies is given in [1].

Aperture problems concerning the axial slots
on circular cylinder have been considered by

many previous investigators by use of the
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slot

characteristic mode formulation'®®' or dual
]

formulation'*’ . the

waveguide

series However corre-
sponding problem of the coaxial
structure has not been reported, from the
viewpoint of characteristic mode theory, so
far.

In this work. the problem of a longitudinal
the of

waveguide whose geometry is well suited to

in outer conductor coaxial

the coaxial leaky waveguide is treated using
characteristic mode theory when the slot is
illuminated by a transverse electric plane
slot.

wave to the axial The characteristic
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currents obtained are the solution here to an

weighted matrix eigenvalue equation re-

presenting the continuity of the tangential

magnetic field in the longitudinal slot. The
equivalent magnetic current in the slot, the
characteristic field, the total fields in the

internal and external region of the coaxial
waveguide are all determined. And numerical
results of the equivalent magnetic current are
compared with those obtained by use of the
method  of Good

correspondence is observed between them.

conventional moments.

0. Formulation of the problem

The geometry under consideration is shown
in Fig. 1. The axis of the coaxial waveguide is
in the z-direction. The inner(outer) radius of
waveguide is a(b) and the coaxial
is filled with dielectric of

relative permittivity e,

coaxial
region(region 1)
and exterior region

(region II) is the free space.

1y
region I .
& \ L{_'
_®
9, A
regien I
€0 ¢
- P X
-9,
a8 1. 2 2 #AFA
Fig. 1. Geometry of the problem and

coordinate system.

A coaxial waveguide having a longitudinal
slot of half angle ¢, at p=4 is illuminated by
a TE polarized plane wave. The incident TE
uniform of unit

wave is assumed to be

FHE It

amplitude and time factor ™ is assumed and
suppressed throughout.

In cylindrical coordinate system (e, ¢,2), the
incident magnetic field H is taken to be
(1)

i o tkees(é @ __ o s -
H'= 2™ “= 2, 31 j"Llkp)e™*
»:

where 2z, is the unit vector in the z-direction
and ¢ is the angle of the direction incoming
incident wave and J.(-) are called Bessel
function of order n and k=wy u.e,.

The equivalence principle is used to divide
the original problem into two coupled parts.
This

itudinal slot with an infinitely thin curved

is accomplished by closing the long-
conducting strip and placing the magnetic
right-hand side of the
—M on the left-hand side of

current M on the

closed slot and
the closed slot.

To represent outward-traveling waves,
field by the

must be of the

the
scattered magnetic cylinder
without longitudinal slot A

form

=z, 2 _j"TH (kpoe™? (2)

where I, is

Ju' (ks b)

Fn = I7& n(zj('k‘g_b) ( 3)

and H®(.) are called Hankel function of
second kind of order n and hence the total
magnetic field by the cylinder without
longitudinal slot is is given by
' DR - T W (ko &) m(p—a)
w=ieir= 2 3 il nho - il B o) oo
(4)
In the coaxial region (a<p<h) the z-
component .of the magnetic field can be

expressed in terms of the equivalent magnetic
current at the slot as follows:
kb

2x
HM) =507 [ " MA6)G 0. 416 8

(5)

(892)
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where
Gilp, ¢, 8 ) = é nim w"(klwp)j"(k‘p') (6)

0,(k0)=H b o)H Pkya)—H P a)HP (ko) (7)
O, (k1 p)=H (ki 0 YH Pk 8) — H P 0)H P (ko) (8)
A=H L DH Plkia)—H Py ) H Pk b) (9)

Here & =wfues,, m=1201ye,. and HW, H? are
the n-th order Hankel functions of the first
and second kind respectively and B Px-
4 HO).

Similarly, in the exterior region(e># the
z-component of the magnetic field is expressed
as

B M) =2 [P 16160, ¢ a8 (10)
72 JO
,where

. e H(Z)(kp)
VO ) H," (kR ,
Glo. ', 9) = 4 T rmhs @lke)  (11)

Q,(ks0) = HP (ko )H Plyb) —H Py EP (o). (12)

The continuity of the magnetic field at the
slot (4l<¢, and po=b) requires that

Hi+ H(M)= H(-M,) 161 < By (13)

Thus an exact integral equation for the

equivalent magnetic current can be obtained
from (3), (5), (10), and (13) as follows:
P - vL 5%’21%] ftht(qb')eW’dqb'ew

(14)

z

_2 i e
Thob o H Dby €

where

Ok ) = HOOH P ~H Pl dHPkp)  (15)

0. (kD) = H D OH D) ~H Pl Pk, (16)

This operator equation (14) is written in the
form

Y(M)=1. (17

E32% AR B TH 25

The operator Y(M) in (17) is written as the
sum of real operator G(M) and imaginary
operator jB(M).

