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PERMUTATION POLYNOMIALS
OF THE TYPE % + az

SEOG YOUNG KIM AND JUNE BOK LEE

' -1
ABSTRACT. In this paper, we prove that PR +az (a #0)is not a
permutation polynomial over Fyr (r > 2) and we show some properties

-1
of 21+ 5% +az (a #0) over Fyr (r > 2).

1. Introduction

Let Fy denote the finite field of order ¢ = p™, p a prime number. A
polynomial f(z) € Fy[] is called a permutation polynomial of F if f(x)
induces a 1-1 map of F, onto itself.

In 1962, Carlitz[1] proved that the polynomial x!**% + az(a # 0)
1s not a permutation polynomial over any field F,» (» > 2). Then he
rasied the question of whether the same conclusion is also held for the
polynomial I L an (a # 0) with m > 3. In 1987, Daqing Wan|2]
gave an answer to this question in the case p # 2, m = 3.

In this paper, we give an answer to questicn for p # 2, m = 5, and

we will discuss some facts about +!*% + ar {a # 0), where ¢ = 1
(mod m).

In the following we assume that ¢ = p", p a prime unless stated
otherwise.

LEMMA 1.1 ([2]). Let 1 <k < ¢, ¢~ 1= &([&2] —t) +th 44,0 <
J <k 0<t<[L] PutJ =[] —t+th+j and suppose p (tkij)'
Ifg—1>(k—1,¢-1)((t+ 1)k — 1), then f(x) = 2*¥ + ax(a # 0) is not
a permutation polynomial over Fy.
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THEOREM 1.2 ([4]). Let 1 < k < ¢, k be not & power of p, g 2

(k? — 4k + 6)2, then 2* 4+ wx (¢ # 0) is uot a permutation polynomial
over F,.

THEOREM .1.3 ([5]). Let p be a prime number, and

! i
m = Z mpp' and k= Z kip*
=0 =0

be representations of m and k to the basis p, that is, 0 < m;, k; < p.

Then
!
(7:) = H <};\“> mod p.
' =0 "

THEOREM 1.4 ([3]). If k is a divisor of ¢ — 1, then there is no per-
mutation polynomial of degree k over F, .

2. Results

We discuss whether or not 2!*% + ar is a permutation polynomial
over Fyr (r 2> 2). First, we know that if » > 4 then L1 + ax (a # 0)
is not a permutation polynomial over F,- because of the following and
Theorem 1.2;

((1+q_—_1)2_—4(1+_(1__1)+6)2g (q-777.—_];+\/é>4

m m

m— 114
< (ﬁ—lz—) < q" forr > 4,
m

Thus, we need only consider the cases + = 2 and r = 3.

1 . . .
THEOREM 2.1. 2% 4 ax (a # 0) is not a permutation polynomial
over Fpz if p>m? —m and ¢ >m® —2m?> —m +1 withm > 3.
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PROOF. Let k = % Since ¢ > m® —2m? —m + 1, [9—_1] =
mg + (m —m?). Then
-1
q2—1=k(P ]—0+¢k+j

=k(mg+(m—m?)—t)+th+
=¢—(m-1"%+j, wherej=(m-1) -

Let J = [£32] ~ ¢+ tk+j. Then

-1
J=mg+ (m-—m?) - t+t<-q—i—> +(m—-1)Y% -1
m
1

. -1
tk+]=t<q+m ) (m—-1)-1

-1
= (q+m ) + m? = 2m.

Take t = 0, then

J=mg—m

(m—1m+b-1)+ +(p=Dp+p-
tk+j =m?—2m.

Since p > m? —m, ( tkij) # 0 mod p by Theorem 1.3. Note that
¢ -1> (g;—l)(u = (£=1)2. Now, Lemma 1.1. can be applied. O

m) m

By the same method of the proof of Theorem 2.1 we can prove the
following:

THEOREM 2.2. 2!*% +ax (a # 0) is not a permutation polynomial
over Fs if p > m? —m, and ¢ > m+ (m—1)(m(m—1)2—1) withm > 3.

Theorem 2.1 and 2.2 have a lower bound of p. Thus we can not say

that '*"% + az is not a permutation polnxonual over Fyr for each m.
+

However when m = 5, we can say that v'T™% 4 ax is not a permutation

polynomial over Fyr(r > 2) forall p # 2, ¢ =1 (mod m).
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g—1
THEOREM 2.3. Let ¢ =1 (mod 5). p # 2. then 2’75 + ax (a # 0)
is not a permutation polynomial over any finite field F» (1 > 2).
We need some Lemumas to prove Theorem 2.3.
LEMMA 2.4. Let p =17 or 19, ¢ > 71. then

6¢g— G
(qq+ 19) £ 0 1mod p.

