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ON PERMUTATION GRAPHS OVER A GRAPH*

JAEUN LEE AND Moo YOUNG SOHN

ABSTRACT. In this paper. we introduce a permutation graph over a
graph G as a generalization of both a graph bundle over G and a stan-
dard permutation graph, and study a characterization of a natural iso-
morphism and an automorphism of permutation graphs over a graph.

1. Introduction

A permutation graph was first introduced by Chartrand and Harary
in [1] as a generalization of the Petersen graph. For completeness we
recall the definition. Let G be a finite simple connected graph with
vertex set V(G) and edge set E(G). For convenience, let V(G) =
{v1,u2,-- ,un}. For a permutation « in the symmetric group S, on
n elements, an a-permutation graph P.(G) consists of two copies of
G, say G, and Gy, with vertex sets V(G,) = {1,242, - .25} and
V(Gy) = {y1,y2, -+ ,yn} . along with edges vy, for 1 <7 <n.

Now, we introduce the notion of a permutation graph over a given
graph G. Every edge of a graph G gives rise to a pair of oppositely
directed edges. By ¢ 7! = vu, we mean the reverse edge to a directed edge
e = uv. We denote the set of directed edges of G by D(G). Following
Gross and Tucker [4] a (permutation) voltage assignment ¢ of G is a
function ¢ : D(G) — S, with the property that é(e™!) = ¢(e)~! for
each e € D(G). Let CY(G: S, ) denote the set of all voltage assignments
of G.

Let F' be another graph with V(F) = {vi,00,--- .vprpy ). For a
voltage assignment ¢ € C'(G: Sy (p)) of G. we construct a new graph
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G<®F as follows: V(G x?F) = V(G) x V(F). Two vertices (ui,vs) and
(uj,vi) are adjacent in Goa?F if either w;u; € D(G) and vg = ¢(uuj)vp
or uj = uj and vpvr € E(F). This new graph G<?®F is called an F-
permutation graph over G. If G is the complete graph I3 on two vertices,
then the F-permutation graph G'<®F is just a permutation graph. Note
that the group of all graph automorphisms Aut (F') of F' is a subgroup of
Syv(ry- If ¢ takes its values in Aut (F), then the F-permutation graph
G®F is just an F-bundle G x? F over G defined in [8], where the first
coordinate projection p® : G<*F — G is the bundle projection.

In this paper, we study a characterization of a natural isomorphism
and an automorphism of F-permutation graphs over a graph G.

2. Natural isomorphisms

Let T be a group of graph automorphisms of G. Given two voltage as-
signments ¢ and ¢ in C'(G; S)v(py)), two F-permutation graphs G®F
and G<¥F over G are naturelly I'-isomorphic if there exist an isomor-
phism @ : G <®F — G <% F and an automorphisim v € T’ such that
p¥ 0 ® = yop?, ie, the following diagram

G®F —2 . Gea'F

G — G
‘,"EI‘

commutes. In this case, we call & a natural I'-isomerphism. If T' is the
full group Aut (G), then we simply call G=<*F and G<Y'F are naturally
wsomorphic and ¢ a naturel tsomorphism.

THEOREM 1. Let ¢ and v* be two voltage assignments in C'(G: Sjv(r)) )
and ' a group of graph automorphisms of G. Then two F-permutation
graphs G<®F and G =t¥'F are naturally T-isomorphic if and only if there
exist an automorphism v € I and a map f: V(G) — Aut (F) such that
Y(yuiyu;) = fluj)o(wwg) flui)™! for all wyuy € D(C).
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PROOF. Let G<?F and G =¥ F be naturally T-isomorphic with an
. . ; X -1
isomorphism @& : G<*F — G <% F. Then Pl pey-1() (p®) " (u) —

