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EXTENSIONS OF DRINFELD MODULES
OF RANK 2 BY THE CARLITZ MODULE

SunG SIKk Woo

1. Introduction

In the category of t-modules the Carlitz module C plays the role of
G in the category of group schemes. For a finite t-module G which cor-
responds to a finite group scheme, Taguchi [T} showed that Hom(G,C)
is the "right” dual in the category of finite t-modules which corresponds
to the Cartier dual of a finite group scheme. In this paper we show that
for Drinfeld modules (i.e., t-modules of dimension 1) of rank 2 there 1s
a natural way of defining its dual by using the extension of drinfeld
module by the Carlitz module which is in the same vein as defining the
dual of an abelian varietiey by its Gp,-extensions. Our results suggest
that the extensions are the right objects to define the dual of arbitrary
t-modules.

2. Duality of finite t-modules

In this section we introduce the work of Taguchi [T]. Unfortunately
we have to introduce a series of definitions. First we fix notations:

A =F,[T] where q is a power of prime,
K =F,(T), Ko = the completion of K at oo
L = the completion of the algebraic closure of K,
v : A— L afixed embedding, we often write ¥ = (T

C = the Carlitz module.
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Let B be a subring of A. A B-module scheme is a pair (G, ¥) where
G is a commutative group scheme over L and ¥: B — End(G) is a ring
homomorphism such that ¥, induces multiplication y(a) on Lie(G)
for each @ € B. For an F;-module G we write £ for the set of all
homomorphisms of F,-module schemes over L from G to G,.

DEFINITION 1. An Fy,-module (G, ) is a finite ¢-module if Og and
&g are finite dimensional over L with dim Og = ¢¥™% | and &g gen-
erate Og as an L-algebra. A ¢-sheaf over L is a pair (£, ¢) consisting
of a finite dimensional L-space £ and an L-linear map £9 — £ where
£ denotes the base extension of £ by the g-th power map on L. The
association G — &g is an antiequivalence between the categories of
finite ¢-modules and ¢-sheaves.

DEFINITION 2. A finite t-module over L is an A-module scheme
(G, ¥) such that G is killed by some nonconstant polynomial in F,[T)
and (G, Y[y, ) is a g-module. A t-sheaf (&, ¢,1¢) on L is the pair of a ¢-
sheaf (£, ¢) an endomorphism v of (£, #) which induces multiplication
by ¥ = ¥(T') on Coker(¢). The association G —— E¢ is an antiequiva-
lence between the categories of finite t-modules and t-sheaves.

For a finite ¢-module G we can embed G into Eg := Symm/(&g)
which is induced by the surjection Symm(€g) — Og.

DEFINITION 3. A finite v-module (G,¥,V) over L is a finite t-
module scheme (G, ¥) over L together with a morphism V': E((;’) —
Eg of Fy-module schemes such that ¥, = (¥ + V o Fg) where Fg is
the Frobenius morphism on Eq. A v-sheaf (€,¢,v) on L is the pair
of a ¢-sheaf (£, ) over L and an L-linear map v: & -+ £9 such that
Y, =9 + ¢ovis a t-sheaf on L. As Usual the association G — Eg
is an antiequivalence between the categories of finite v-modules and
v-sheaves.

EXAMPLE. Let (E,¥) be a Drinfeld module over L of rank r. As-
sume the action of t is given by

Yo X)=0X + X+ +a, X7,

252



Extensions of Drinfeld modules of rank 2 by the Carlitz module

Let G = Ker(¥,) for some a € 4. we can furnish G with a v-module
structure by defining v: £ — Eé.q) by

1 1

U(Xqi) _ Xqi—-l ® (0(1;- _ U) +‘Yqi @a;li . +4qu+‘_ @CL?‘.

PROPOSITION 1. In our situation (namely v: A — L is injective) a
finite t-module commes with a unique v-module structure so that the
consept of finite t-module is the same as the concept of finite v-module.

For an L-module £ we let £* := Hom(&,L). If (£, ¢,v) is a v-sheaf
on L then we get the dual of ¢ and v;

A R R o

DEFINITION. We define the dual of the v sheaf to be the v-sheaf
(E*,v*,¢*). If a finite v-module G corresponds to a v-sheaf (£, ¢,v)
then we define the dual of the v-module G to be the finite v-module G*
corresponding to the v-sheaf corresponding to (£*,v*, ¢*).

Taguchi justified that G* is the right dual by proving the following
facts [T].

PROPOSITION 2. Let G be a finite t-module (which is the same as a
v-module by proposition 1). Then,

(i) the correspondence G ~—» G*is functorial,
(i) G** is canonically isomorphic to G.

THEOREM 1. Let C be the Carlitz module and G be a finite t-
module.

