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GENERALIZED CARLESON INEQUALITY
ON SPACES OF HOMOGENEOUS TYPE

YooN JAE Yoo*

1. Introduction

The purpose of this paper is to generalize the Carleson inequality,
which is known to play important roles in harmonic analysis. The
result given here is a generalization of Coifmann, Meyer, Stein [CMS].
A similar result is shown by Deng [D].

2. Preliminaries

Let (X, d, ) be a space of homogeneous type, i.e., X is a topological
space, u is a positive Borel measure on X, and d is a pseudo-metric on
X; more precisely, we assume that there are constant A and K so that
for all z,y,z2 € X and all 6§ > 0,

i) d(r,y) > 0;d(z,y) =0 ifandonlyif z=y;
i) d(z,y) = d(y,z);
i) d(z,z) < Kld(z,y) +d(y, 2)],

where B(z,6) = {y € X : d(z,y) < §}. We also assume that the
collection {B(x,6)} forms a basis for the topology of X. Property iv)
is referred to the doubling property of . For the details, see [CW].

Let X+ = X x (0, 00), which is an analogue of a generalized upper-
half space over X. Let I'(z) = {(y,s) € Xt : 2 € B(y,s)}. This is an
analogue of nontangential or conical region. For any set £ C X, the
tent over E is the set

T(E) = {(z,r) € Xt : B(z,r) C E}.
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It is then easy to verify that T(E) = [, I['(X)]°. For a measurable
function f defined on X*, for z € X,p > 1 and a € R, let

A= | s 1 d;c(y)dt
Trolf)lz) = [IEBI()é) p(B(8)) T(B(é))’ X4 t)]” ’

where B(6) is a ball with radius é > 0. Let M(f) denote the Hardy-
Littlewood’s maximal function

M(f)(z) = sup

ceBs) L(B(8)) B(6)| (y)lduly).

For a positive Borel measure A on X+ = X x [0, 00), if there exists a
constant C' > 0 such that A(T(B(6))) < Cu(B(8)) for any 6 > 0, then
A is called a Carleson measure. For a measurable function f on X,
we define a p-area function A, , as follows:

Ap,a(f)(w)=[/F()If(y,t)l”d’:£+)ldt i 1<p<os, acR

and

Awolf)= sup |[f(y.t)], if p=occ.
(y,1)€T ()

For a nonnegative measurable function f on X¥, if there exists a
constant C' such that

1
p(B(6)) B(&)fd#S Té%f(is)f()

for all 6 > 0, then f is said to belong to the class A; [M].

3. Generalized Carleson inequality

We begin with lemmas.
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LEMMA 1 (COVERING LEMMA OF VITALI-WIENER TYPE). Let X
be a space of homogeneous type. Let E C X be a bounded set i.e.,
E is contained in some ball. Let r(z) be a positive number for each
r € E. Then there is a sequence of balls B(z;,r(z;)). i € E, such
that the balls B(x;,4Kr(z;)) cover E, where K is the constant in the
triangle inequality. Furthermore, every z € E is contained in some ball
B(z,,4Kr(x;)) satisfying r(z) < 2r(z;).

(See Theorem 1.2 on p.69 of [S})
PROPOSITION 1. Let p > 1. Then Ty, is of weak type (p,p).
Proof. Fix A > 0. Set

M={zec X :T,(f)z)> A}

Assume first that Q) is bounded. Apply lemina 1 to obtain a sequence
of disjoint ball B(x;,r;) so that Q) C | B(zi,4Ar;) and

1 dply)dt
— Pl S 2P,
w(B(zi,r;)) ~/I‘(B(r;.,rf))| 0 te

Then from the doubling property of u it follows that

w(Qx) <> p(Blxi 4KT)))

< CZH (B(zi,ri))

c du(y)dt
< fly, )P P——=—
AP T(B(I.',T‘-'))’ ' l te

C du(y)dt
< [ 2ot

If @ is not bounded, fix a € X and R > 0. Then QN B(a,R) i1s a

bounded set, so we can apply the above argument to obtain

c duly)dt
5 [, s

Letting R — oo we obtain the same estimate. This completes the
proof.

u(xN B(a,R)) <
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LEMMA 2. Let (X1, u1) and (X3, u2) be measure spaces and T be
a sublinear operator that transforms measurable functions in (X, 1)
into measurable functions in (Xa, po). If T is of weak type (p,q), then

[T < cuamt s,

holds for all r,0 < r < q, and for any subset K of finite measure.

THEOREM 1. Let f € L'(%#) 0 < e < 1. Then Ty o(f)¢ € A; for
any o € R.

