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ON IRREDUCIBLE SIGN-TRIPOTENT MATRICES

GWANG-YEON LEE AND HANG-GYUN SIHN

I. Introduction

A matrix whose entries consist of the symbols +, —,0 is called a sign-
pattern matriz. For a real matrix B, by sgnB we mean the sign pattern
matrix in which each positive (respectively, negative, zero) entry is re-
placed by 4 (respectively, —,0). For each n x n sign-pattern matrix
A, there is a natural class of real matrices whose entries have the sign
indicated by A. If A = [a;;] is an n x n sign-pattern matrix, then the
sign-pattern class of A is defined by

(1.1) Q(A) = {B = [bi;]| sgnbi; = aij for all i and j in {1,2,--- ,n}}.

If A and B are n x n sign-pattern matrices, then A + B exists, that is,
A+ B is qualitatively defined if ai;bi; # — for all{ and j in {1,2,--- ,n}.
If aijbij = —, then a;j + b;; is — or +. We cannot determine the sign of
the entry a;; 4 b;;. That is, A + B is not defined. Similary, the product
AB exists if no two terms in the sum

n

(1.2) Zaikbkj

k=1

are oppositely signed, for all ¢ and j in {1,2,-- ,n}. For example, let

S P I A |

Then we can have

+

sgnA +sgnB = [ g

i] and sgnAsgnB = [+ —J.
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But both sgnA + sgnC and sgnAsgn(' cannot be defined.
If A = [a;;] is an n x n sign-pattern matrix, then a product of the
form

(1.3) Y= @iy Qigiy iy ig Qi g

in which the index set {z1,i2, - ,7%,7} consists of distinct indices, is
called a chain of length k from ¢; to j. If the index j = 7;, then v is
called a simple cycle of length k. A cycle or a chain is said to be negative
(resp. positive) if it contains an odd (resp. even) number of negative
entries and no entries equal to zero.

Recall that a real n x n matrix C is said to be idempotent if C = C2.
Analogously, a square sign-pattern matrix A is said to be sign idempotent
if C? € Q(A) whenever C € Q(A); henceforth we write A = A?. Also,
a matrix C is said to be tripotent if C = C3. So, a square sign-pattern
matrix A is said to be sign tripotent if C* € Q(A) whenever C € Q(A);
henceforth we write A = A*. One important reason for studying sign
idempotent and sign tripotent is that powers of sign idempotent matrices
and sign tripotent matrices preserve not only the sign pattern, but also
the cycle structure of the matrix.

In [1], Eschenbach characterized the sign idempotent matrices. In this
paper, our objective is to characterize n x n irreducible sign patterns that
are sign tripotent.

I1. Results

Let P = [pi;] be the product matrix A*. If P is defined for an n x n
sign-pattern matrix A = [aij], then

(2.1) Pij = ZZ(Likauau-

=1 k=1

We let the index set {1,2,--- ,n} be represented by N, and the class of
sign tripotent matrices be denoted by ST.
The first lemma is clear, and we state it without proof.
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LEMMA 1.  The class ST is closed under the following operations:

i) signature similarity;
ii) permutation similarity; and
iil) transposition.

If A is a sign idempotent matrix, then A is a sign tripotent matrix.
But sign tripotent matrices need not be sign idempotent in general. For
example, let

Then

A2=[+ jr];éA, A3=[; +]=A.

In (1], Eschenbach characterized the sign idempotent matrices. In this
note, we will characterize the n x n irreducible sign tripotent matrices
which are not sign idempotent. That is, A is an irreducible sign tripotent
which is not idempotent.

LEMMA 2. Let A = [ai;] €ST. If a;j = 0 for some 1,5 € N, then
aikarIa; = O forall k,le N.

Proof. By the definition of addition,

n n

sgna;; = sgn aixariar; = sgnakagiar; = 0
7 J
=1 k=1

for all k,l € N.

THEOREM 3. Let A = [a;;] €ST. If A is an irreducible, then sgna;; =
sgnaj; for all 1,5 € N.

Proof. Suppose that a;; # 0. Since a;j # 0, there exist k,l € N such
that sgnai; = sgnaikariai; # 0, i.e., there exist aix # 0,ax1 # 0 and
ai; # 0. For ith column and jth row of A, since A is irreducible, there
exist p,q € N such that aj, # 0 and ag; # 0. For gth column and pth
row of A, since A is irreducible, there exist r,s € N such that ap,, # 0
and a,q # 0. Continuous process, the matrix A appears row and column
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that are overlap. Without loss of generality, let s = p and 7 = ¢. Since
apq # 0, ajpap0a,; # 0. That is, sgnaj; = Sgnajpapeaq # 0. So, if
a;; # 0, then aj; # 0. Thus,
sgna;;a;; = SgNA;;A5: 0505k
=sgn(aija;jiaik)sgnair = (sgna;x)® = +.

Therefore, sgna;; = sgnaj; Now, suppose that a;; = 0. Assume that
aj; # 0. Then, we have a contradiction, by the same as the proof of
case aij # 0. Therefore, sgna;; = sgna;; for all 7,; € N. The proof is
completed.

Now, suppose that A = [q,;] is an irreducible sign tripotent matrix
which is not idempotent matrix.

LEMMA 4. Leta;j # 0 foralli,j € N. Let B,C,D € Q(A). Then
F = BCD € Q(A) if and only if

1) QkAkIAL; A5 > 0

ii) aija;; > 0
2.2
(2:2) ii1) aii <0
iv) airagan < 0.

