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ON UNIFORMITIES OF BCK-ALGEBRAS
YOUNG BAE JUuN AND EUN HWAN ROH

In 1}, Alo and Deeba introduced the uniformity of a BCK-algebra by
using ideals. Meng [5] introduced the concept of dual ideals in BCK-
algebras. We note that the concept of dual ideals is not a dual concept
of ideals. In this paper, by using dual ideals, we consider the uniformity
of a BCK-algebra.

By a BCK-algebra we mean an algebra (X; *,0) of type (2,0) satisfying
the following axioms:

(D) (2% y)*(z+2) < (= v p),
(I) z *(z *y) <y,
(1) z < =z,
(IV) 2 <y and y < z implies z = y,
(V) 0< g,
where 2 < y is defined by = x y = 0.

A BCK-algebra X is said to be bounded if there exists 1 € X such
that < 1for all z € X. In a bounded BCK-algebra, we denote 1 *
by Nz. In what follows, X denotes a bounded BCK-algebra.

DEFINITION 1. ([5, 6]) A nonempty subset D of X is called a dual
ideal if it satisfies:

(Dl) le Da

(D2) N(NzxNy) € D and y € D implies z < D.

We note that the intersection of dual ideals is also a dual ideal.
LEMMA 2. ([5, 6]) If A is a nonempty subset of X, then the set
{z € X|there exist a; € Aji=1,-- ,n,
such that (---(Nz * Nay) *-- ) * Na, = 0}
is the least dual ideal containing A, which is called the dual ideal gener-

ated by A.
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LEMMA 3. ([5, 6]) Let D be a dual ideal in X. Define, for z,y € X,
z ~ vy if and only if N(zx xy) € D and N(y xx) € D. Then for any
z,y,u,v € X

(1) z ~ z,

(2)z~y=>y~r,

B) z~yandy~u=x~u,

() z~yandu~v=>cT*xu~y*uv.

DEFINITION 4. ([7]) Let M be any nonempty set and let U and V be
any subsets of M x M. Define

UoV = {(z,y) € M x M| for some z € M,(z,z) € U and (z,y) € V},

U™t = {(z,y) € M x M|(y,z) € U},

A ={(z,z)e M x M|z € M}.

By a uniformity on M we mean a nonempty collection K of subsets
of M x M which satisfies the following conditions:

(Uy) ACUforany U € K,

(U) f U e K,then U™ € K,

(Us) if U € K, then there exists a V € K such that VoV C U,

(Uy) fU,VeK,thenUNV € R,

(U) fUe KandUCV CMxM,thenV € I.
The pair (M, K) is called a uniform structure.

THEOREM 5. For each dual ideal D of X, define

Up = {(z,y) € X x X|N(z xy) € D and N(yxz) € D}

and let
K* = {Up|D is a dual ideal of X }.

Then K* satisfies the conditions (Uy) — (Us).

Proof. Let (z,z) € /. Since N(z xz) = NO = 1 € D for any dual
ideal D, it follows that (z,z) € Up for every Up € K*, which proves
that (U;) holds.

Note from Lemma 3 that for any Up € K*, (z,y) € Up if and only if
N(zxy) € D and N(y*z) € D if and only if (y,2) € Up~! if and only
if (z,y) € Up™'. Hence Up~! = Up € K*, which is (Us).

Assume that Up € K*. Let A = {D,|Do C D} be the collection of
dual ideals contained in D. Clearly, A is not empty. Let I be the dual
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ideal generated by UD,. Then Uy € K*. It is sufficient to show that
o

UroUr C Up. If (z,y) € Ur o Uy, then there exists z € X such that
(z,z) € Ur and (z,y) € U;. It follows from Lemma 3 that (z,y) € Uy,
that is,
N(z+y)€eI and N(yxz)el.

Since I is the minimal dual ideal containing EDQ and since gDa C D,
it follows that I C D. Hence N(z xy), N(y *z) € D. Thus (z,y) € Up
and so Uy o Uy C Up, which is (Us).

Finally we prove (U,). This will follow from the observation that
UcnNUp = Ucnp for all U, Up € K*. Let (¢,y) € Uc N Up. Then
(z,y) € Uc and (z,y) € Up, which imply that

N(z*xy),N(yxz)e C and N(zxy), Nyxz)€ D.

Hence N(z *y),N(y xz) € CnN D, that is, (z.y) € Ucap. So Uc N
Up C Ucnp. Likewise we can show that Ucnp C Uc N Up. Thus
Uc NUp = Ucnp and this proves requirement (Uy).

THEOREM 6. Let K = {U C X x X|\U D Up for some Up € K*}.
Then K satisfies a uniformity on X and hence the pair (X,K) is a
uniform structure.

Proof. Using Theorem 5, we can show that K satisfies the conditions

(U1)— (Uyg). To prove (Us),let U € K and U C VV C X x X. Then there
exists a Up € K* such that Up C U C V, which implies that V € K.
This completes the proof.

DEFINITION 7. For z € X and U € K, we define
Ulz] = {y € X{(z,y) € U}.
THEOREM 8. For each ¢ € X, the collection U, = {Ulz]jU € K}
forms a neighborhood base at x, making X a topological space.
Proof. First note that r € U[z] for each z. Second,
Urz] N Uz[z) = (U1 N UZ)[x],

which means that the intersection of neighborhoods is a neighborhood.
Finally, if Ulz] € U, then by (U;) there exists a E € K such that
EoE Cc U. Then for any y € E[z|, E[y] C Ulz], so this property of
neighborhoods is satisfied.
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