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EXTREME SPIRALLIKE PRODUCTS
SUK YOUNG LEE* aAND Davih QATES

ABSTRACT. Let §,(a) denote the class of the Spirallike functions of
order o, 0 < |a| < l_',- Let I,y denote the subset of S,(a) consisting of
all products ZH]N:I(I ~u;jz)7™h where in = 14¢e~% |yl =1, ¢; >0
forj=1,--- ,N and Z?’:l t; = 1. In this paper we prove that extreme
points of Sy(a) may be found which lie in TIy for some N > 2. We
are let to conjecture that all exreme points of S,(«) lie in I1x for some
N > 1 and that every such function is an extreme point.

1. Introduction

Let 5,(a) denote the class of the Spirallike functions of order a, 0 <
la| < §. These are the functions f(z) analytic on the open unit disc A

and satisfying Rei':}i(-jzl)(—:) > 0, with f(0) =0 and f'(0) = 1.

Writing m = 14 e3¢ let I denote the subset of Sp(a) consisting
of all products :H;»V:l(l — u;z)”™5 where the N points u, are distinct
with [u;] =1, t; >0for j =1,--- . N and }:JN:] t; =

It 1s known that the functions in II; are extzeme points of S,(a). It
was conjectured by MacGregor [3] that these were the only ones. Pearce
[5] showed that there are extreme points of S,1a) not lying in ;. We
prove that in fact extreme points of S,(«) may be found which lie in
[y for some N > 2. We are let to conjecture that all extreme points
of Sy(a) lie in IIx for some N > 1 and that every such function is an
extreme point.

We use a number of standard results from [2] and [7]. The topology
is that of uniform convergence on compact subsets of A.
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2. Linear functionals on Sp(a)

Any continuous complex linear functional on the span of the normal-
ized univalent functions S may be written in the form

(G +1) ; 1
J(f) = Zle %g—?—) where limsup, _ [b,|™ < 1.

. 9y —m
Pearce separated the II, function p(z) = z(1 — 2?)~% from the func-
tions II; using the continuous linear functional

> o\ T U D
Re Jo(f) = Re Z(_l)]‘rj( nl) f J (O)

j=0 -/

(1)

where 0 < z < 1.
We show that ReJy may be replaced by a suitable finite-length ap-
proximation L.

PROPOSITION 1. There is a +(_;())11t1'1mous linear functional L on S of
/ 7
the form L(f) = Re Z;\/:l Z)]-IT;JF—U?—) which satisfies L(p) < —3 < 0 <
inf{L(f): f € 01} where p(z) = z(1 — z?)" 7.
PROOF. Let Jy be as above. For all functions f(z) = z(1 - uz)~™ in
II,, where |u| = 1,

oo -1 ‘ <
i) = 3o (1) i () = o ew = 2

7=0 =0

Since (1 — zu)™! lies on the circle with diameter (-——'—-— ! :), we have

Re Jo(f) > % For the II, function p(z) = z(1 — 22

o e\ /_mN
Jolp) = Z(-l)zf.z-zf(_)']?’) (—1)’( kN

=0 N

~

- o0 (%)](1)1 2 p (1 . 7n+v_1_ 2)
= Z(ndi),l'll' TEANG T
=0 2 7

Here 2 F} denotes the hypergeometric function
2Fi(a,b;c;2) = 307 (8daltly o Where (a)p = ala+ 1) {a+2) - (a+

n=0 {c)nn! ~

n—1)forn>1and (a) = 1.



Extreme spirallike products 877

Euler’s identity asserts that
2Fi(a,b;¢;2) = (1—z)e=e=b, Piic—a,c—b;e; =) when ¢ # 0, -1, =2,
Gauss’s theorem is that i
limy - 2 Fi(a,b;¢;y) = 2Fi(a.bie; 1) = f:iﬂf;ﬁ‘::i; # 0 when Re(c —
a—1>5)>0.
Since $(m +1) is not an integer and Re (3(m +1) = §(m — 1) - sm)

=sina >0

= n3(1 - g%y e milosti=a D sinza (p (2L hi 1)1“(1 - 2) +ol1)
= R(2)e'*® (A +0(1)) as « — 17

Now as ¢ — 17, R(x) — o0 aud |o(2)] — oo, so « may be chosen to

be a fixed value with Re Jy(p) < -1 < % <inf{Re JJo(f): f € II1 }.

Finally, choose N such that |3°°2 %,’_,LE;)] 2| < 4 and 2N <
1
5(1 - .T .
1
Then the linear functional L( f) = Re Z Lz—)L(—-)—B—’zzj satisfies L(p)

J'

< -3 <O0<inf{L(f): fel}. O

We see that the closed hyperplane L"l({—% ) separates the function

p from the set II;, also showing that p is not contained in the closed
convex hull of II;.