(i) Then the functor which associating to an L-algebra B the group
Homy._poa{Gxp B, C'x4B) Is represented by G*.
(ii) There is nondegenerate A-bilinear pairing

GxG"—C.
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3. Extensions of rank 2 Drinfeld modules by the Carlitz
module

First we recall some results of [W].
THEOREM 2. Let E be a drinfeld module of rank r. Then
(1) Ext(E,C) is isomorphic to L{r]/B where
B = {avf — y{ala € L[]}

and L[7]/B = L" as additive groups.
(i1) The t-action on Ext(E,C) = L{r]/B is given by right multi-
plication by F or which is the same as left multiplication by
b
PROPOSITION 3. Let ; be an isogeny of a Drinfeld module E and
let G = Ker(u). Then we have an exact sequence

0 — Hom(G,C) - Ext'(E, C) “5 Ext!(E,C)
and of course Hom(G,C) is identified with G*.

The proofs of Theorem 2 and Proposition 3 are given in [W].

PROPOSITION 4. Let u be an isogeny of a Drinfeld module E. Then
the kernel of u*: Ext'(E,C) — Ext'(E,C) is a finite A-module.

Proof. Let G = Ker (;u: E — E). In the exact sequence of Proposi-
tion 3, Hom(G,C) is a finite A-module. Since é4 is injective we see that
Im(é,) is also a finite A-module which is the same as Ker(u*).

THEOREM 3. Let E be a Drinfeld module and p be an isogeny of E.
Then Im($, ) is contained in the subgroup

S={fe€ Extl(E, C) = L[7]/B| the constant term of f is zero }
of Ext'(E,C).

Proof. First suppose pu = F for some @« € 4. Then the constant
term of p is a which is nonzero (as we may as well assume). By the
formula [W, Proposition 4],

fOE =0 f=8,(f)m

254



Extensions of Drinfeld modules of rank 2 by the Carlitz module

we see that the left hand side of the above equality has no constant
term. Since the constant of p is nonzero we have that the constant of
6u(f) is zero. That is Im(s,) C Im.

Now suppose that y is an arbitrary isogeny of E. Choose a € 4 so
that Ker (u*) C Ker (vF) ie., a Ker (u*) = 0; such an a exists because
Ker (p*) is a finite A-module of Ext! (E,C). Hence we have

Im (6,) = Ker (u*) € Ker (¢E)C Q.

As required

PROPOSITION 5. Let E be a Drinfeld module of rank 2 and let
= At 4 gr +Tr"
where A and g are in L. Then 3 is a Drinfeld module of rank 2.

Proof. Let a € L[r] be a constant. Then

QpE _yCl _ 2y 99 o _((Lyp
Allt 1/)1A aTt +AT+gTT ((A)T+gTT)
Hence o o
ar? = (X)” - (gX)T in Ext'(E, C).

Now we compute the t-action (given by Theorem 2);

t(dr) = (r + T7%)(dr)
=d'r? +dTr
gdr  dv’

:(dT———-—-+

B AP)'

Hence on &, t acts as {; — ( yr + T7V.

If E is a Drinfeld module of rank 2 then we will write E for 3. With
this notation we get

d!tE =72 /AP — (g/AP)r + T7".
From now on we only consider Drinfeld modules of rank 2.
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PROPOSITION 6. (i) If E; (i=1,2) are Drinfeld modules of rank 2
and p: E; — E; is an isogeny then we have i Eg - E'l which is given
by right multiplication by p i.e., i(dr) = (dr)p.

(ii) The association E — E is functorial.

(iii) The multiplication by A is an isomorphism E = E.
Proof. For (i) simply note that (dr)u has no constant and the el-
ement of B has no constant either. For (ii) we need to show that

(42 0 p1) = fun o jip for isogenies y; and py. But this follows from the
corresponding properties of extensions. For (iii) we already noted that

YE = 12JAP — (¢/A)r + T7° when vF = Ar? + gr 4 Tr°. Hence the
result.

PROPOSITION 7. If E is a Drinfeld module of rank 2 then E is iso-
morphic (noncanomcal]y) to E.

Proof. They have the same j-invarant g?*!/A.

THEOREM 4. Let E; (i=1,2) be Drinfeld modules of rank 2. Let
p Ey — Ej be an isogeny with kernel G. Then the kernel of ji: E1

E, is canonically identified with the group G* = Hom(G, C) of Taguchi
(T], ie.,

8, -~ -
0—-G* 5 Ey b By
is exact.
Proof. The proof follows from the previous propositions.

COROLLARY. Let E be a Drinfeld mocule of rank 2, « € A and let
G = Ker(yF). Then there is a nondegenerate A-bilinear pairing

GxG—C.

Proof. Using the isomorphism of Proposition 7 identify Hom(G,C)
with G. Now use Theorem 1, (ii).
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