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L*~-TRANSVERSE FIELDS PRESERVING THE
TRANSVERSE RICCI FIELD OF A FOLIATION

JIN SUK PAK, YANG JAE SHIN AND HwAaL LAN Yoo

1. Introduction

Let (M, gar, F) be a (p+q)-dimensional connected Riemannian man-
ifold with a foliation F of codimension q and a complete bundle-like
metric gy with respect to F. Let Ricp be the transverse Ricei field
of F with respect to the transverse Riemannian connection D which is
a torsion-free and gg-metrical connection on the normal bundle @ of
F. We consider transverse conformal (or, projective ) fields of F. It
is clear that a transverse Killing field s of F preserves the transverse
Ricci field of F, that is, ©(s)Ricp = 0, where O(s) denotes the trans-
verse Lie differentiation with respect to s. The purpose of the present
paper is to prove the following theorems:

THEOREM A. Let (M,gm,F) be a (p + ¢)-dimensional connected
Riemannian manifold with a harmonic foliation F of codimension q > 2
and a complete bundle-like metric gy with respect to F. If an L%
transverse conformal field s of F with L?-charateristic function satisfies
O(s)Ricp = 0, then s is a transverse Killing field of F.

THEOREM B. Let (M, gas,F) be as Theoremn A. If an L?-transverse
projective field s of F with an L?-characteristic form ¢, satisfies ©(s)
Ricp = 0, then s is a transverse Killing field of F.

For compact M without boundary those were proved in [9]. The
classical result of Ishihara [2] corresponds to the case of the point fo-
liation on a compact Riemannian manifold without boundary : Let
(M,gm) be a connected, orientable and compact Riemannian mani-
fold without boundary, and let Ric be the Ricci tensor field on M. If a
conformal (or, projective) vector field ¥ on M satisfies (Y )Ric = 0,
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then Y is a Killing vector field on M, where O(Y) denotes the Lie
differentiation with respect to Y.

We shall be in C*°-category and use the following convention on the
range of indices :1 < ¢,5,--- <p,p+1< a8, -- < P+ ¢. The Einstein
summation convention will be used with respect to those systems of
indices.

2. Preliminaries

Let (M, ga, F) be (p+ g)-dimensional connected foliated Riemann-
1an manifold with a foliation F of codimension ¢ and a complete bundle-
like metric gas in the sense of Reinhart [12]. The foliation F induces
an integrable subbundle E of the tangent bundle TM over M. The
quotient bundle @ = TM/E is called the normal bundle of F. We
denote by 7 : TM — @) the natural projection. The metric gn defines
amap o : @ — TM with moo = identity and induces a metric gg in @
({3}, [12]). We denote by D the transverse Riemannian connection in
Q which is torsion free and metrical with respect to o (3], [6], [12]).

In a flat chart U(z*,2) with respect to F ([12]), a local frame field
{Xi,Xo} = {0/0x",0/2%— A2,8/827} is called the basic adapted frame
field of 7 ([12], [15]). Here A, are functions on U with gar(X;, Xq)=0.
It is trivial that X, (resp. Xo spans I'(E|y) (resp. I(E<+|y)), where
E+ = ¢(Q) denotes the orthogonal complement bundle of E in TM.
Hereafter, we omit the term ”|y” for simplicity. Wa set that gi; =
9(X6; X5), gos = 9(Xa, Xp), (97) = (gi;) 7", and (¢°°) = (gag) ™.

Then we have

LEMMA 1. ([15]) It holds that Dy, 7(X,) =0, Dx,Dx, x(Xz) =0
and Dxaﬂ(.\'ﬁ) = DX[,W(—XVO')-

LEMMA 2. ([13]) It holds that [ X, X3] € T'(E).

The curvature Rp of D is defined by Rp(X,Y t = DxDyt —
Dy Dxt ~ Dix yt for any X,Y € I(TM) and t € I'(Q). We notice
that ¢(X)Rp = 0, where i(X) denotes the interior product with re-
spect to X € T'(E). Thus, for any u,v € I'(Q), the operator Rp(u,v) :
I'(Q) — I'(Q) is a well-defined endomorphism ([3]), that is, Rp(u, v)t =
Do) Doyt = Doy D gyt — Dis(u),0(o)t- The Ricei operator pp of F
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is given by pp(t) = g*’Rp(t,7(Xa))7(Xs) ([3]), and the transverse
Ricci field Ricp of F is defined by

Ricp(t,u) = go(pp(t), )

for any t,u € ['(Q).
We set

V(F)={Y e (TM)|[X,Y]) € (E) for any X € I'(E)}.

An element of V(F) is called an infinitesimal automorphism of F ([3]).
We set .
VIF)={seT(@Q)s=n(Y)and Y € V(F)}.