3. Extremal functions for L(f)

i , G+ . )

Pinchuk (6] showed that for L(f) = Re ZJ o bj%-_ﬁ%,g, (#0, Lis

maximised on Sp(a) at a point of II,, for some n with 1 <n < N +1
and gave a special case of the following proposition.

i i . .. Gty .
PROPOSITION 2.. The linear functional L( f) = Re Z -0 lJf(T}-T)_!— is

maximised on Sp(a) only at points of II,, with1 <n < N.



878 Suk Young Lee and David Oates

PROOF. Every function f in Sp(a) may be represented by

flz) =z exp <-m/ log(1 — :e”)dw(t))

ks

where 1(t) is an increasing function on [=m, w)with(-7) =0, ¥(x) =1
and m = 1 4 e~ 2%,

Golusin’s variational principle [1] states that for each pair ¢, with
—7m < 11 <t2 < 7, there exists a constant ¢ independent of z and ¢ such
that for all real X in an open interval containing 0 the function

12 -
folz) = f(:)exp(—m)\/ —%L—]c;’*(t) — C'](lt)
o -z

= f(z)— /\m/ ? :—i&li?ﬁ(t) — C|dt + O(\*)
t -

lies in Sp(a)..
Applying L to f, yields

to ;- f(- .
LUJ:Mﬂ—L(MW/ 5ﬂ%ww)—dm)+ouﬂ
ty -3
‘2 N b d?tl s f(s
=L(f) - /\/: Re’"z G +J 1)! <(['j+1 :nf_(. 1) . [¢(t) — Cldt
i J=1 : - 2z

+ O\
to .
=MD—A/ QUMW) = Cldt + O(A\?)
Jy

where Q(t) is of the form Re ZJV:J el = iV Zflzvu Bjet,

Since L attains its maximum at f. the coefficient of A vanishes. Now
Q(t) is continuous and has at most 2\ zcros. So ¥ (t) is constant on
any interval [t;,¢;] where @ does not change sign, and must be a step
function with at most 2V jump points.

We take the opportunity to introduce more general one-sided version
of Golusin’s variation f,,. Provided () has at least two jump points
then for each jump point ¢ j and sufficiently small 6 > 0 and A > 0. the
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functions ¢~ (t) = () + /\.1'[,1 ~o.q;)(t) and et (t) =v(t) — A Aty 1, +8)(1)
are increasing and determine elements of Sp(a) given by

Focl2) = f(2) = dmf(z) (log(l - ey = log(1 — :c“'(ti'_ﬁ)))
and
fih(z)= flz)+ Amf(z) (log(l TR — log(1 e )) .

Applying L we obtain L(f;,) = L(f) — MR(t;) — R(t; — 6)) and
L(ff =L(f) + MR(t; +¢) - R(t;}) where

N drt!

_ I)]' T Nt
R{t) = Rem JZ:; G+ ((]_714-1 flz)log(l — ze )) :=0

and R'(t) = Q(t).
Now since L attains its maximum at f, we have R(t;—4¢) < R(t;) and
R(tj) < R(tj + ). So R(t) has a local maximuwm at each jump pomt of
¥(t) and Q(¢) changes sign from positive to negative. This can happen
at most N times in [—7.7) 8o () has at most & jump points and f lies
mlIl, withl <n<XN. 0O

REMARK. Pinchuk’s theorem may also be extended to cover the case

of linear fuctionals involving evaluations at M points ;. - . Car in A
by using
o U+ )
Yyl
J=0 k=1 o

The function Q(¢) in the proof then has at most 2M (N + 1) roots and
L will attain its maximun ounly at points of II,, for 1 < n < M(N + 1),
where this number may be reduced by one if ¢ = 0 for some k.

We now combine Proposition 1 and Proposizion 2 to give the main
result.

PROPOSITION 3. There exist extreie points of Splav) which lie in 11,
for some n > 2.
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PROOF. By Proposition 2 the continuous linear functional L con-
structed in Proposition 1 attains its infimum — Y on the compact set
Sp(a) only at points lying in IT,, for values 1 < n < V. By Proposition
1 these cannot lie in IT,. That is, L~ {-X}Hn Sy(a) C U;V:QH,,.

The set N = L~'({-X})n co5,(a) is a closed face of the compact
convex set co Sp(a) 50 its extreme points are extreme points of co S,(a).
By Milman’s Theorem they also lie in S, (o) since this is compact. This
shows that there exist extreme powts of S,(«) in I, where 2 < n <

N. O
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