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LOWER BOUNDS OF THE NUMBER OF
JUMP OPTIMAL LINEAR EXTENSIONS
: PRODUCTS OF SOME POSETS

HyunNnGg CHAN JUNG

1. Introduction

Let P be a finite poset and let |P| be the number of vertices in P.
A subposet of P is a subset of P with the induced order. A chain C
in P is a subposet of P which is a linear order. The length of the
chain C is |C| — 1. A linear eztension of a poset P is a linear order
L =u1xy,29,...,2, of the elements of P such that z; < z; in P implies
t < 3. Let L(P) be the set of all linear extensions of P. E. Szpilrajn
[5] showed that £(P) is not empty.

Let P, be two disjoint posets. The disjoint sum P+ Q of P and Q
1s the poset on PUQ such that r < yifandonlyif z,y € Pand 2z <y
in Porz,y € Qandz < yin Q. The linear sum P& Q of P and Q
is obtained from P + @ by adding the relation 2 < y for all z € P and
yEQ.

Throughout this section, L denotes an arbitrary linear extension of
P. Let a,b € P with a < b. Then b covers a denoted a < b, provided
that for any ¢ € P, a < ¢ < b implies that ¢ = b. A (P,L)-chain is a
maximal sequence of elements z1,29,... ,zx such that z; <z < - <
zx in both L and P. Let ¢(L) be the number of (P, L)-chains in L.

A consecutive pair (z;,%;41) of elements in L is a jump (or setup)
of Pin L if z; is not comparable to z,4; in P. The jumps induce a
decomposition L = C; & -+ § Cy, of L into (P, L)-chains Cy,... ,Cn
where m = ¢(L) and (maxC;,minCi4,) is 2 jump of P in L for i =
1,...,m —1. Let s(L, P) be the number of jumps of P in L and let
s(P) be the minimum of s(L, P) over all linezr extensions L of P. The
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number s(P) is called the jump number of P. If s(L,P) = s(P) then
L is called a (jump) optimal linear eztension of P. The width w(P)
of P is the maximal number of elements of an antichain (mutually
incomparable elements) of P. We denote the set of all optimal linear
extensions of P by O(P). M. Chein and M. Habib [1] introduced several
aspects of jump number. H.C. Jung (2] studied jump number of some
classical posets, Young’s Lattice and Subspace Lattice.

Let N = {z1 < y1,72 < y1,22 < y2} be a poset. Then L, =
T1T2y1Y2, L2 = ziz2v2vy1, Lz = zoxiyiye, La = aax1y2n, Ls =
zoy2x1y1 are all the possible linear extensions. Thus |£(N)|=5. Also,
s(N)=1 and L; is the only one optimal linear extension of N, that
is, |[O(N)|=1. 1t is clear that |O(P)| < |£(P)|. In this paper, we are
interested in counting optimal linear extensions of some posets.

In section 2, we introduce elementary examples of counting optimal
linear extensions. In section 3, we count jump optimal linear extensions
of some products of posets.

2. Elementary Examples

In this section we count optimal linear extensions of some elementary
posets by direct counting. A k-chain k is a chain of length & — 1.

EXAMPLE 2.1. We can ecasily get s(ay +--- + a,) = n — 1. Let
ai,,...,a;, be any rearrangement of ai,...,a,. Then any optimal
linear extension of a; + --- 4 @, can be expressed as ai, & -+ D ai,.
Thus we get |O(a; + -+ + an)| = nl. T

Let Iy =14+---+1(m tinms:). We define a generalized tower to be
aposet T = I, @ - @ I (n times).

EXAMPLE 2.2. Since every linear extension is alsc optimal linear
extension, we get easily s(T") = mn — n and |O(T;")| = (m!)".
An upward [downward)] rooted tree T, [Tq) is a poset whose diagram

is an upward [downward] rooted tree.

EXAMPLE 2.3. Let T = T, or T;. Then we get s(T) = w(T) — 1.
Let A = {zy,...,z,m} be maximum size antichain of T. For each
L € O(T), let L4 be a subposet of L which is a linear extension of A.
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Then L4 € O(A). Conversely, for each | € O(A ) there exists a unique
L € O(T) such that L = 1. Hence |O(T)| == |O(4)] = w(TH.