Proof. Suppose that F € Q(A). Since a;; = a;xara;,
Ai5Q45 = QikQRIQL; A5 > 0.

Thus, i) holds. Since a;; = aji, a;;aj; > 0. Thus, ii) holds. Now, we
will prove iii). By [4, Theorem 4.1], A is an idempotent if an only if
ai; >0,2=1,2,..-, a;;aj; > 0, ¢ # 7 and aizajka;r > 0, 2,7,k distinct.
For k,p € N, arx = QkpQpplpk = UkpQpkQpp = Gpp. SO, Qfg = ap, for all
k,p € N. Assume that a;; > 0 for 1 € N. By ii), asja;i > 0, i # 3. For
any k,l,p € N, ArlQIpakp = Akpaprair = akk > 0. So, if a;; > 0, then A is
idempotent. This is a contradiction, Thus, a;; < 0 for all 7 € N. Since
ai; = aigagrar; < 0, iv) holds.

Conversely, let ' = BCD. Then, for any 7, € N.

T mn
Qij = aikagia); = E E AikAklal;

=1 k=1

= sgn Z Z bicridi; = sgnfi;.

=1 k=1
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Therefore, FF = BCD € Q(A). The proof is completed.

Now, we define the tripath following as;
(2.3) t(ik—3,%k) = Qis_sip_2@ip 21k Pig_qip-
Then for any tripath t(:ix_s3,2x), sgnt(ix—3,%k )i i,_s = +-
LEMMA 5. Leta;; # 0 for allt,j € N. Then A €ST if and only if

Y = @iyi, - @4i, 18 positive cycle for even number k and negative cycle
for odd number k.

Proof. Suppose that v is positive cycle for even number k and negative
cycle for odd number k. Then, by lemma 4, the proof is trivial.

Suppose that A €ST. If k = 1, then a;; < 0. If £k = 2, then v =
a;jaj; > 0. By induction, assume that k > 3. First, suppose that k is an
odd number. If k = 3, then v = a;,:,8i,i3ai5:, < 0 (kK =0 (mod 3)). If
k =5, then v = aii, - - Gigiy . SENY = SENE(21, 04 )i iy Qiyiy Qigis Cigiy = —
(k=2 (mod 3)). If Kk =7, then v = aiyi, -~ Qipiy. sgny = — (k =
1 (mod 3)). Now we consider three cases; If k = 0 (mod 3), then v =
t(21,%4) - t(ik—2,11). The number of tripath of - is % Since k is an odd
number, g is also. So,

sgny = sgnt(21,14)@iyiy -+ t(Ek—201 )iy _piy Qiyig - * " Giy_yiy
= SENAi iy Qip_ypiy -

Let v1 = a;,i, * - - @i, _,i, - The number of terms of v, is -;5 Thus, by induc-

tion, sgny; = —. Therefore, sgny = —. Second case, if k = 1 (mod 3),
then v = t(¢1,44) - - - t(¢x—3, ¢x )ai,i, - The number of tripath of v is -k—;—l
Since k is an odd, k£ — 1 is even. So, % is an even number. Thus,

sgny = sgnt(i1,14)@i i, - - H{Tk=3, Tk )Qir_gis Gigiq °* igiy
- Sgnai1i4 PR aikil .

Since the number of terms of aj,;, ---ai,;, is % + 1, by induction,
sgny = 1. Finally, if £ = 2 (mod 3), then v = #(:1,24) -+ - t(1k—4,%k~1)
k=2

@iy _yip Gigi, - Since k — 2 is an odd number, #3% is also. The number of

tripath of v is %2 Thus, by induction, sgny = —.
Next, if k is an even number, then the proof is similar to odd cases. The
proof is completed.

By above statements, we obtain the following:
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THEOREM 6.  Let A = [aij] be irreducible sign pattern matrix such
that a;; # 0 for all i,j € N. If A is not idempotent, then A €ST if and
only if every odd cycle of A is negative and every even cycle is positive.

Let I = [i;;] be n x n identity sign-pattern matrix. That is, ixx = +
for all k € N and ix; = 0 for all k # ;.

THEOREM 7.  Let A be an irreducible sign tripotent matrix. A* =
I; if and only if A is a permutation matrix pattern.

Proof. Suppose that A2 = I,. Assume that A is not permutation
pattern. Since A is irreducible, there exists j € N such that a;; # 0
and ax; # 0 for some 7 # k. By theorem 3, aj; # 0 and a;x # 0. Since
A? =1, fori#k,

n
0 =1 = E ailaik
=1

= @ik + -+ aijaik + o+ Ginank.

but a;ja;x # 0. This is a contradiction. Therefore, A is a permutation
matrix pattern.

Conversely, suppose that A is a permutation matrix pattern. Since A
1s a permutation pattern, there exists exactly one nonzero entry at each
row 1. Without loss of generality, let a;x # 0. Let A” = B = [b;;]. Then

n

n
2
bi; = g ik Qi = E a; = +.
k=1

k=1

For i # j, b;; = ZZ:] a;xay;. Since A is a permutation, there exists
exactly one nonzero entry at each row ¢, i.e., aix # 0, for some k € N.
If axj # 0 for some j € N, then ajr # 0. This is a contradiction because
A is a permutation matrix pattern. That is, there exists exactly one
nonzero entry at each column k. So, axj = 0 for all j € N. Thus,

bij = Y p—q @ikar; = 0 for all 1 £ j. Therefore, 42 = I.
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