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A Study on the Kinematic Analysis of a 6-DOF Parallel Robot
Manipulator
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1. Introduction

Robot manipulators have traditionally been
used as a positioning device in the industrial
fields.
structure. One is serial type robot arms which
are connected using anthropomorphic open
chain mechanism and the other is parallel link
mechanism such as a Stewart Platform shown
in Figure 1. The serial connected link mecha-
nism is widely used in the industry and has

There are two typical types in the
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several advantages. This serial type manipula-
tor has large workspace, high dexterity and a
good maneuverability. However the can-
tilevered structure of the open chain mecha-
nism is serious disadvantages because of its
low rigidity and low natural frequency. In
addition, each successive links from the end
effector toward the base have to be large
enough to support the weight of the previous
links and actuators. This increases the mass
and the size of the agtuators and affects the



dynamic performance. Another consequence of
the cantilevered structure is that the actuator
and geometric errors are accumulated along
the open chain mechanism and result in a
large position error at the end point of the
robot manipulator. Therefore their use-in
applications that require large load and high
accuracy operations is limited.

In the case of a parallel mechanism such as
a Stewart Platform, the end effector is
attached to a moving plate which is supported
in-parallel by a number of actuated links.
All actuators can be fixed to the base and the
mass of the moving plate is reduced. The
truss-like structure of the parallel mechanism
can offer high load capability, high stiffness,
good positioning accuracy and a good dynamic
performance.

Two basic kinematic problems in the study
of the robot manipulator are to be known as
the forward and inverse kinematic problem.
The forward kinematic problem is to compute
the position and orientation of the end effec-
tor of the robot manipulator provided that a
set of actuated joint variables is specified and
the inverse kinematic problem is to compute a

set of joint variables which -could:be used to-

attain the given the position and orientation
of the end effector of the robot manipulator.
In the case of a parallel mechanism the
inverse kinematic problem is very simple but
the forward kinematic problem is very compli-
cated. This is in contrast to the serial con-
nected link manipulator, in which the forward
kinematics is relatively easy and the inverse
kinematics is relatively difficult. To solve the
direct kinematic problem of the parallel
manipulators has been studied by many
researchers, usually in the configuration
known as a Stewart Platform. The most well
known parallel manipulator is probably the
Stewart Platform, which was originally
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designed as an aircraft simulator by Stewart
in 1965 “. Hunt suggested that this mecha-
nism should be used as a manipulator™. Many
researchers have studied various aspects of the
Stewart Platform. Yang and Lee™ and
Fichter® studied the kinematic problems of
the Stewart Platform and addressed the prac-
tical design and considerations. Lee and
Shah® studied the kinematic analysis of a 3-
DOF in-parallel manipulator and other peoples
studied to solve this problem,®® But the equa-
tions of the forward kinematic problems men-
tioned above are highly nonlinear and of high
degree polynomial equation. The solution of a
high degree polynomials iz usually very sensi-
tive to numerical precision and requires spe-
cial cautions in solution procedures. Therefore
such scheme is not very useful in real time
applications, The aim of this paper is to pre-
sent a method for the forward kinematic
problem of the special 6-DOF parallel manipu-
lator in a clogsed form in order to achieve a
high control performance in the high speed
and high accuracy. Cloged form kinematic
solution is very useful to control the manipu-
lator in a real time.

This paper.is organized as follows. Section 2
presents the kinematic analysis for a parallel
manipulator, A numerical example and conclu-
sion are described in section 3 and section 4,
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Fig. 1 The General 6-DOF Stewart Platform
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2. Kinematic Analysis

The 6-DOF parallel robot manipulator con-
gists of two bodies and connecting six legs
which can be varied in length, One body is
called the base plate and the other body is
called the moving plate. Each of the six legs
has one of its end point fixed in the base
plate and the other point fixed in the moving
plate. The two ends of each legs are fitted
with spherical joints.