Let Kpppn = {2: < yjfori =1,...,m and J =1,...,n} be a
complete bipartite poset.

EXAMPLE 2.4. Since every linear extension L has m+n—1 (L, ,,, L)-
chains, 3(Km;m,n) = m + n — 2. Now every linear extension of K, , is
optimal linear extension of Ky, ». Thus we get |O(Lp, )] = min!.

A standard poset on n elements S, is defined to be {z; < y; for i #
Jr,andi=1,... ,nandj=1,...,n}.

EXAMPLE 2.5. Since every optimal linear extension L of S, has
exactly two (S, L)-chains of length one, s(S,) = 2n — 3. Hence
O(Sa) = (") - (n=2)1-2-(n— 1)l =nln-1).

A Fences (or zigzag) on n elements is a poset F, = {a; < as,az >
as,...}.

EXAMPLE 2.6. Note that s(F,) = [§] — 1. Let m be a positive
integer.

If n =2m, F, = {azi_; < ag,,aoJ > agzjyr, fore =1,--- ;mandj =
1L,--oym =1}, Thus I = &2 {as(m—i)+1>%2(m—i)+2]} 18 the only one
optimal linear extension of Fy,,.

fn=2m+1, F, = {azi-1 < azi,az; > azj41, tort =1, ;mandy =

1,---,m}. For any L € O(F,), we have
L={a}®L where a =az4) for:=0,... ,m, and L' € O(F, \ {a}).

For each a = az;41, we have F, \ {a} = F;|JFam—2; where Fy,
and Fhp-_2; are disjoint. Thus [O(F, \ {«})] = (7), and |O(F,)| =

Lizo (7) =2m.

Hence we get

if n1s even

1
O(F,)| =
IO(F)] {2(""])/2 otherwise.

For intergers n, & with n > 0 and k > 0, the general crown S,‘;' is
the poset of unit length with n + A minimal elements zy,... , 2,44 and
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n + k maximal elements y1,... ,yn+k. Lhe order on Sk is defined by
x; < y;jiff j ¢ {e,14+1,...,4+ k}, where addition is modulo n + k.
When k = 0, we get S2 = S,.

EXAMPLE 2.7. Any optimal linear extension L of S¥ is of the fol-
lowing form:

L= D] C] S5 CV(L) (&%) 6'2 e DQ

where D; is linear sums of 7 — 2 one element (Sk L)-chains, and Cj is
a two element ( ,l,L) chain for j = 1,2 2, and C(k) is a linear sums of
k two element (S¥, L)-chains. Then 5(S*¥) = 2n + &k — 3. Note that for
each fixed C) there are (n — 2)! choices for Dy, and 2% choices for C'(k),
and n — 1 choices for Cz, and (n — 2)! choxces for D,. Also, there are
(n + k)(n — 1) choices for C1. Hence |O(55)| = 2*(n + k){(n - )12,

3. Main Results

Let P, Q be two posets. The direct product P x Q of P and @ is the
poset on {(p,q) : p € P,q € Q} where (a,b) < (c,d) if and only if « < ¢
in Pand b<din Q. Let P* be P x --- x P (n times).

We consider the poset a; x --- x a, where ay,... ,q, are positive
integers. We assume that a; > 2 for 7 = 1,...,n and let ¢* =
max{ai,...,a,}. Without loss of generality, we asswne that «* = a;.

H.C. Jung [3] found jump number of products of chains.

ProrosITION 3.1.
s{ay x - xay) = (Hi:lai)/a - 1.