Proof. Fix B(ép) and z¢ € B(ép). Put
Ay ={B(8): 2o € B(6),6 < o}

and

Ay = {B(6): zo € B(6),6 > b}

Then we have

1 du(y)
W) Talfleo) € sp e [ w0

+osp s [ fl, wd”)‘“
B(&)eA, K(B(8)) Jr(B(sy)
—EA(JJ())-J(-B(.Z‘Q)
where
1 du(y)dt
A(zg) = sup ——————/ fly, t)|— ,
(z0) B(§)er, #(B(9)) T(B(a))x ( e
and

- 1 dp(y)dt
Blzo) = B(6)£A2 p(B(s)) / T(B(6)) #. 1) te



Generalized Carleson inequality on spaces of homogeneous type 653

To estimate B(xz¢), suppose B(é) € Az. Since B(6) N B(ép) # ¢ and
6 > &y, there exists a constant C' > 1 such that B(C#é) D B(é,). Hence
1 du(y)dt

w(B(38)) T(B(o))|f(y’t)’ t

p(B(Cs)) 1 du(y)dt
w(B(8)) wu(B(s)) /F(B(é)) (. 1) to
<C inf Tl oz(f

r€B(C6)
< Crélg(f&o)Tl o)),
and so
(2) B(zg) < C inf Ty 4(f)(z).

z€ B(éo)

Asfor A(zg), note that B(Céy) O B(6) for some constant C'. Indeed,
since B(éo) N B(6) # ¢ and é < &g, B(6) C B(Cé,) for some constant
C by the property of the pseudo-metric. Thus T(B(6)) C T(B(Cép)),
and so if we put fi(y,t) = fly. )X reB(cso))(y:t). then we have

dp(y)dt
ta
! / du(y)dt
< su £ (. ) St
B(6)£A2 u(B(é)) T(B(g)), 1(y.1)] T
< T ol fi)(2)-
Since 0 < e < 1,

1

3 A = sup ————
@) A= s s | eSS

(4) T o(f)(20)" < A(zo)* + B(zo)".
Hence it follows from (1),(2),(3), and (4) that
1
———— T o . fd
(B(6)) /(B(éo)) Lal(f)(zo) dp(zo)
(5) < ¢ / A(zo)du(zo) + C inf Ty o(f)(z)
= w(B(80)) Jps,) 2€B(&)
C , ] - ¢
< STBEN) Sy, Tl PV )+ C gt Tonl )
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By lemma 2, the first term of the right-hand side of (5) is less than

1 du(y)dt ]
Chw%»ﬁwmm%m =

and so (5) is reduced as

1 . (
_“pt(B(é)) [B(ﬁo))T1,a(f)($o) dp(zg) < C 1}131(f§ T) o f)(2)",

which proves theorem.

LEMMA 3(WHITNEY DECOMPOSITION). Let X be a space of homo-

geneous type. Let O C X be an open set. Then there are positive
constants M, Cy,Cq,C3, and a sequence {B(z,6;)} of balls such that

() U, Blai&) =0
(ii) B(zi,C18;) C O and B(z;,C26;) N O° # &,
(iii) the balls B(x;,C36;) are pairwise disjoint,
(iv) no point in O lies in more than M of the ball B(z;,é;).

(See [CMS)].)

THEOREM 2. Let 1 + 1'=1,1 < p < co. Suppose there exist
constants A > 0,B > 0 such that Aé™ < u(B(z,8)) < Bé™ for all
6 > 0. Then there exists a constant C such that

/ e e,y UL <c/ Ayt ol F)E) Ty (o) (2)dis(2)

for all f,v.
Proof. Assume first that 1 < p < oc. For each integer k, set

Qr ={z € X : Apn_14a(f)(z) > 2%}

and

Q= {z € X : M(xa,)(z)> %}

Observe that Qg D Q4 and Qf D Qf,, for each k. Further URZ_
T(§;) contains the support of f. By Lemma 3, there exist collections
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of disjoint balls B(é,;) and B(¢é; ;) such that Qx C U;B(céi ;) and
0} C U;jB(cbr ;). Also we can choose a constant ¢ so that T(Q) C
UT(B(cbt,;)) and that T(}) C U;T(B(cby ;). Put Ir,; = T(B(cbi,;))
and Ji; = T(B(céy ;) for simplicity. Then it follows from Holder’s
inequality that

dt
‘/ fly, thv(y,t) ( ) ‘
<y £y, ety 1) 2402
ke oo Y T(INT(2; ) t
- du(y)dt
(1) SZZ/ )(t)“()'
k=—o00c j=1 Jie i \Us Jkg1,s
= du(y)dt]?
< SN[ ]
k=—00 j=1 T i \Vs Tk 41,0
du(y)dt] ™
/ iy 02
e, \Ue Tk g1,s
Put
Ag; :/ |t(y,t)lpd“_(y)flf
T, i \Vs Jig1,e t
and
dt
Jk,i\UaJk+l,a
If we show

