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A Note on the Asymptotic Behavior of Toeplitz
Matrices

Kiheon Choi?

Abstract

The eigenvalues of matrix behave asymptotically like the eigenvalues of Toeplitz
matrix.

We begin here with a discussion of the asymptotic eigenvalues distribution of the Toeplitz
and asymptotically Toeplitz matrices.
Let A, be an nxn Toeplitz matrix with bandwidth 3, where A, is given by

-5 1 0 0 0 0
1 -8 1 0 0 O
ae |0 LB 000
0 0 O 1 -5 1
0 0 O 0 1 -8

Then the eigenvalues {dux : k = 1,2,...,n} of A (See, for example, Graybill[2], p. 284) are

kn ) for k=1,2,...n

am = -8+ Beos( o7y

And let B, be an nXn matrix, where B, is given by
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-1 0 .. 0 0 O
1 -8 1 0 0 O
By~ 43|01 8000
0 0 O 1 -8 1
0 0 O 0 1 0

with eigenvalues (B ;s kK =1,2,...,n}.

Theorem. Let the eigenvalues {dmx; k=1,2,...n} of Toeplitz matrix A, behave

symptotically like the ordinates of the function g(U ) with equidistributed U. Then the

eigenvalues {Bm ; k= 1,2,....n} of a matrix B, also behave similarly.
Proof. First, we show that

tr( ApxBp) < ga,,kl},,k

Now, let dn S dp S ... Sdupm and it is sufficient to consider that A, is diagonal matrix;

ie, Ap = diag (dn, ..., dpn). Then

tr( ApBn) < idnﬁjj = iianj( e/ Bje;)
J=1 J®

n n
’Z; (Ani=An(i-1)) ,Z; e;’ Bje;

n
Z;an)ﬁ nj
7=

A

where bj is the element of matrix B, B; is the f” column of B, ej is unit vector and

dn=0. The latter term is followed by the Ky Fan inequality (See, Beckenbach and Bellman
(11, p. 77). So

S (ame-Bu)? = ook - 2 D aubu + OBk
k=1 k=1 k=1 k=1

S tr(A2)-tr (AuBp)-tr (B,A,)+tr (B2)

= tr(A,- B>
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Next, let I be uniformly distributed on {1,2,...,n} and let

Qnr — Q, in dist.
Then
B((@u=Ba)?) = 5 3 (au-bue)’?
- 0, as n— o,
Therefore
A = Bar — 0, in prob.
Hence .
B — in dist.
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