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PSEUDO-UMBILICAL SURFACES IN
A PSEUDO-RIEMANNIAN SPHERE
OR A PSEUDO-HYPERBOLIC SPACE

YouNGg Ho KIM AND YOUNG WoOOK KIM

1. Introduction

The notion of finite type submanifold was introduced by B.-Y. Chen
[1]. A lot of works were done in this field of study by many authors. B.-
Y. Chen also extended this notion to pseudo-Riemannian submanifold
of pseudo-Euclidean space ([2]). Let ET* be the m-dimensional pseudo-
Euclidean space with metric tensor of the form

g= Z dz? + Z da?
t=s+1
where (21,22, -+ ,Zm) in a rectangular coordinate system in E]*. Let
M be a connected n-dimensional pseudo-Riemannian submanifold of
E™+1 with signature (r,n — r). We then have the Laplacian A of M
acting on the space of smooth functions on M. M is said to be k-type
if the component functions of position vector ¢ of M in EJ* can be
expressed as a finite sum of eigenfunctions of A:

(1.1) T =xo+ T + i, +o + 1y,
A:l?l'j = l,'jx,-j,l,'l < li2 < - - <l l,‘k
for some natural number k¥ where z¢ is a constant map, z;,- -, i,

non constant maps. A k-type submanifold is said to be null k-type if
one of l; ,--- ,l;, 1s zero. Let ¢ be a point of E* and r > 0. We put

S7(er) = {r € ET (@ — e,z — ) = 17},
H'(¢e,r)={z € E:’ﬁl (z—c,x—¢)= _TQ},
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where (,) denotes the indefinite inner product. It is known that

57 (c,r) and H® are complete pseudo-Riemannian manifolds of sig-
nature (s,m — s) with constant sectional curvatures 1/r? and —1/r?
respectively. S;"(c,r) is simply connected if s < m—1 and S7*_,(¢c, ) is
connected and has infinite cyclic fundamental group. Sh(c,r) has two
simply connected components. SI"(¢,r) and H]*(c,r) are respectively
called the pseudo-Riemannian sphere with center ¢ and the pseudo-
hyperbolic space with center c. B.-Y. Chen ([2]) studied 1-type com-
pact space like submanifolds of S}*(¢,r) and H*(¢,r) and classified
them. A vector X of E™*! is called spacelike (timelike or lightlike,
respectively) if (X, X) > 0 ((X,X) < 0,(X,X) = 0 and X # 0). By
a hyperplane section N of S}* (or of H® ;) we mean the intersection
of ST (or of H™ ) and the hyperplane L of E™%'. In particular, the
hyperplane section is called the null hypersection if the normal vector
to the hyperplane is a null vector in E/**! (see [ 6 ]).

Let M be an n-dimensional pseudo-Riemannian submanifold of an
m-dimensional pseudo-Riemannian manifold M. Let e, €2, -+ ,€n be
an orthonormal basis for the tangent bundle TM and ep41,- - ,€m
an orthonormal normal basis for the normal bundle T+M. Since M is
pseudo-Riemannian submanifold of M, the tangent bundle of M can be
decomposed as TM = TM & T+M. Let ¢ be a smooth endomorphism
of T,M,p € M. We then define the trace ¢ as follows:

tré = Z (dei,ei), e; = (ei,e;) = £1.

Thus, the mean curvature vector H of M is given by

1
H=- ih(ei, €i),
~ Z eih(ei, e;)
where h is the second fundamental form of M. M is said to be pseudo-
umbilical if Ay = pI, (H,H) # 0 where A is the weingarten map, p a
smooth function, and I the identity transformation.

REMARK. ([6]) Null hypersections with nonvanishing mean curva-
ture vector are of infinite type.

In this article, we study 2-type pseudo-umbilical surface in a pseudo-
Riemannian sphere or a pseudo-hyperbolic space.



Pseudo-umbilical surfaces 153

2. Main results

Let M be an isometric immersion of a surface in a pseudo-Riemannian
sphere S7%(¢, r) or a pseudo-hyperbolic space H™ ;(¢,r) in E™*! and
let £ : M — M be an isometric immersion of a surface M into M with
respect to induced metric. We can identify = with the position vector.
We may assume that ¢ is the origin of E*! and r = 1. We simply call
M pseudo-spherical if z(M) lies in S7* or H* |. Let H, A, h, D be the
mean curvature vector, the Weingarten map, the second fundamental
form and the normal connection of M in E™*! and H', A, k', D' the
corresponding terms of M in M.