(_p"')_l(y( ©)) 1s an isomorphism for all © € V(G) and for some v € T.
Now, we define f : V(G) — Aut (F) by f(u) = P|(pe)-1(a for all u €
V(G). If (uj,vp) is joined to (u;,vx) in G =<®F, then P(uiuj)(vy) =
vk and (yuq, f(u;)(vs)) is joined to (yuy, f(u;)(vi)) in G =¥ F. Thus
Y(yuiyw;) = fluj)gluwing)flu;)™! for all wu; € D(G). Conversely,
let’s define @ : G?F — G =V F by $(u;,vp) = {(vui, fui)(vg)) for
any (ui,vp) in V(G =<® F). If (u,.vy) is joined to (uj,vg) in G ®
F, then ¢(u;u;)(vn) = vi and (u,,vp) = (yu,, flu)(vy)) is joined to
D(uj,vr) = (yuj, f(u;)(vr)). Thus @ is the desired isomorphism to
complete the proof.

THEOREM 2. Let ¢ and v be two voltage assignments in C'(G; Sivry)
and I' a group of automorphisms of G. Let 3 be an automorphism of F
and v € V(G). Then there exists a natural ['-isomorphism ® : G=?®F —
G=VF with @)W,)q(u , =17 if and only if there exists an automorphism
v € T such that Y(vW)ne(W)~™! =y for any ciosed walk W based at u,
and ¥(yP)ne(P)™! € Aut (F) for any path P beginning at u.

PROOF. The necessity comes from Theorem 1. Now, we aim to prove
the sufficiency. To get a natural [-isomorphism, we first define f :
V(G) — Aut (F) as follows: Let f(u) = 1. Since G is connected,
for each u; € V(G) there exists a path P from w to u;. Let f(u;) =
Y(yP)né(P)~!. Then the value f(u;) depends only on the vertex u;,
because ¢(yW )y (W)~ =y for any closed walk based at . Then for
each u;u; € D(G)

Fluj)eluiu) fluwi) ™" = w(3Py) ol Py) ™" olwig)o(P)y ™t ey Pi) ™!

= (P e Py
= ().
where P; is a path from « to u; and P; is the path obtained by adding

the edge w;u; to the path P;. Now, theorem comes from Theorem 1.

For a voltage assignment ¢ in C'{G; S Ver)) andawalkw =¢;---€,,
in G, we define the net ¢-voltage o(117) of IV by the value ¢(e,, )d(€m—1)
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-+ ¢(e1). Then the set L£,(¢) of all net o-voltages of the closed walks
based at u € V(G) is a subgroup of Sivry). We call £,(¢) the local
voltage group of ¢ at u.

COROLLARY 1. Let ¢ be a voltage assignment in C*(G: S\v(ry)) and
I' a group of automorphisms of G. Then G'<*F and G x F are naturally
I'-isomorphic if and only if the local voltage group L£.,(¢) of ¢ is trivial
for each w in V(G) and ¢(uuj) € Aut (F) for each v,u; € D(G).

PROOF. Let 3 be the trivial voltage assignment of G, i.e., for each
e € D(G), ¥(e) is the identity of Sjy(py. Then G =¥ F is naturally
{1}-isomorphic to the product G x F of G and F. Now, corollary comes
from Theorem 2.

Notice that if G is a tree, then the local voltage group of any voltage
assignment ¢ in C''(G: Spiry) is trivial. Now, the following also comes
from Theorem 2.

COROLLARY 2. Let I' be a group of automorphisi.s of a tree G, and
let ¢ and 4 be two voltage assignments in C'(G; Sy (py). Let y be
an automorphism of F and u € V(G). Then there exists a natural T-
tsomorphism ¢ : G=<*F — G =V F with (I)l(l)q,)-l(u) = 5 if and only if
there exists v € I such that ¢"(vP)yo(P)~! € Aut (I") for anv path P
beginning at u.

It is clear that if F is discounected, then there exist two voltage
assignments ¢ and " of G such that G<®F and G <*'F are isomorphic
by a nonnatural isomorphisim.

3. Natural automorphisms

In this section, we study the natural automorphism of an F-permuta
tion graph. Let Aut (G =® F) denote the group of all natural T-
automorphisms @ of G ¥ F. that is. there exists an automorphism
v € I such that p® 0o ® = 4 0 p®.