The transverse Lie differentiation ©(s) with respect to s = n(Y) €
V(F) is given by
O(s)t = n([Y, V1))

for any t € T(Q) with n(Y;) =t and Y; € T(T M) ([3],(6)).
LEMMA 3. ([11)) (O(s)D)(x.,x,m(X+) = 0 for any s € V(F).

The transverse divergence divpt of t € I'(Q) with respect to D is
given by
divpt = ¢*?go(Dx, b, 7(Xg)

and the transverse gradient gradp f of a function f is given by
gradpf = g*" Xo(f)m(Xs)

([3], [9D) _
For any s = n(Y) € V(F), we have an operator Ap(s) : I'(Q) —
I'(Q) defined by
Ap(s) =0(s) - Dy

(13D
DEFINITION. ([3], [7], [15]) If s € V(F) satisfies O(s)gq = 2fs90,

where f, is a function on M, then s is called a transverse conformal

field (t. c. f.) of F and f, the characteristic function of s. If s € V/(F)
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satisfies ©(s)gy = 0, then s is called a transverse Killing field (t. K.
f) of F. If s € V(F) satisfies

(O(s)D)xt = ¢o(X)t + po(0(t))m(X)

for any X € I'(TM) and t € T(Q), where ¢, is a 1-form on M, then
s is called a transverse projective field (t. p. f.) of F and ¢, the
characteristic form of s. If s € V(F) satisfies ©(s)D = 0, then s is
called a transverse affine field (t. a. f.) of F.

PROPOSITION 1. ([9]) Ifsisat.c.f. of F with characteristic function
fs, then divps is a foliated function on M (i.e., dvips has constant
values on leaves) and divps = qfs.

PRrOPOSITION 2. ([9]) If s is a t.p.f. of F with characteristic form
¢s, then divps is a foliated function on M, d(divps) = (¢ + 1)¢, and
¢s(X) =0 for any X € T'(E).

PRrRoOPOSITION 3. ([9]) If s is a t.c.f. of F with characteristic function
fs, then it holds that

(O(s)D)x, 7(Xp) = {Xa(fo)bs + Xp(fs)65 — X5(fs1gasg™ }r(Xe)

where 65 denotes the Kronecker delta.

Let VM be the Levi-Civita connection with respect to gar. Then an
operator Ap : I'(Q) — [(Q) is defined by

Aps =—¢**(Dx, Dx,s — Doy x,) = g7 (Dx,Dx, s — Doy x;s)

for any s € T(Q) ([5], [10)).

PROPOSITION 4. ([9]) Let s € V(F). Ifs is a t.af of F,then
Ap(s) = Dy(r)s+pp(s) and d(divps) = 0, where T is the tension field
defined by T = —-g'»j('Dl\'Jr‘)(X_,*).

ProrosITION 5. ([5], {13]) Let (M. gpr,F) be a Riemannian man-
ifold with a foliation F of codimension ¢ and a bundle-like metric ga
with respect to F, and let A be the Laplace-Beltrami operator acting
on functions on M. Then it holds the following decomposition of A :
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Af=0f+05f+Hf for any function f on M.

In Proposition 5, an operator O’ is defined by O f = —¢" X:(X,f)
+¢(VX.X;)Eef, where ( )g denotes the E-component of (). If fis
a foliated function on M, then we have that

where Of f = — ¢°® Xo(X5f) +9°°(Vx.Xp)ps f -

Now we consider L?-transverse field on a complete, non-compact
foliated Riemannian manifolds such that the foliation is harmonic and
deal with connected and orientable manifolds without boundary.

Let Q* the dual bundle of @ and its connection be denoted by D*.
Then Q* has the metric induced from gg.

Let A"(M) be the space of all r-forms on M and let the exterior
derivative d : A"(M) — AT (M) have the formal adjoint operator 6
defined by 6§ = (—=1)P+tOT+D+1 4 gy o AT(M) — AT"H(M).

Let To(Q) (resp. To(Q*) ) be the space of all sections of Q (resp.
Q* ) with compact supports and let L*(Q) (resp. L*(Q*)) be the
completion of ['y(Q) with respect to the global scalar product <<, >>.

DEFINITION. ([14], [16]) An element s € L*(Q) NT(Q) is called an
L?-transverse field of F.

If t is an L2-transverse field of F, then the dual ¥ of ¢, that is,
#(, ) =gq(t, ) belongs to L} (Q*yNnT(Q*).

Let 2o be a fixed point of M and p(z) the geodesic distance from
zp toxz € M. We set

B(2k) = {z € M|p(z) < 2k}

for any k > 0. We consider a differentiable function p on R which
satisfies the following properties :

0<ply)<1l on R,
p(y) =1 for y <1,
n(y) =0 for y > 2.
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We define a family {wx} of Lischitz continuous functions on M

an(e) = w8y k=12,

for any * € M. Then the family {wx} has the following properties:

0 <wi(z) <1 forz € M,
suppwi C B(2k),

wr(z) =1 for € B(k),
limg yoowi = 1,

|[dwi| < Ck™? almost everywhere on M,

where C is a positive constant independent of & ([14]).