@ s Apn_tral )2 du(z)
3(66; )\U B(C6k+1 s)
and

(3) By, < p(B(c6],;)) "> / T, o(v)(z)du(z),

B(cs} ;)
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then we have

/ F(w (s u(y)dt}

<C wu(B(cby )P‘? pB(cby / Tyalv)du
o SO

k=—-oc j=1 k )
<C Z 2"/ T, o(v)du
k=—oc

Since Ty o(v) € A1, it follows from proposition 1 that

/ M(xa (@) Ty o(v)()du(z) < C / van (2) Ty o (v)()dp(z),
X X
and so

(5) Tpa(v)dp <4 | Mlxa,)(2) Ty a(v)(z)du(z)
h X

2

¢/ X (2)2 Ty olv)(x)dp(s)

=C Tqa(v)(z)du(z).

Qe

Therefore by (5), (4) can be rewritten as

/fy, v(y,1) <CZ_2"/ T, o (v)dp
(6) czzk/

k=—o00

= C/;(Ap,n——l-i-a(f)Tq,a(v)du(x)'
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So if we show (2) and (3), then (6) holds for 1 <p< oo
To see (2), observe that
(7)
Ap,n—1+a(f)(l')pd/i(1‘)
B(C&‘ -\U B(C5k+1 )

uly)dt
-/ autz) [ 15t ep s
F5‘ \UaB(65k+1 e)

du(z)d d
]f(yvt)’pxr(r)(yﬁt)_i(%ﬁ%(y—)l

/[B(Céi,j U B(ebi gy )] x X+

du(y)dt
> [ fupEDE xr(o(y- 1da(z)
T, i \Us Jk 41,5 B(csy I\U, B(cbk41,4)

For any fixed (y,t) € Ji;\ Uy Jk41,6, we have

(8) Bly,t) N (Q541)" # 0.

In fact, suppose B(y,t) C Qf,, = U;jB(cbyy, ;%) Then (y,t) €
T(B(cbiy, ;)), for some j, that is, (y,t) € Jk+1,5, which leads to a

contradiction. Hence (8) holds. So we can choose a point p € B(y,1)

so that M(xaq,,,)(z) < 1, which implies

—_ 2’
(9) ! (z)dp(z) < .
—— XQq \T)ap Py
#(B(y,t)) Jpyo 2’
and so by (9), we have
1
(10) ———= XT'(2)! ¥ t)dp(x)
“(B(yvt)) B{ebf ;)\ B(cbiyr,,) «
1
> — XB(y.o(2)du(z)
,U(B(yat)) B(eby )\U:e B(cbky,.) 0
).
> — X By,n)()du(z)
H(B(yﬁf)) B(C(S;’J)\UaB(C‘sk%-l,a) (1)

1
D)) 1= x ‘ )d
p(B(y,t)) -/B(y,t)[ X B(y,)nU, B(cbiyr ) (2)]du(z)

—(—B_(ly—a—)— / B(y t)[l = XB(y,0)nQy4, (T)]du(z)

v
N “I:
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In the second inequality of (10), we used the fact B(y,t) C B(cé; ;)
Thus

/ Xty O)du(z) > Cu(Bly, 1)
B(C‘S;'J‘ N\, B(C‘Sk+1,a)

> Ct",

which implies (2). To estimate (3), note that

/ T, o(v)(2)dp(z)
B(cézyj)

_ du(y)dt .
2 /I‘B(céz‘j)[u(B(cézj))/J | v(y, t)|f—=—| du(z)

k,j

-/ bty t)tqd“(y)dt] u(B(csy )%,

¥

R o

This shows (3).
Finally, assume p = oo. Then

/ f(y,t)v(y,t)d#(zi)dti

d dt
<>/ (ol )| 2408

ke — oo (Qk)\T(ﬂk+1)

Z sz-l-l/ ’U y’t)fd_l'l‘_?i_)_cﬁ

k=-—oc0 j=1 I

<cy okz / Ty o (0)(2)di(2)

k=—00 (Cék ))

< C [ AulPET: o())du)

This completes the proof.
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