ProoF. We have

)4

6g—6=5¢+(p—-—1)~+ - -+(p—1)p+p-6,
p

¢+ 19=q¢q+17+2 for p=17
or ¢+19=¢+19 for p=19.

Then by Theorem 1.3, we obtain

6g — 6 5 1N\ /p—0
(qq+ 19> = (i) (1) ) ) (p 5 ) #0 modp if p=17
(Sq+_1g> = <i) <])I 1) Z0 modp if p=19. 0O

LEMMA 2.5. Let p =3, ¢ > 71, then

8¢ —8
<3q(j+ 27) Z0 modp.

and

ProoF. This follows from Theorem 1.3. O
LEMMA 2.6. Let p =17, ¢ > 321, then

<5q2 -3¢—2

174 + 3 ) # 0 mod p.
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PROOF. We have

‘)

‘ [¢
Bg? — 3¢ — 2 = 4¢” +@—1“ +- -Hp—®q+@—1%+'“
+(p—-1p+p—2

Then by Theorem 1.3, we have

2 _ 857 9 — -
(5(117qu3 2) = (p ) 1) (p > £Z0 modpfor p=17. O

Similarly, we can prove the following two lemmas.

LEMMA 2.7. Let p # 3,17,19, and ¢ > 321, then

P-dg—1
(5(116 ql )‘;‘O mod p.
q—

LEMMA 2.8. Let p =3 or 19, ¢ > 321, then

54> —q —-
0 d p.
( 194 + 11 );é mod p

PROOF. of Theorem 2.3: We already showed that if » > 4, then the
Theorem holds.
Now assume that »r = 2. If ¢ > 71. then

ot (u(129))
(1))
> 45 <:> )

92‘1:1%3([A,w (

=q¢*—16+.

g+4
5

) -+ j, where & =
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Then j = 15, J = 5¢—5+1(42), a11cltl.v+j =t(g%)+15in Lemma 1.1.

i

We take t = 0, and so J = 5¢ — 5, th + j = 15. According to Theorem

1.3,
<tk]+j) (59 - O) Z0 mod p.

if ¢ > 71 and p # 3,17,19, so in this csae our result follows. If p =
3, ¢ > 71, then we can take t = 15 and Lemma 2.5 iraplies it. If p = 17
or 19, ¢ > 71, then we can take t = 5 and Lemma 2.4 implies it. If
g =41 or 61, then we can take = 0 and Lemuma 1.1 implies it. If ¢ = 11
or 31, then Theorem 1.2 implies it. If ¢ = 71, then k = 1 + 3’;—] =15
and k divides ¢> — 1 = 5040 and so Theorem 1.4 can be applied.

Assume that r = 3. If ¢ < 321, then when & = 1+4= L (k?—4k+6)?

%, and by Theorem 1.2, our result follows. Let q> 371. then

Now ¢* — 1= 24(5(¢* —4¢ +16) — 1) + 4 — 65, ; = 4 —65.
Ifp#3,17,19, then taking t = 79

A 1 g+ 4
J=5( —4q+16)—1+ 4152 65 t+-t<q—+—->
0

5}
4
= 5¢% = 200+ 14 — t 4 (1 + 1) L5
d
:5q —4¢ -1,
4 4
thej=t(LE2) 142 6
) )
= 10¢ — 1.

According to Lemma 2.7,

J 5¢? —dg -1
= nod p.
(tk +j> ( 164 — 1 Z0 modp
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Hence Lemmal.l shows that f{x) is not a permutation polynomial over
Fyr. I p =3 or 19, taking ¢t = 94, then J = 5¢° —q—4, th+j =
19¢ + 11. By Lemma 2.8, it can be proved. If p = 17, taking ¢ = 84,
then J = 5¢> —3¢—2, th+j = 17¢ + 3. By Lemma 2.6, it can be
proved. Thus Theorem 2.3 is proved completely. [

Though 25 fazisnot a permutation polynomial over Fyr(r > 2)
for m = 2,3, and 5, we can not say that it does hold for m = 4. However,
if p # 2,3,5, then it is true for m = 4. And because 2, 3, and 5 are
prime numbers, we may assume that it is true for m = 7 or another
prime numbers, but it is still unproved.
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