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The Numerical Solution of Time-Optimal Control Problems
by Davidenko’s Method

Joong-sun Yoon*

ABSTRACT

A general procedure for the numerical solution of coupled, nonlinear, differential two-point
boundary-value problems, solutions of which are crucial to the controller design, has been
developed and demonstrated. A fixed-end-points, free-terminal-time, optimal-control problem,
which is derived from Pontryagin’s Maximum Principle, is solved by an extension of Davi-
denko’s method, a differential form of Newton's method, for algebraic root finding. By a dis-
cretization process like finite differences, the differential equations are converted to a nonlin-
ear algebraic system. Davidenko’s method reconverts this into a pseudo-time-dependent set of
implicitly coupled ODEs suitable for solution by modern, high-performance solvers. Another
important advantage of Davidenko's method related to the timé—optimal problem is that the
terminal time can be computed by treating this unknown as an additional variable and sup-
plying the Hamiltonian at the terminal time as an additional equation. Davidenko’s method
was used to produce optimal trajectories of a single-degree-of-freedom problem. This numerical
method provides switching times for open-loop control, minimized terminal time and optimal
input torque sequences. This numerical technique could easily be adapted to the multi-point
boundary-value problems,

Key Words : Davidenko’s Method, Pontryagin's Maximum Principle, Time-optimal Control
Problems, Multipoint Boundary-value Problems
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Table 1 Parameter Values of the Two-Point BVP for
Driven Pendulum

Parameter Name Symbol | Parameter Value
Mass m 2001b
Length I 201t
Maximum Torque Toax 42.0 ft-1b
Initial angular position 6(0) -1.5 1ad (-85.9°)
Initial angular velocity 9(0) 1.421 rad (81.47)
Final angular position ot [) 0.0 rad/sec
Final angular velocity o(t f) 0.0 rad/sec

t; 0.3 sec
Swilching time t, 0.2444~0,3055 sec®

E 0.3 sec

t 0.6106 sec
Minimum time ¢ 7 0.6110 sec

t 0.6 or 0.7 sec?

* true optimal solution
mumerical solution
- multistage solution

(1) : switching occur between 0.2444(grid 4)
and 0.3055(grid 5) seconds

(2) : actual transition &t 0.6 seconds
optimal transition at 0.7 seconds

a8 A3 nA77 98 fo3n), AgAHe BA
w2} o WS £ A& HF ok

2% AA%e) A8l s=tee g Table 14 &
ol itk A Asez AHHE AL ARAE -1,5 2
SH(-85.9°) M 1.421 &}iet(81.4°) 7HA Y 714 weE
AlZE Botel EEd g HF AT T AoE: 2
£ Ao}, Fig. 12 AL whid w2 49318 E
2ojZry, A 02 2713, A 7& thaAA 7oA
de gk M 62 AFFlexact) &, H 1L 2 ..., 5
2 r=0.1, 0.5 10, 5.0, 10.9149 A%z A2
dehdoh, AAAe 11710,1, ..., M=l0)e] Ak
A 24, Z7|gezE 499 6,(,)qd dg 4%
2R Zew 6,()= 25 03 #EL At 4
(23)8] BEo] 7t 0=st=<100) dH olFo] Hul
A% HAHE Table 29 14 gt}

ANEHolHE AR AT A9AALL (.3%0]1
& AL (.6106%0]t}h, FAFHEHez ALY
2 293N npAe 010,09 W 65 FA
AL Bol 0,2444(R4) =¢, = (A5 eln ¢, = 0.611%
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Fig. 1 Time-Optimal Phase Plane Trajectory
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o dadct. ZE £3) 44 A CDC CYBER
180-850 AFHAA olFAH L BAT CPU A7k
°F 343 millisecondsol At} @A wE zzHek A
Ahah e R] ARS Table 29 Fold Yok =3 ¥
gd B2 exte AeH Fag o F3 goh £3F
2 4 AFE ¥ Ag2d Ad dFE gl
o ot=0.1, 0.5 1.0, 5.0, 10.0d #2] 237} I
A A 8& e(r) £ o Wit AgHer FAgd

T FAdA A (23)9 Azt T,y =/
W& FEEF V& 2F 0S99 Fe wiEE
A ZAIRc R dE 5 gk @

oF _ { AF)

—* = lim

ay/ Ay"_'OLijJ

(30)

AzH|et P8 RE 24% A4S Table 39 &
Ao g YA 72 949 F7] AFS Jebd HE
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Table 2 Computational Results for a Pendulum Example on CYBER 180-850

T 0.0 0.1 0.5 1.0 5.0 10.0
NS 12 20 27 50 65
NIE 4 5 6 8 10
NRE 170 219 266 370 465
NQ 3 4 5 5 5
CPU(sec) 8.025 2.364 2.263 5.086 4.580
E(F %) 6.30x10° 5.12x10° 2.25x10° 8.18x10* 3.78x10 5.39x10°
@ 7.94x10 7.15x10 4.74x10 2.86x10 6.15x107 7.34x10*
1({T0) 437 427 3.86 335 0.486 491
E(HZ) 3.99 3.86 2.69 131 2.36x10? 2.40x10*
{30 2.00 1.96 1.64 1.15 1.54x10" 1.55x10"
CPU Time for IMAP Computation = 0.137 sec NRE Number of Residual Evaluations
Error 10-%(Both relative and absolute error) NQ Ofxder of BDF
11:148 EEI;E:; Z; I(t};: tic;f:ts(o to M =10) 2 F (i)Z Summation of Error Square Terms
NIE

Number of Jacobian Evaluations
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N HGEY

Summation of Hamlitonian Square Terms
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Table 3 Definition of Order-of-magnitude Numbers 6. &4 B
Used in the Jacobian Maps
J, =107 blank is printed gy

Lo A 948 434 A2 FE Davidenkod e 27
107 <7y <10 S privte zHo| @dT BYAZE F2E NEAE 2A%
1 <, =207 b et Folol 29 % Q. AP WIRLHAL 4]
107 <, =10° 2 s printed Bigde 2o uehls 4438 (NMOL) & %
107 <J, 5107 3 ds printed o go} glth o] ¥hEe Pontryagin® Hoigel oA
W0ty 1 4 s printed ie ﬂom AT AAE Fed 59 29407}
1 <Jy=10 5 Is printed itk o EAAA FEAeAL AAGT BHATLS
10 <], =10 § s printed FolA 57 ek 24 2AR A AAAN A2
10° <7, =10° 7 is printed 2 g WHe AMs] gAY o] UHe 4HF A

10° <J, 10* 8 s printed ﬁ]g}- 2Ad 47 rg 2 918 Ao},
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