One method to solve an operator equation of
the form (17) is to obtain a modal solution in
terms of eigenfunctions of the operator. These
eigenfunctions can be orthogonal with respect
to two operators if we introduce a weight
operator into the eigenfunction equation.
From a property possessed by G. this weight
operator must be positive definite. Define a
set of eigenfunctions M, (m=1,2.3,"...1) and

let

My, ,D

T Mn (18)

where the coefficients V. are to be
determined and M, is the m-th characteristic
current.

Hence, we consider the following

generalized eigenvalue equation
Y(M,) = ynG(M,,) (19)
where v, are eigenvalues and M, are the
eigenfuctions. Let
Ym=1+jbn (20)

and substitute this and (20) into (19), then
the m-th characteristic current M, satisfies

the eigenvalue equation

B(M,) = b,G(M,) (21)

where b, are real and G(M,). B(M,), and |

are given by

M) = j m[ X,Cf ng  Y,cos nd;Z.sin né ] J;ZXMM(¢')COS b
4 ,.im[ X,.s: ng  Y.sin mp_;;zﬁ@] J:xM..(sié')sin b db
(22)

BMy= & m[ ,}S.nﬁ;!"ﬂ‘; _ !ﬂﬂﬂi Zfﬁz@,] f,)zme( ") oos i df
B[ L] [ s

(23)

sntl

_ 2 S jnt$—a)
1= py n;m_l(r—H',,z(kgb) e . (24)

(893)
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Here
X, = jn’(kla)Nn(klb)_]n(klb)Nn‘(kla)
" (k)N (kb)) =T, (k) BN, (k1a) (25)
y, = 2] (sd) ~N, G DN, (ko) ‘
" I, Wy b) + N, kpb) (26)
-2 1
2= Tkt T b+ N, () (27)
where N,(-) are called Bessel function of
order n.

To obtain an approximate solution, the m-th

characteristic current is expanded as

L
= ?‘:lUqu (28)
where /, are expansion functions. Substituting
(28) into (21) and taking the inner product
with each testing function f£,, one obtains the

following matrix equation:

2 Unely BUD = b B, Uiy (G

g=1

»=1,2,3,....L.
(29)
Next, the elements of matrix G and B are

defined as follows:

= X, y 2x 2 oo
G = n;m[ 771 - f fycos n¢f focos ng’ d¢’d
— cos né’ d¢’ d
o ”Z (30)
+ "Aim*— f frcos nqﬂf [osin ng’ do’ dp
> [ Xa sin nd di'dg
n=-c0) n
B, = f:u % I fycos n¢f focos n d' dd
& X,
Z [ a ”2 ] j 7,sin n¢f 1,008 ng’ de’dg ( 31 )
f: [ Xn } f fpcos nphxf fsin nd’ dé’dg
+ HE f fpsin ndf f.sin ng’ do’dg.

And then Galerkin solution is used. that is,
the pulse function is chosen for the testing
the
integration and to satisfy the behavior of the

functions £, in order to simplify

magnetic current at the edge of the slot.
These functions are defined as follows:

Lo 48 (32)

0 , elsewhere .

M2 moue tdd W EHuse A4 TESY 49

FAlE 5t

Substituing (32) into (30),
odd and even properties of the functions ,

(31) and using the
the

pa-th elements of matrices G and B become

Z z, — )1 — cos
= 082+4Z cosn{ ¢, ¢ng(1 cos nd) (33)

n=1 72

Y, 1 _cosn(g,~$,)1— cosnd)
e A{34)

where the angle subtended by each arc is
8=2¢,/(L—-1).
B, bn

secutively from (18),

After computing matrices G and
and U, may be obtained. Con-
the equivalent magnetic

current M, on the slot is given by

L

__2 &, 1 & &
M= Thob 2 Z=1 21 [ HP(kyb)

w1 1

+7bm
= ntl
e nz=1 nH,? (kyb) sin

U o
(35)

26 cosn(cﬁ,, g —a)

HE (HL)

characteristic currents M,(-M,) radiating in

The magnetic fields produced by
the environment of region II(I) with the slot
short circuited are called characteristic fields

of region II(I). The characteristic fields are

given by
HUM) = 3 3 XU
mr - 2mim =1 0 ma
2.9 e X g — 8\, 1
+ o HZ::NZ::K . U,m,cosn(‘ﬁ b, 2)sm 3
(36)
1, _ 1_ L ,Hnm(sz’),
Ha(M,)= 2771, 412:1 Hy @ (kb U ned
28 L HPke) AV
T Tem 21 B aH Py by U”“’S”(¢ $a 2)5'“ 2 -
(37)

The total magnetic fields are then defined as

I__ Y d
H/ = mZ=1V"‘H”’ , 0<p<h (38)
M
H'= 3 VuHn+H, K o. (39)

Here the constants V, are given in (18), H.
is given in (3), and #., and HY are given in
(36) and (37) respectively.

