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ON BEST CONSTANTS IN SOME
WEAK-TYPE INEQUALITIES

JINSIK MOK

ABSTRACT. The best constants for two distinct weak-type inequalities
for martingales and their differential subordinates with values in some
spaces isomorphic to a Hilbert space are shown to be the same. This
extends the result of Burkholder shown in the Hilbert space setting.

1. Introduction

The aim of this paper is to consider the best constants for some weak-
type inequalities for Banach space valued martingales and their differ-
ential subordinates and compare them.

Suppose that X is a real or complex Banach space with norm |- |.
Let (9, Fo, P) be a probability space and F = (Fr)n»0 a nondecreas-
ing sequence of sub-o-algebras of the o-algebra F. Then a sequence
f = (fn)a>0 of X-valued functions is a martingale with respect to the
filtration F if each f, : © — X is strongly measurable with respect to
F, (the pointwise limit of a sequence of simple F,,-measurable functions)
with || falli = E|fn| finite and E(f,+1|Fs) = fa. Suppose that f and
g are X-valued martingales with respect to the same filtration. Let d
be the difference sequence of f and e the difference sequence of g: For
alln >0, fo = Y p_odr and g, = S ko €k- Then g is differentially
subordinate to f if, for all w € Q and k > 0,

lex(w)] < |di(w)l-
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Burkholder proved that if X is a Hilbert space, and if f and ¢ are
X-valued martingales with respect to the same filtration and with g
differentially subordinate to f, then

(1) AP (supnyo (|fal + lgnl) = X) < 2|flh, A >0,
and
(2) AP(g* 2 X) <2|flli, A>0,

where [|f|li = supn>o || falli and ¢*(w) = SUPp>0 |g9n(w)|. The constant
2 1s best possible for both inequalities. Futhermore if the best constant
in (1) or (2) is 2, then X is a Hilbert space. See [1, 2. 3, 4].

It is easy to see that the inequality ( 1) implies the inequality (2).
In the next section, we will present a technique by which the converse
implication can be shown. Using this technique, we will extend the result
of Burkholder to the general Banach space setting.

2. Main results
In this section, M denotes the set of all pairs (f.g) of X -valued

martingales with respect to the same filtration and with g differentially
subordinate to f.

THEOREM 1. Suppose that there exist a pair (f,g) in M, a nonneg-
ative integer n, and a positive number 8 so that

3) P(|ful + 19| > 1) > B E|fal,
then there exists a pair (f',¢') in M so that
(4) Plgnal 2 1) > BE|fpil-

Using Theorem 1, we can extend the result of Burkholder to the gen-
eral setting:
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THEOREM 2. Let B, be the least constant [ so that
(5) AP (supnso {Ifal + lgal) 2 N < BIfls (Fr0) €M, A>0.
Let By be the least constant 3 so that
(6) AP(g" 2 A) < Blflh, (fr9)eM, A>0.

Then ,31 = ,[32.

Burkholder proved that the best constant in (6) is finite if and only
if X is isomorphic to a Hilbert space. So Theorem 2 makes sense only
for Banach spaces isomorphic to a Hilbert space.

3. Proofs of theorems

PROOF OF THEOREM 1. Let (2, Fo, P) be the underlying probability
space with the o-field F,, nonatomic. Let F = (Fy)a>0 be the smallest
filtration to which f and g are adapted, that is, F is the smallest o-
field generated by fo, -, fn and go,- -, gn. Denote by d the difference
sequence of f and by e the difference sequence of g. For any positive real
number a, there is a set A € F,, independent of F, with P(A) = 135.
(We can assume that Fi is rich enough to allow such an A.)

Let d' be the sequence defined by

dy =dr, for0<k<n,
d,n+1 = aifn I4e — fn Iy,
=0, fork>n+2,
where A° denotes the complement of the set A. Assume that g, never
vanishes (if ¢, vanishes somewhere on 2, then this proof can be modified
easily), and let ¢’ be the sequence defined by
er=er, for0<k<n,

R i |fn]

e ="—gnla—a I4e,
T g 9 AT Vg I

e, =0, fork>n+2
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Then it is easy to see that d’ and ¢’ are martingale difference sequences

with respect to the new filtration F' = (Fi)n>0, where Fy = Fy, for

k < n, and F} is the smallest o-field containing F, and A4, for k > n+1.
Let f' be the martingale with the difference sequence d'. Then

fos1 = (a+1) foLac,
and

E(|faral1Fn) = |fal,

since A is independent of F;,. Taking expectations on both sides, we
obtain
E| :1+1 = E|fal.