In this section we deal with the kinematic
analysis of the 6-DOF parallel robot manipu-
lator shown in Figure 2. The moving plate has
six degrees of freedom. On the base. plate the
locations of the lag’s ends(Bi, i=1,6) are arbi-
trary. On the moving plate, the three leg’s
ends are connected at one of the joint P1,Pe,
Ps, two leg’s ends at the second joint P4, Ps
and one leg end at the third -joint Ps. The
position of the moving plate is controlled by
three prismatic joints with changing the
lengths 11,1213 and three other prismatic
jeints eontrol the orientation of the moving
plate in space. Two coordinate systems shown
in Figure 2, [Tt and {Twl, are attached at
the base and moving plate. The reference
coordinate system XYZ, with unit vectors i,j
and k, respectively, is fixed on the base plate
and its origin coincides with the joint Bi X-
axis is chosen to pass through the joint B2 and
Y-axis 1s set to be in the base plate. Z-axis is
upward and perpendicular to the base plate.
Similarly an origin of a moving coordinate
system xyz, coincides with joint P1 with the z-
axis pointing vertically upward and x-axis
passing through joint P2 and y-axis lying in
the moving plate. The relationship between
these two coordinate systems is described by
the following transformation matrix (Tr) as;

AR ®
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where P=[x,y,z)' is a 3x] matrix denoting
the position vector of o, with respect to {Th.
0 is a 1x3 zero matrix, and R is a 3x3 rota-
tion matrix representing the orientation of
{Tm}, with respect to [Tbf, and can be
expressed as;

lx mx nx

[R]=|}, m, n, ()
I m n,

The Eq. (1) gives a complete description of

the moving plate coordinate system referenced
to the base plate coordinate system. Among
the nine elements of the directional cosine
matrix, there are only three independent ones
and the remaining six can be determined by
following equations;

12412 +17 =1 ©)
m’+m?+m’ =1 €))
Lm +lm +1lm =0 &)
n.=lm —-im, (6)
ny=Lm ~Lm, %
n, = lxmy - l),mx ®)

Each of six points in the base plate is
described by a position vector, Bi, with respect
to the-base coordinate system (Td. Similarly,
each of the points in the moving plate is
described by a position vector, Pi, with respect
to the moving coordinate system {Twmi.

2-1 Inverse Kinematic Analysis

The inverse kinematic problem of the 6-DOF
parallel robot manipulator is to compute the
lengths of the six legs given the position and
orientation of the moving plate. The position
vector Pi, referenced to the moving coordinate
system {Tw, can be described with respect to
the base coordinate system by transformation
matrix, Eq(l).

[E]-['7.]"2]

i=12,6



Fig, 2 The kinematic model of a 6-DOF parallel robot
manipulator

Because the position of Pi and Bi have been
expressed at the same coordinate system [Th,
the length of each leg is the magnitude of the
leg vector Li as follow:;

Li=I'F;-’Bi, i=1:2:'"36 (9)

We can rewrite Eq. (9) using Eq. (1) and
(8) as;

(Pl +Bm, +x-B) .
+(Bl, +Pm, +y~B, )2
+(BJ, +Bm_ +z-B, )2

i=12,.,6 (10)

By Eq.(10), we can,fcompute':"the'each leg- -

length given the position and orientation of
the moving plate.

2-2 Forward Kinematic Analysis

The forward kinematic problem of the 6-
DOF parallel robot manipulator is to compute
the position and orientation of the moving
plate given the lengths of the six legs, Con-
sider the mechanism shown in Figure 2. The
lengths of the legs are expressed as; .

L =|"P-B| i=12,3 (11)

We will omit the superscript b which means
that the position vector is described with
respect to a reference coordinate system, (T4 .
Since the position of the P1,P2 and P3 are
located at the same point on the moving
plate, we have;

Lf = (B, _le)z +(R _Bly)2 +(F, _‘Blz)2

L;=(B.-B,) +(B,-B,) +(B,-B,)" (12)

L;=(B,-B,)Y +(B,~B,) +(B, - B.)