Since z is the unit vector normal to M, Dz = 0. We also denote
by V and V the Levi-Civita connections of E"”'H and M, respectively.
Then we haveH H' —ex, where e = 1 if M = ST and € = —~1if
M = s—1- It is easily seen that 4%, = Ay and D'H' = DH'. Thus,

one can compute
(2.1) AH = AP H' +2¢H' + Z eih'(Apei,ei)
— (etrApy +2)x +trViy,

where AP'H' = - Y ei(D'; D', H' — D'y, H') and tr¥ A

= trVAy + trApp = Y, 6i{(Ve, Am e + Ap, Hrei} for some or-
thonormal basis e, e; of TM. Suppose M is pseudo-umbilical in M.
Then, A’H, = €'(a')?I, where ¢’ = sign(H', H') and |(H', H')|'/? = o,
that is, o’ is the mean curvature of M in M. We can easily see that
M is pseudo-umbilical in M if and only if so is M in EM+! We now
suppose M is of 2-type. Then, the position vector z of M in ET**!
can be written as z = xp + Tp + Tq, ATy = Ay, Axy = AgT4. Since

Az = —2H, it follows that

ApAq

(2.2) AH =bH +c(z—z9), b=X 4+, c= S

Since z is a unit normal vector field to M, (2.1) and (2.2) give

—e(etrAp +2) = —b+ ce — (v, zp),



154 Young Ho Kim and Young Wook Kim

or
(2.3) c(z,x9) = €(2 + etrAp + ¢ — €b).
Let X be any tangent vector field to M. From (2.1) we get
(AH,X) = (trVAm, X).

On the other hand, (2.2) yields

(AH,X) = —c(xg,X).
Differentiating (2.3) covariantly, we get

(X, z0) = X(trAn ),

from which, B
trVAy = —2grad(H', H'),

or,
(2.4) c(zo)! = 2grad(H' H'),

where (29)7 denotes the tangential component of zo.
Quite a similar work to get (4.7) in pp. 270, [1] gives

(2.5) AH=AH + grad(H,H) +2trApn + Y_ e;tr(AnAr)er,

where A, = A.,, {€e,} an orthonormal normal frame and (e,,e,) = ¢,.
Since Dx = 0 and DH' = D'H’, the fact that M is pseudo-umbilical
together with (2.5) yields

(26)  AH =AP' H' 4 grad(H',H') + 2trAp: + 2(H, H)H.
Thus, (2.2) and (2.6) produce
AP H' + grad(H',H') + 2trAp p + 2(H,H)(H' — ex)
=bWH' — ex)+ c(z — o),
or,
(2.7) APH +2(H,H)H + grad(H' ,H') + 2trApg = bH + ¢(x — 20).
It follows that
—c(z0)T = grad(H', H') + 2tr Ap py».
Combining the last equation and (2.4), we see

(2.8) 3grad(H' ,H') — 2trAp/ g = 0.
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LEMMA 1. Let M be a pseudo-umbilical surface in M. Then, we
have
trApy = 0.

Consequently, trAp g = 0.

Proof. Let {e;, ez} be a local orthonormal frame over M. Then,

-
trApy = E fiADgiHei: é 6,6j<AD¢iH6i,Cj>ej

d 1

= Z E,’Gj(h(f’-ia 6]'), D(’-’H>ej
t,J

~Zf ej{ei(H, h(ei.ej)) — (H, De; (e, e5)) Ye;
- ZG 6]{6 AHCH > - <H7(ve.‘h)(6i7€j) + h‘(ve,‘ejaei)

+h(ve‘~€,‘,€j)>}e]’
_Zf ei{ei({H,H))}{ei, e ;) —{(H, (V h)(ei, €;))

- (AHt‘z‘»Ve.-eJ) (Anej, Veeide;
= Zfiﬁj{ez‘((HvHH(enﬁﬁ - (H» D.; h(ei, e:))

+2(H, h(V ei,e)) e
=0 since Ay =(H, H)I. ||

Therefore, (2.8) implies (H', H') is constant on M and so is (H, H).
From (2.4), we can have either ¢ = 0 or (29)7 == 0. If ¢ = 0, then M is
of null 2-type. It follows from (2.7)

(2.9) APH =0 and b=2(H, H).
However, M cannot have a pa.rallel mean curvature vector due to
Lemma 2 in {2]. If ¢ # 0, then (2¢)7 = 0, that is, 2¢ is a constant

normal vector field. Suppose ¢ # 0. (2.3) implies that = lies in a
hyperplane in E}* and we may regard M as a pseudo-umbilical surface
of hyperplane sections. Thus, M can be considered as an open portion
of S (or HZ_|) or null hypersection, which is not of 2-type. Therefore,
z9 must be the zero vector. Hence, we have
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THEOREM 2. Let M be a pseudo-umbilical 2-type surface in S or

. Then, M with non-parallel mean curvature vector has constant
mean curvature and one of the following occurs :

(1) If M is of null 2-type, then M has a harmonic mean curvature
vector with respect to normal connection.

(2) If M is of non-null 2-type, then ¢ is the zero vector.

COROLLARY 3. If M is a compact spacelike pseudo-umbilical non-
null 2-type surface in S* or H]* ,, then M is mass-symmetric.

COROLLARY 4. There is no Lorentzian pseudo-umbilical 2-type sur-
face with parallel mean curvature vector in S7* or H* ;.

THEOREM 5. Let M be a pseudo-umbilical 2-type surface in S}* or
H™ . Then m must be bigger than 4.