Let ¢' be the martingale with the difference sequence ¢'. Then g’ 1s
differentially subordinate to f,

] !
Int1 = In t €nqy,s

and o
g;1+1|A = (Ifnl + |gn|) _n"IA»
‘gn,

where g;,11]4 is the restriction of ¢/,,; to the set 4. Thus

|9n41l = 1fal +1gnl 21 on AN {|fa] + 9| > 1},

that is,
{lfnl +lgnl =2 1} n A C {lgn4a] = 1}.

From the assumption (3) together with the monotone convergence the-
orem, it follows that, for all large a,

P({lfnl + lg"| 2 1} 0‘4) > /BEIfn]

Since P(lgny1l 2 1) 2 P({|fal + lgul 2 1} N A) and E|fiy,| = E|fal,
we obtain (4). This completes the proof of Theorem :

To prove Theorem 2, we need the following:
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LEMMA. The following are equivalent:

() P(supryo(lful + lgal) 2 1) < Bl flls, for all (f,9) € M.
(i) P(Ifal F lgnl 2 1) < BE|ful, for all n > 0 and all (f,g) € M.

PROOF. Suppose that (i) holds. Select (f,g) € M and fix a nonneg-
ative integer n. Consider the martingales f™ and ¢g" stopped at the n*"
step:

fn = (f()a"' afn—lafnafn” v )’

gﬂ = (g()»‘ e Gn-1+9n,9ny """ )

- Then the pair (f*, g") belongs to M, P(|fa]|+]ga] 2 1) < P(supp»o(|fnl

+lgnl) 2 1), and ||f*|l; = E|fal.
Since (f™,g") € M, we obtain, from the assumption (i), that

P(|fal + lgnl 2 1) < BE|fa}.

For the converse, suppose that (ii) holds. Pick (f,¢) € M, and let 7
be the function from 2 to the set of nonnegative integers defined by

r=inf{n >0:|fa| + |gn

> 1}

For each k& > 0, the set {r > k} is F(x_1)vo-measurable, that is, pre-
dictable.

Let f7 and ¢” be the sequences of functions stopped at the random
time 7:

fr =" Lrseyda,
k=0

n
gn = Isyer,
k=0

where d = (dn)a>0 and e = (en)n>o0 are martingale difference sequences
of f and g, respectively. Then both f7 and ¢ are martingales, g” is
differentially subordinate to f7 and

{supnzo (Ifal + lgnl) > 1} = {r < oo}.
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Kw e {|fil + 1ol > 1}, then 7(w) < n. So fryi(w) = fi(w),
Int1(w) = gr(w), and w € {lfas1l + 197411 > 1}. Thus the set {|f7] +
lgn] > 1} is nondecreasing as n goes to oo, and

Unzollfal +1gnl > 1} = {supaxo (Ifa] + lgn]) > 1}.
By the monotone convergence theorem,
P(|fal + lgnl > 1) converges to P(supnxo (|fal + lga]) > 1),
as n goes to oo, and
P(lfal+lgnl > 1) < BE|f7] < Bl flla

by the assumption and Doob’s optional stopping theorem [5].
The monotone convergence theorem gives

P(SuanU (Ifal +1ga) > 1) < 8 lfll1,
and by homogeneity,

B
1-1/5

P(Supnzo(lfn[+'gnl)>1—1/5)S [fll1, foré > 1.

Let 6 go to oo to obtain

P(supnxo (|fal + lgal) 2 1) < B £l
This completes the proof of Lemma.

PROOF OF THEOREM 2. Since {¢* 2 A} C {supu>o (|fal+lgn]) = A},
we obtain 81 > (;. It remains to show that 3, > 3,. By homogeneity,
we can take A = 1. Take # < f;. Then there exists a pair (f!,¢') € M
so that

P (supuxo (Ifal + lgn]) = 1) > Bl .

By Lemma, there exist a pair (f?,¢%) € M and a nonnegative integer n
so that

P (Ifal+lgal > 1) > BEIf3).



On best constants in some weak-type inequalities 407

By Theorem 1, there exists a pair (f,¢%) in M so that

P(fg?z+1| 21)> ﬂE|f3+1l~

By using the stopping time argument as in Lemma, we can show that
there exists a pair (f,g) € M so that

P(g"21) > B|Ifll,

This shows that 3 < 3 and so 81 < 32, completing the proof of Theorem
2.
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