From the above equations we can calculate
the position vector, Pi (i=1,2,3) as follow;

I - I} +B

‘Pix: =
2B,,
P - L;-L}+B; +B; —2B, P, a3
4 2B )

3y

P, == -P- B

Next, consider the point, P4 which coincides
the point Ps on the moving plate shown in
Figure 3. The point P4 will lie on a circle with
center located on the line connecting point Bs
and Bs. The center of circle is located Po and
its radius is P4Po. The position vector of point
Po is given by equation;

P, =B, +4(B,~B,) a4
where { is determined by equation:
L, -1: -8 +|B -2B,-(B,- B,)
2
2|B; - B,

Now the position vector P4+ and P5 are given
by the equation;

P =P, +dcos¢(costi +sindf)+ dsin gk
i=4,5 (15)

where

6 =tan™ By~ By
(B B)

d=I, -+t

By the following equation we can determine



YRR THEA A128 A 5E (19954 549)

B3
Fig, 3 Calcuiating the position vector P3

an unknown value #.
i -|p-Bf (16)

Substitution P1, P4 from Eq. (13) and
Eq. (15) into above equation and simplification
gives;

Cicosgp+C,sing+C, =0 17)

where
Cl = Zd[(’R)x - RI)COSB + (‘R)y - Ry)sma]
C2 = _2dPIZ
2 2
C,=d* +|R[ +|B} - 25 B -
From the above equation we can calculate ¢
as;

—-C,C, = CC +Cl~C:
CI+C}

sin¢ (18)

Now the position vector P+ and Ps are deter-
mined by the Eq. (15).

The position vector Ps with respect to a ref-
erence coordinate system /T can be calculat-
ed by Eq.(9). Since the distance between Ps
and Bs is Ls, we use the following constraint
equation to calculate the position vector Ps.

(‘Rlex + ‘Péymx +Xx- ‘Bﬁ.u:)2
+(P,l, +B,m, +y-B, )
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+PB, 1l + P, m, +z-B,) =L

6xz 6y 'z (19)
Simplification of Eq. (18) and the directional
cosine properties in Eq. (4) and (5) give as;
Dm, +D,m, +Dym_+D, =0
Im +lm, +Im =0
mf + mi + mf =1

(20)

where,
D1 = 2R3y(PLx _Bﬁx)
D, = 2'P6y(‘P1y WBEy)
D, =2FF,
2 z 2
D, =|B[ + B[ +|Bi|
+2F (LB, +1B, +LE, - LB
~2(B, B, +B,B,)-L
I =P, -B,/P,-F|
ly =F, _HyllRt _}:ﬂ
lz = P42 _Plzllﬂ —.FII

x IyBGy)

where Pex and Pey in Eq.(19) and (20) are
the position vector components with respect to
moving coordinate system [Twm). Now we con-
sider Eq. (20). First and second equation in
Eq. (20) represent planes and third is a
sphere. Therefore mx,my and mz are the
intersection point between the straight line
which is constructed by two planes intersec-

"tion and the sphere. The intersection straight

line can be expressed in a parametric form as;

mI=m10+ﬁ
m,=m, +gt
m,=m, +ht

2D

where, m,,m,, and m,, is the point on the
line of intersection nearest to the origin and
f,g,and h is directional cosine of the line as;

f =Dzlz _DSZy

&= DSZx _Dllz
h=D], D,

Substitution Eaq. (21) into the third equation

in Eq.(20), then we can find m, m, and m,
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Using Eq. (6)-(8) we can also calculate n,,n, Table 2. Coordinates of the joints on the moving