M. Numerical results

The scattering problem by a coaxial wave-

(894)
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guide with a longitudinal slot in the outer
conductor is solved using the characteristic
mode theory when the slot is illuminated by a
The char-

acteristic currents obtained are the solution

transverse electric plane wave.

to an weighted matrix eigenvalue equation
representing the continuity of the tangential
magnetic field in the longitudinal slot.

After computing the matrices G and B for
the case when ¢,=30° 5=0.058, a="5/2, &=1.6
the the
characteristic currents M, are obtained. The

characteristic values b, and
convergence of the characteristic values b, is
in Table 1.

lower order ones is observed to be faster than

shown The convergence of the

those of higher order ones as expected from
the study on the axially slotted cylinderm.

0.5 b

0.0 |

Magnetic current

1953 ~0.2l

8 0.00 0.28 0.56
ANGLE (degree)

a8 2. ¢,=30° W &£FoA 4719 BEAAF

Fig. 2. The first four characteristic cur-
rents for the slot when ¢,=30°.

E: 1. ¢o=30° 5=0.054, a=8/2, &,=1.6 o] &
Azke] =3

Table 1. Convergence of the characteristic
values. (8,=30°. 5=0.05i, a=5/2, &,=1.6)

i N bi b2 . b3 - b4 | b5

12 |-9.7974812 |135.6442896 |4316.205 |1814161.1 '91381570.0

16 |-9.8192061 |134.4093813 |4178.826 |1714133.1 |81817060.0

20 |-9.8316644 {133.7154868 (4137.527 |1665478.9 |7753310.0

24 |09.8410862 |133.1893176 |4094.796  |1633583.1 |74974530.0

26 |-9.8452497 |132,9543201 |4076.878 |1620639.6 |7408380.0

28 -9.8492171 '132.7293872 |4060.282 |1608877.9 |73165500.0 |
| o I DA

1o ¢ T T
£ —— REAL
£ of = 0° ---- IMAG
Py = 60"~ REAL
- Eo eeoee IMAG
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a8 3. ¢,=30"4 94 X4 F7 AIARF
Fig. 3. The equivalent magnetic
for the slot when ¢,=30°.

currents

a8 4.

0=0.756 0|2 ¢,=30°Y o FFAZ =3}
B Ul arle] BaA
Fig. 4. The first four chracteristic magnetic
fields inside the coaxial waveguide
when p=0.75b and $,=30°.

Fig. 2 shows the first four characteristic
currents. It is clear from the table that only
a limited number of &, are needed, the first
four values in this case, for an accurate
solution. These characteristic currents exhibit
the even and the odd properties and the

proper singular behavior at the edges.

(895)
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a3 5. p=3[ ml ol ¢,=30"Y W FTHFUE &
2 o) rella] a7)e] SHRA

Fig. 5. The first four chracteristic magnetic
fields outside the coaxial waveguide
when o=3[ m] and 6,=30°.

(a) (b)

18| 6. (a) =3[ ml . a=0°, $,=30°Y w ¥

A2 o4 Batsied

=3[ ml , a=0°, 4,=30°Yd W F

FAE ofFelr BAdAGY A

Ql =27

The radiation pattern outside

the coaxial waveguide.

(0=3[ m] , a=0" and ¢,=30°.

(b) The relative amplitude of the
first four characteristic ma-
gnetic fields.

4

-
RS

In Fig. 3 the equivalent magnetic currents

EE LA

obtained by characteristic mode theory for the
case of «=0° and 60° are compared with those
obtained by use of the MOM. It is seen that
two results are in good agreements.

Fig. 4 shows the first four characteristic
fields inside the coaxial waveguide at 0=10.755.

Fig. 5 shows the first four characteristic
fields outside the coaxial waveguide at
=3[ m] .

(a) (b)

28 7. (a) o=30 ml, a=60", 4,=30°% W F
FAIR 9F-olx Baloe

(b) o=3[ ml, a=60°, ¢,=30°Y o =
FAR 9Nor] BRI AlA
ql =7

The radiation pattern outside
the coaxial waveguide.

(p=3[ m] , a=60° and ¢,=307).

(b) The relative amplitude of the

Fig. 7. (a)

first four characteristic ma-
gnetic fields.
" 2. ¢o=30°Y W |H] 3 |HY
Table 2. Fields amplitude  |H] and |HY
(6,=30°).
a |H | ]
0 0.266 0.268
5 0.263 s 0268 N
0 | 0260 | 0266

Fig. 6 and 7 show the radiation patterns
and characteristic field patterns outside the
coaxial waveguide when p=3[ m] for the case
of =0" and 60" respectively. It is seen from
the Fig. 6b and 7b that relative contributions

(896}
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of higher order modes to the total radiation
pattern compared with that of the dominant
mode of the first four characteristic fields
vary as the incident angle e« varies. Table 11
shows the numerical results for |H)] over the
slot, from which it is seen that the numerical
results obtained here satisfy the boundary
condition representing the continuity of the
tangential magnetic field on the longitudinal

slot.

V. Conclusion

The scattering problem by a coaxial wave-

£ 32 %
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