Proof. Let M be pseudo-umbilical 2-type surface of S or H?_,
with mean curvature vector H'. We denote by ¢ 3% = (H', H') where
¢ =sign(H',H') and 8 = [(H',H')|* > 0. We choose an orthonormal
basis ey, ez, €3, €4 of TS';4 or TH;‘_1 such that ey, ez are tangent to M
and e3, e4 normal to M with A3 = ¢8I and tr 44 = 0. We denote by
w!, w?, w3, w? the dual 1-forms. Then the connection forms wﬁ are

given by

B A
dey = Zwﬁ@e};, w, +esepwy = 0,
B

where €4 = (ea,€4), A = 1,2,3,4. We obtain the following from the
above equations

4

(2.10) dw? = w° A w,
C=1
4
(2.11) dw? = Zwi/\wg%—ﬂﬁ,
C=1

where Q8 = %EC,D RE-pw® Aw”, RE-p = ep(R(ec,ep)ea,en)
and R is the Riemann-Christoffel curvature tensor of S or H? ;.
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We put

(2.12) h= Z hfjwi Qw ® e,

t,7,t
where 7,5 € {1,2} and t € {3,4}. Then we have

(2.13) w! = Z hfjwj, (Acei, e5) = ethfj,
3

where A; = A,,. Since A3 = €361,
(2.14) w! = fewt (1=1,2).

Making use of (2.10), we get
- 2 . .
(2.15) dw? = Be;dw’ = Be; Z w! /. w;
7==1

because f is constant. On the other hand, if we use (2.11) and the fact
that S% or Hi_, is of constant curvature, then (2.14) implies

(2.16)

2
dw? = E w! Aw} 4w Awj

3
=1

2 2
=ejﬂ_;_ wf/\wj—i-w?/\wgze,ﬂg w’/\w;—}—w?/\wz.
j:l j=1

It follows that
(2.17) wiAwl =0 (:=1,2).

We now split the cases :

Case (1). Suppose M is timelike or spacelike. Without loss of gener-
ality, we may assume M is spacelike. Then, (2.16) implies Then, (2.17)
implies

w}(e;)wy(ex) — wi(ex)wy(e;) = 0.
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Since wi(e;) = h‘}j, we get

(2.18) hijwiler) — hiwi(e;) = 0.

Since trAy = 0, (2.18) yields

(2.19) Zh,kw ;) =0.

Let My = {p € M|wi(p) # 0}. Suppose My # ¢. Then, (2.17) and
(2.19) implies
w? =0

on Mp. (2.11) and the last equation give

0= dw! = w P A wd = w Awtd = Buw' Aw?
z B — 3 — / 3
B

from which,
. .
w3 Aw' =0 on M.

This implies w3 = 0 on My, which is a contradiction. Therefore, My =
¢, that is, wj vanishes on M. Hence, ¢; is parallel in the normal bundle,
that is, the mean curvature vector is parallel. By applying Lemma 2
and Proposition 1 in [2] again, we see that M is minirnal in hyperplane
sections which is a contradiction (see | 6 ]).

Case (2). Let M be Lorentzian. Then, the Weingarten map A4 has
one of the following forms ([4]):

(o) (0 9) (502)

for some functions A, g, a and b, where the first and the last repre-
sentations are induced by an orthonormal frame and the second one
1s obtained by an pseudo-orthonormal frame {e;,e2} on M satisfying
{e1,€1) = {e2,¢2) = 0, (e1,€2) = 1. Since M is pseudo-umbilical, we
can choose an orthonormal frame {e;,e;,e3, €4} such that e; and e
are tangent to M, A3z = e33] and A4 has one of the following :

0GR (%)
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Suppose A4 = (—0)‘ ?\) If we assume ¢, = (e;1,e1) = —1 and

€2 = (ez,e2) = 1, then we get
(2.20) wi = (—1) e w’,
which together with (2.17) gives

Aot Awi =0 (i=1,2).

Since e3 cannot be parallel, A vanishes on M. Therefore, M is totally
umbilical in S3 or H?_,, which is not of 2-type.
Suppose A4 = (~1/2 _1/2) Then, wf = w} = ﬂ(wl + wz) It
1/2 1/2 )¢ T 272 '

follows that

(2.21) wi(e1) = wi(ez)
because of (2.17). The structure equation combined with (2.21) implies
dwy = 0.

Then, the distribution
D= {X ¢ TM|w;(X) =0}

1s integrable and parallel because of (2.21), where TM is the set of
vector fields on M. The integral submanifold of D is a null curve 4.
It is easy to see that -y is a geodesic in M. Let ¥ = X and let {X,Y’}
be a pseudo-orthonormal frame such that (X, X) = (Y,Y) = 0 and
(X,Y) = 1. Then, Y generates the complementary distribution D+
such that TM = D @ DL. DL is also integrable and parallel. The
integral submanifold of D+ is also a null curve 7.

On the other hand, we can see that v and 4 are totally geodesic
in S% or H,_, and they are null straight lines in E (see [7], pp 112-
113). Thus, M is an open portion of Lorentz plane E? that is not
pseudo-umbilical in §% or H? ;.

If Ay = (_(_Jb 3), then

4
wy = —eqbw?, w% = —eshw!.

The relationships above and (2.17) yield w} = 0, which is contrary to
our assumption. Thus the theorem is proved. ||||
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