Let [k] be {1 k} Let G* be the symmetric group on [k]. Define
an action GF x O(m — O(m*) by (0,L) — o(L) where o(L) is
a linear order in m* determined by applying an element o € G* to
the linear order L € O(m*), ie., if L = zy22...2,,%, then o(L) =
o(z1)o(z2)...0(2m+). For any (m*, L)-chain C, U(C) is a (m",(I(L))-
chain. Thus O’(L is also an optimal linear extension of mF, and this
action is well-defined.
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THEOREM 3.2. We obtain the lower bound of |O(m™)|.

ot > I,

Proof. Let 0; = (1,k+1) € G**! fori = 1,... k. For each y =
(Y1, ,yk,p) € m**1, define 0i(y) = (Y1, ..\ Yim1, Py Yit1s- - Yk, Yi)-
Ifzr < ym m*+1 then U,(J:) < oi(y)inm**'. Thusif L, =20, &k
€ O(m* x {p}) then

0i(Lp) = oi(x1)oi(xz) ... oiwme) € O(m* ™ x {p} x m* ).

Let 02 = O(m* x {p}). Then [O(m'~! x {p} x m*~F)| = 07| =

[O(m*)].

For L, € O where p = 1 Jlet L=L, & L,&---&L,. By

Proposition 3. 1 c(Ly) = m* -1 fo1 each p=1,....m sowegetcl)=
m*~1 . m = m*. Thus Proposition 3.1 implies L € O(m**1). Let

Op={L:L=Li& Ly 5L, for L, € OF wherep=1,... .m}.

Then O, C O(m**1) and |0, = |O(m*)|”. Now L € Om*+!) implies
oi(L) € Of m"“)

For:=0,1,... ,k let O; ={o,(L): L€ O,}. Then ]O | = |O0mkym.
But O;n0; = (Of(n 0<i<y <k H(llC(’ E+1)O(m* )™ < 1o m/"H)]

and by induction we get [[;_, +™" < [O(m™ ).

In general, equality does not hold. For example, consider 3* =
{2, k) 4,5,k = 1,2,3}. Let C(i.j) = {(¢,5,0) : | = 1,2,3}. Then
L=C(1,1)dC(1, ")dﬂ((’ e C(L3)BdC2.2)#C(3.1)H C(2,3) &
C(3,2) & C(3,3) is not the form counted in Theorem 3.3. It is clear
that |O(m™)] < |[L(m™)].

A Boolean algebra B,, on n elements is 2".

COROLLARY 3.3.

n an -k

0B 2 [T, #
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THEOREM 3.4. Let ay = ... =a; > ait1 > Qi42 > -+ 2 ap, then

10(ay x - % an)| > [O(ar x -+ x @) H=019 £ (aigr x - x an)l.

Proof. For any y € @i41 X - X @n, define Iy(x) = (z,y) where
z€ayx---xa;. Givenl=1z122...24,...0; € O(ay x -+ x a;), we define
E,(I) = I(z21)Iy(22) ... Iy(24,..a;)- Since ¢(l) = c(Ey(1)), Proposition
3.1 implies Ey(l) € O(ay x --- x ai x {y}).

Let Iy € L{a;j41 X+ X ay). Foreach y € I, choose I, € O(ay x- -+ xa,}.
Now we define

s(la, {ly 1y € b}) = (BE,(ly) : y ordered as in I»).
Since c(s(lz,{ly : y € I2})) = H?___za.,‘, Proposition 3.1 implies that
s(l,{ly : y € l3}) is an optimal linear extension of a; x - x a,. Let
S(l) = {s(l2,{ly 1y € I2})}. Then
|S(12)] = [Oar x -+ % gi-)|n1n=-‘+x"‘i,

Note that for any Zg,l.l2 € L{ajpr X - X ay), 5(!2)05(15) = {. Now let
O = US(lz) where Iy € L{aiy1 X -++ X ay). Thus

|O] = |O(ar x - x a) /=419 | L(aigs X - X an)l.

Since |O(ay x -~ X ay)| > |O], we get the desired results.
COROLLARY 3.5. Leta =ay; = ... = a; > Qj41 = Qigg = - = Uy,
then

Olay x - xa)| > (TT *# YW=019 |L{aigr x -+ x ay)l.
_— b k=1 e —

In the above Corollary, equality does not hold in general. For ex-
ample, consider 4 x 4 x 3. Let Cij = {(l,4,7): 1 =1,2,3,4}. We can
choose an optimal linear extension L = Cy; § Ci2 b Cyy & -+ which is
not counted.
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