Let T(Q 1 ={ne(Q*)|D%n =0 for any X € I'(E)} and let {to}
be the framc on () such that n(X,) = to , and let {to,} be the dual
frame to {ts}, that is, {%(u) = gg(ta,u) for all u € T'(Q). Then we
notice that D%¢* = 0 for any X € I'(E). Moreover, we remark that for
any s € L*(Q)NV(F)and y € LQ(Q*)OIN'(Q*), wgs -+ s and wgn — 7
as k — oo in the strong sense.

The foliation F is said to be harmonic if gijr(V‘%Xj) = 0, that
is, 7 = 0. On the other hand H = ¢7(V¥ X;)g. = ¢"7. {B*-
component of V4! X} is the mean curvature vector field of each leaf

of F. Thus harmonic foliation F means that all leaves of F are minimal
submanifolds of M.

We finally introduce some lemmas for later use.

LEMMA 4. ([17]) Let (M, ga,F) be a complete, non-compact foli-
ated Riemannian manifold with a harmonic foliation F. Then

/ divp(wis)dS =0
B(2k)

for any s € I'(Q), where dS denotes the volume element of B(2k).

LEMMA 5. ([1]) Let (M,gm,F) be as Lemma 4. Let s € V(F) be
an L*-transverse field of F. Then s is a t.K.f. of F if and only if
Ap(s) = pp(s) and divps = 0.
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LEMMA 6. ([8]) Let (M,gm,F) bea(p+ q)-dimensional connected
Riemannian manifold with a harmonic foliation F of codimension g > 3
and a complete bundle-like metric gum with respect to F. Let s €
V(F) be an L*-transverse field of F. Then the following properties are
equivalent :

(1) s is a transverse Killing field ;

(2) s is a transversally divergence-free Jacobi field ;

(3) s is a transverse affine field.

3. Main theorems

Using some lemmas and propositions in the preliminaries, we obtain
the following theorems.

THEOREM A. Let (M,gm.,F) be a (p+ q)-dimensional connected
Riemannian manifold with a harmonic foliation F of codimension ¢ > 2
and a complete bundle-like metric gum with respect to F. If an L%
transverse conformal field s of F with L2-charateristic function satisfies
O(s)Ricp =0, then s is a transverse Killing field of F.

Proof. Let s € V(F) be an L%-t.cf. of F with L*-characteristic
function f,. Then it follows that

75 (0(s)Ricp)(w(X5), m(Xe)) = g = Vo fo

(cf. [11, p. 171]). So we obtain directly OF fs = 0 by the assumption
O(s)Ricp =0 and ¢ > 2.

Since F is harmonic and f, is a foliated function on M, by means
of Proposition 5 we have Afs = 0 so that f, is constant on M. In fact,
we have

0 =<« Afs,wﬁfs >>B(2k)
—< < widfs,wrdfs >>B2k) +2 << widfs, fadwik >>B(2k)
> Hu)kdszzB(zk) — 2llwrdfull BenllfsdolBer)

v

3 4C*
ZHWkdszQBuk) - “p‘“”fs”%('zk)-
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Since f, is an L%-function on M, we have dfs = 0 as k — oco. Therefore
fs is constant on M. Moreover, for any t.c.f. s we have

divp(wks) = wrqfe + 9g(s, gradpwy

by means of Proposition 1. Thus we obtain

/ divp(wgs)dS > qf_g/ widS — lsi|gradpwi|dS
B(2k) B(2k) B(2k)

> qfs/ wrdS — g/ |s]dS.
B(2k) k B(2k)

From Lemma 4, we get f, <0 as k — oo.

Since 0 = [y divp(wis)dS < qfy [pip wrdS + € [55 5145S,
we obtain f, > 0 as k¥ — co. And hence f, vanishes identically. Thus
s1s a t. KL of F.

THEOREM B. Let (M, ga, F) be as Theorem A. If an L?-transverse
projective field s of F with an L?-characteristic form ¢, satisfies O(s)
Ricp = 0, then s is a transverse Killing field of F.

Proof. For any t.pf. s = n(Y) € V(F) with characteristic form bs,
it follows that

97 (O(s)Ricp)(m(Xy) m(Xe)) = (¢ — 1){8(¢s) — ¢o(H)}
(cf. [10, p.173]). Since F is harmonic, ¢ > 2 and O(s)Ricp = 0, we
have 645 = 0, which together with Proposition 2 implies
1

1
0= 6(b3 == p n l(gd(djvl)s) = mA(diU})S).

Since ¢, is an L?-form on M, divps is also an L2-function on M. If
we recall the fact in the process of the proof of Theoremn A, then divps
is constant on M. To use Proposition 2 one more time, we have that
¢s = 0, namely, s is a t.a.f. of F. By means of Proposition 6, we see
that s is a t. I of F.
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