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INTEGRABLE MODULES OVER
QUANTUM GROUPS AT ROOTS OF 1

Young HYuN Cuol’, SAE RAN KWON AND IN-SoK LEg?

1. Introduction

Let A be a symmetric positive definite Cartan matrix. As in [4], we
denote by U the quantum group arising from A and U be the corre-
sponding quantum group at a root of unity A. In [4], Lusztig constructed
irreducible highest weight Ux-modules Ly (z) for z € Z™ and showed that
Lx(z) is of finite dimension over C if and only if z € (Z)".

It is quite natural to ask what would be the integrable Ux-modules.
In this paper, we give a natural definition of integrable Uy-modules and
show that irreducible integrable highest weight Ux-modules are also in
one-to-one correspondence with (Z*)™. Our result is based on [4, The-
orem 7.4] which resembles the Steinberg’s tensor product theorem (see
Theorem 2.2).

As remarked in [3], the results of [3], [4] and hence the results of this
paper can be obviously extended to an arbitrary positive definite Cartan
matrix A (see Remark 2.6). :

This paper can be considered as a supplement to Lusztig [4]. We
will freely use the definitions and the notations given in {4] and will not
repeat them here. '

2. Integrable Uy-modules

As in [4, 4.6], we only consider Ux-modules of type 1. If V is a Uy-
module of type 1 and z € Z", V, denotes the z-weight space of V ([4,
5.2)).
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DEFINITION 2.1. A Ux-module V of type 1 is integrable if V =
> .ezn Ve and if E,w and Fi(l) (t = 1,...,n) are locally nilpotent en-
domorphisms of V. We note that E; and F; (i = 1,...,n) are always
nilpotent on V. (Compare with [1, §3.6] and [3, 3.1].)

Let z be an arbitrary element of Z". We can write uniquely z = 2'+1[2"
where 2’ = (21,...,2,), 2" = (2{,...,22) € Z" and 0 < z! < 1 —1 for
all 2. Using the Hopf algebra structure of Uy, we can regard the tensor
product Lx(z') ® L(2") as a Ux-module.

THEOREM 2.2. ([4, Theorem 7.4]) The Ux-modules Lx(z) and Ly(z')
®Lx(l1z") are isomorphic.

Using above theorem we prove the following lemmas.

LEMMA 2.3. If E',-(l) is locally nilpotent on Ly(z), then Ez(l) is also
locally nilpotent on Ly(iz").

Proof. Let z' be a primitive vector of Ly(z') and v be any non-zero
element of Lx(lz"). Then
E (= ®v) = E’(a") 0 v+a @ B (v) = ' 8 B (v),

because z’ is a primitive vector and so EE”(z’) = 0. Since Ly(z) =
Lx(z")® La(1") and Ef') is locally nilpotent on Ly(z), El(-” is also lo-
cally nilpotent on Lx(z') ® La(lz"). So there exist m € N such that
(Ei(l))'"(:c’ ®v) = 0. But

(B (' @ v) = 2’ @ (E")™(v).

So (Efl))’"(v) =0 and E,(l) is locally nilpotent on Lj(lz").
LEMMA 2.4. If F,-(l) is locally nilpotent on Lx(z), then F,.(I) is also
locally nilpotent on Ly(1z").

Proof. Let z' be a primitive vector of Ly(z') and v be any non-zero
element of Lx(Iz"). Then, since z' € (Z%)", dim Lx(z') < oo by [4,
Proposition 6.4]. Also by [4, Proposition 5.1], F,-“) is nilpotent on Lx(z').
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So there exist m € N such that (E(l))m”l.x’ # 0 and (F,-(I))m.:c' = 0.
Consider the element (F,-(l))m_l(x’) ®v € La(2')® La(2"). Then

FO(FO) (@) @ v)

=(FE ") ev+(F)" @) o K@)

=(F")" (") @ F(v).
Therefore, for any s € N, we have

g Hym— Dym— Oys
(FOy (FOY" () @ o) = (FO)" (@) @ (F) (v).

Also, since F,-(l) is locally nilpotent on Ly(2')® La(z"), there exist n € N
such that (Fl-(l))"((Fi(l))m"l(z') ®@v) = 0. Therefore

0 = (FO)((FY™Y(zo) @ v)
= (FO)" @) @ (F)" ().
So (F,-(l))"(v) =0 and F,-(l) is locally nilpotent on Lx(lz").
Next, we return to the integrable Ux-modules.

THEOREM 2.5. The map z — Lx(z) induces a one-to-one correspon-
dence between (Z*)" and the set of isomorphism classes of irreducible
integrable highest weight Ux-modules.

Proof. If z € (Z*)", then Ly(z) is clearly integrable by [4, Proposi-
tions 5.1 and 6.4]. Conversely, let Ly(z) be an irreducible integrable high-
est weight Ux-module with highest weight z € Z". We can write uniquely
z=z'+12" where 2/, 2" € Z™, 2’ = (2],...,2}) and 0 < 2z} <{—1for all
i =1,...,n. By [4, Proposition 7.5], L(lz") can be regarded as a U;-
module and Lj({z") is an irreducible U,-module with highest weight 2.
Now E,-(l) and Fi(l) are also locally nilpotent on Lx(l2") by Lemma 2.3
and Lemma 2.4. Since E; € U, acts as Ezw € Uy on Ly(lz"), E; € U,
are also locally nilpotent endomorphisms of Lx(lz"). Similary, F; € U,
are also locally nilpotent endomorphisms of Ly(1z"). Recall that U, is
the universal enveloping algebra of the simple Lie algebra corresponding
to the Cartan matrix A. Hence Lx(1z") is an irreducible integrable high-

est weight module with highest weight =" over this simple Lie algebra.
So by [1, Lemma 10.1], 2" € (Z*)". Thus z = 2’ + [2" € (ZT)".
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REMARK 2.6. The results in [3] and [4] are valid if A is an arbitrary
positive definite Cartan matrix. (See [3, 4.14] and [2].) Therefore our
results are also valid in that case.
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