and n,. Since we have calculated all compo- platform

nents in E q (1), we can calculate the position Coordinates of the joints on the moving platform
vector Py with respect to a reference coordi- No. | Joint x-coord. y-coord. z-coord.
nate system using Eq. (1) as; P 39.12000 4187857 | 11891094
[’B]-['T.]["E] (22) 1| P2 | 80.00000 7064878 | 119.96003
P: 34.63762 91.58474 121.94496
3. Example Pi | 3912000 4187857 | 118.91094
2‘ P2 80.00000 70.64878 119.96003
To illustrate the kinematic analysis men- Ps 7221824 39.66071 81.49987
tioned in section 2, let us consider a numeri- Pi 39.12000 41.87857 118.91094
cal example, 6-DOF parallel manipulator, 30 P 80.00000 3538688 90.86306
shown in Figure 2. The moving plate hag six Ps 6222591 81.43054 08.86702
degrees of freedom. On the base plate the
locations of the leg’s ends(Bi, i=1,6) are arbi- ki 3912000 4187857 118.91094
trary, On the moving plate, the three leg’s 4P §0.00000 35.38688 90.86306
ends are connected at one of the joint Ps 4491784 ~20034 92.53386
P1,P2,Ps, two leg’s ends at the second joint P 3912000 41.87857 | -118.91094
P4,P5s and one leg end at the third joint 5| Pa 80.00000 35.38688 -90.86306
Pe. The geometrical data and leg lengths are Ps 44.91784 -.20034 -92.53386
1isteq in 'I.‘able 1, The results of the analysis . 39.12000 4187857 | -118.91094
are listed in Table Z'and Table 3. . s | b £0.00000 3538688 9086306
The transformation matrix, the moving
, . . Ps 62.22591 81.43054 -98.86702
coordinate system which is attached on the
moving plate with respect to fixed coordinate P1 39.12000 41.87857 | -118.91094
system which is attached on the base plate is 7| P 80.00000 70.64878 | -119.96003
] 72.21824 39‘6_6071 -81.49987
Table 1. Geometrical Data of the mechanism P 39.12000 41.87857 |- -118.91094
Coordinates of the joint on the base platform 8 Pz 80.00000 70.64878 .'119‘96003
joint No. x-coord. | y-coord., :.’| z-goord. - Pa | - 3463762 91.58474 -121.94496
1 0.0 00 0.0 '
2 100.0 0.0 0.0 described as;
3 1500 700 00 818 -.576 016 39.120
4 100.0 140.0 0.0 T = 575 816 -.059 41.879
5 0.0 140.0 0.0 171021 058 998  118.911
6 -50.0 70,0 0.0 .'0 0 0 L
Lateral distance of the moving platform 818 292 —.496 39.120
500 | 500 | 50.0 - {.5-75 -383 722 41879
Lengths of the legs 271021 -.876 -.482 118911
1320 | 1400 | 1650 | 1400 | 1600 | 150.0 0 0 0 L
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Table 3. Reversely computed lengths of the legs

Reversely computed lengths of the legs

Ne| L1 L2 L3 L4 15 L6
1132.000 | 140.000|165.000 | 140.000 | 160.000 | 150.000
2 (132.000| 140.000 | 165.000 | 140.000 | 160.000 | 150.000
3 |132.000 | 140.000 | 165.000 | 140.000 | 160.000 | 150.000
4 132.000| 140.000 | 165.000 | 140.000 | 160.000 | 150.000
5132000 140.000 | 165.000 | 140.000 | 160.000 | 150.000
6 | 132.000 | 140.000 | 165.000 | 140.000 | 160.000 | 150.000
7 (132.000| 140.000 | 165.000 | 140.000 | 160.000 | 150.000
8 |132.000| 140.000 | 165.000 | 140.000 | 160.000 | 150.000
818 062 572 39.1207
T -|—130 988  .079  41.879
3 (-561 -.139 .816 118911
0 .0 0 1.
r 818 -338 -.466 39.1201
T = -130 -897 423 41.879
*+7|-561 -.285 -.777 118911
| O 0 0 1.
818 -338 466  39.120
7 -|130 -897 -423 41879
5| 561 -.285 -.777 -118.911
0 0 0 L
(.818 062 =572 39.1207
T -130 988 -.079 41.879
671 561 139 .816 -118.911
0 0 0 1.
[ 818 292 496  39.1207
T = 575 -383 722  41.879
7T -021 876 -.482 -118.911
.0 .0 0 L
[ 818 -.576 -.016 39.120
T - 575 816 059 41.879
8 |-021 -.058 .998 -118.911
| 0 .0 0 1.

4, Conclusion

In this paper, the closed form solution of

the forward kinematic analysis of a 6-DOF
parallel robot manipulator has been derived.
There are eight solutions in the above men-
tioned mechanism. Although all solutions are
not physically meaningful, all solutions satisfy
the congtraints, the leg lengths. In this paper,
we did not consider joint limits on the spheri-
cal and prismatic joints of the mechanism as
well as interference between links. This work
is refered to a further step toward closed form
solution of the general 6-DOF parallel robot
manipulator.
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