The following comes from Theorem 2.
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COROLLARY 3. Let ¢ be a voltage assignment in C'(G:; S\v(F)|) and
n an automorphism of F. Let I be a group of automorphisms of G and
u € V(G). Then there exists a natural ['-automorphism ® : G<?F —
G=®F with @[ ,0)-1(y) = n if and only if there exists an automorphism
v € T such that 1 = ¢(vW)~1y o(W) for any closed walk W based at
u, and np € ¢(vP) 1 Aut (F)¢(P) for any path P beginning at .

Let A be a group. For a subset S of A, let Z(S) denote the centralizer
of §.

COROLLARY 4. Let ¢ be a voltage assignment in CY{G; Spviry)) and
n an automorphism of F. Let u € V(G). Then there exists a natu-
ral {1}-automorphism @ : G =< F — G =®F with @| )-1(,, = n if
and only if n € Z(L,(0)) N o(P) " Aut (F)o(P) for any path P begin-
ning at u. Moreover, if G is a tree. then there exists a natural {1}-
automorphismt @ : Ga®F — G®F with @(,.)-1(,, =y if and only if
n € ¢(P) PAut (F)o(P) for any path P hf*o'inniug at u.

From Corollary 4, we can deduce that ~\ut (G F'} is isomorphic
to
Aut(F)ﬂZ(L’,,(Q))ﬂ (ﬂ o(P) ' Aut (F)@(P)) ‘
1)

where u 1s a fixed vertex of G and P runs over all paths beginning at w.

Let @ be a natural automorphism in ~\,nt (Ga®F). Then, by Theo-
rem 1, there exists a unique pair (14, fo) \\1rh ¢ € T and fo : V(G) —
Aut (F) such that ®(u,v) = (qu, flu)(e)) for cach (u,v) € V(G =<®F).
We call such a pair (¢, fo) the canonical factorization of @,

For convenience, let CY(G: Aut (F)) be the sot of all maps from V(G)
to Aut (F'). Then C(G: At (F)) is a gr()up vnder pointwise multipli-
cation, that is, for each wu in 17 (fi1 12 = fi{u)fa(u). Let T be a
group of allt()lll()ll)hlblllb of G. D( ﬁno a I actmn on CY(G:Aut (F)) by
(vFi)w) = fi(v ) for each « € V(G). This astion determines a group
structure on the set T x CY(G: Aut (F)), that is,

(y1. Xy fa) = (71‘;-1-(7;1A;’1'1).f'2)‘

Let T * Aut (F") denote this group.
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Define 6 : Autfy(GM‘f’F) — I'*x Aut (F) by (@) =: (v, fo). Then 8
is a group homomorphism. In fact, Since ¥(u,v) = (vyu, fy(u)(v)) and

®(u,v) = (vau, fo(u)(v)),
(PoW)u,v) = (vypu, felu)v))
= (vo v, fo(ywu)( fulu)(v)))
= (veywu, (75 fo )W) fo{u)(v)))
= (vorwu, ((7g ' fo)fu) (u)(v)),

for each (u,v) in V(G>=®F). It implies that Yoy = Yo7y and feoy =
(v lfé) fw. Thus we have

8(@0¥) = (yoyv, (75 fo) fu) = (vo. fo)(vw. fo) = 6(2)O(T).

Now, the following comes from the uniqueness of tte pair (v¢, fo) for
a natural automorphism @.

THEOREM 3. Let ¢ be a voltage assignment in C'(G; Sjv(py)) and T a
group of graph automorphisms of G. Then Aut ¥ (G>1°F) is isomorphic
to a subgroup of I x Aut ( F).

Let T be a group of automorphisms of G. A natural automorphism
® of an F-permutation graph G <?F is an element of Aut &(Ge®F) if
and only if ¢ is an element of I'. Since Yeowos-1 = Y674 7o
the following Theorem.

. we have

THEOREM 4. Let I' be a normal subgroup of Aut () and ¢ a voltage
assignment in C*( G, Spviry). Then Aut ?’(GN"’F) is a normal subgroup
of AutA )G ® F). Iu’ particular, Aut {\1}(0 =1® F') is a normal
subgroup of Aut ¥ Aut () GPA®F).
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