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A SIMPLE PROOF OF BOCHER'S THEOREM

SoON-YEONG CHUNG, DonaN KM anp EuN Gu LEE

1. Introduction

A real-valued function u defined on an open subset  of R™ (n > 2)
is said to be harmonic in Q if u is twice continuously differentiable and

(13 -2
Au =0 in 2, where A = Z 80 5
T

=1
R" and E{(x) denote the fundamental solution of A say,

Eia) { Cilog1l/|x] i re=2;
= Cylaf*" if no> 2.

. Let U deno-e the open unit ball

Bocher’s theorem characterizes the behavior of the positive harmonic
functions in some neighborhood of an isolated ringularity as follows:

BOCHER’S THEOREM. Let u be positive and harmonic in U\{0}.
Then there exist a harmonic function v in U7 and a coustant a > 0 such
that

u{z) = v{r)+ aE(2), r € T\{0}.

In [2] we generalize this theorem for the harmonic function in U\{0}
without restriction of positivity as follows:

GENERALIZED BOCHER'S THEOREM ([2]). Let u be harmonic in the

deleted unit ball U\{0}. Then there exist a function v harmonic in U
and constants a, such that for every ¢ > 0

w(x) = v(x)+ Z o0V E{x), r e UN{0}

‘C"(!l
aal < Ce—. @ €Nj.
.
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Also, the expression of u is unique.

Here we use the following multi-index notations: For every multi-

mdex a = (ai,az,...,a,) € N§ where Ny is the set of nonnega-
tive integers; |a| = a; + az + --- + an; ol = aqlag!- - a,!; 8% =
a) no . 2l

611822"'(9::", with 8]=5—27

In this paper we apply the above generalized Bécher’s theorem to
give another simple proof of Bocher’s theorem. For this we made use
of the elementary definitions and properties of Sato’s hyperfunction in
Section 2, which were given in [2, 3 and 4]. In Section 3, we give a
different proof of Bécher’s theorem as a main theorem.

2. Preliminaries

We first give brief definitions for the hyperfunctions as in [3] and [4].

DEFINITION 2.1. If K C C" is a compact set, then A'(R), the space
of analytic functionals supported by K, is the space of linear forms u
on the space A4 of entire analytic functions in C® such that for every
neighborhood w of K

[u(¢)] < Cusuplo], g€ A

DEFINITION 2.2. Let ) be a bounded open set in R*. Then
(1) The space B(f2) of hyperfunctions in €2 is defined by

B(Q) = A'(Q)/4'(99).
(2) For u € A'(Q) the support of the class % of u in B(Q) is defined
by supp & = QN supp u.
Also, we need the following generalized Bdcher’s theorem in [2].

THEOREM 2.3. Let u be harmonic in the deleted unit ball U\{0}.
Then there exist a function v harmonic in U and constants as such that
for every ¢ > 0

u(z) = v(z) + Z e 0“E(x), x € U\{0}

|ex]

3
|aa|§Csz‘~, CMENS.
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Also, the expression of u is unique.

3. Another proof of Bécher’s theorem

We shall now give another proof of Bocher's theorem by using the
result of Theorem 2.3. For this we need the following lemmas.

LEMMA 3.1. Suppose that u is positive and harmonic in U\{0}.
Then there exist positive constants a and b such that

wz)<aB(z)+b in0<z| <

SR

Proof. Let S denote the unit sphere in R” «nd o surface area mea-
sure. Define the spherical mean of u by

1
Muj(z) = ;@ . u(|aw)do(w), x € U\{0}.

Then M [u] is also positive and harmonic in U\ 0}. Furthermore, Mu]
is a radial harmonic function in U\{0}. Hence, M[u] satisfies the dif-

ferential equation
n—1

FiOoy 4 f(r) = 0

for 0 < r = |z|] < 1. From this differential equation we see that for
some constants ap and by

Mul(z) = apE(x) + by.

Harnack’s inequality (see [6, Theorem 10.3]) implies that there exists a
constant « > 0 such that for every 0 < r < 1

; 1
ot () < ur(y), iz =y = 5
where u,{z) = u(rz). Then 1t follows that
‘ 1
oul{r) < uly). 0<lz| =t < 5
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Let wy be the point on S such that mengu(|;t|w) = u(|zjwo). Then,
for 0 < |z| < 1/2

Mu)(z) > u(|z|wo) > au(x).

Therefore, we can choose constants a and b such that
1
w(z) < aE(z)+b, 0<|z[§—2-.

Since u is positive the positivities of @ and b are necessary, which is
required.

We can easily expect that the property of E(z) in the following
lemma holds. But its proof may not be so simple if we do not use gen-
eralized functions. Here we prove this lemma by using the elementary
idea of the generalized functions.

LEMMA 3.2. Let the harmonic function J(z) = ) a,0°E(z) be

[ed

bounded below in Q@ = {z |0 < |z| < r} and 0 < r < 1. Then a, =0
for all |a| # 0.

Proof. Since J(x)+a > 0 for some constant a it follows from Lemma
3.1 that
lJo(z)| < AE(x) + B, x €

for someA, B > 0, where Jo(z) = Y ao0%E(x) This means that Jo(z)
|er}50

1s an integrable function in the ball B, = {z||z| < r}, since E(z) is

integrable in B,. Define a functional on the space C§<(B;) of infinitely

differentiable functions with support in B, by

Ji(9) :[K Jo(z)Ad(z)dz, ¢ € Cy-(B).

Then if we take ('} to be L'(B,)-norm of Jo(z) then

|J1()] < Cy |s1|1<p A¢(z)|, ¢ € CX(i3,).
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But, in a different point of view, using the integration by parts we have

Jilo) = / AJy(z)o(x)dx
S| <

= 3 a00e(0. b€ B,
jor]£0

Borel theorem ([5, Theorem 38.1]) states that for any sequence (aq)
there exists a C™ function ¥:(x) such that 9% (() = aa, for all « € Ny.
In fact, we may assume that ¢» € Cy°(B,) by multiplication with a
cutoff function. Putting ¢, (z) = ¥(nz) we obtan that

[T (én)] < Cin® sup |Ap(a)]
jr<r

and

Ji(on) = Z (1(\0("@"’)11(0) = Z i(l'algnlal

Jor|#0 Jal#0

Then trom the relation

lag|*nl*l < € n? sup | A ().
l2]<r

for all n € Ny we see that a, = 0 for ja] > 2. Thas Ji(2) 15 of the form

"\ OE(r) <~ J'E(x)
Jile) = bi—— + TR
e ; "o, ! i;l " dr.0u,

Since the absolute value of each derivative of E(x) goes to infinity as
x — 0 more rapidly than F(z), the inequality holds only if b; = 0 and
cij = 0 for all 7, ). which is required.

Finally we give a different proof of Bocher’s theorem.

THEOREM 3.3. Let u be positive and harmonic in U\{0}. Then
there exist a harmonic function v m U and a constant a > (0 such that

ula) = v{r) + aE(r). r e L\{0}.
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Proof. By Theorem 2.3 there exist a harmonic function v in U and
constants a, such that for every € > 0

u(z) = v(z) + Zaaa"E(:zr), z € U\ {0}
laa] < Ceell/al, a € Nj.

Putting J(z) = 3 aad*E(x), we can easily see that J(z) is harmonic

in U\{0}. Since v is continuous in U, J(z) is bounded below in B1\{0}.
Then Lemma 3.2 implies that J(z) = agE(z). The constant ag must
be nonnegative. For, otherwise, u(z) — —oc as ¢ — 0, which would
violate the positivity of u. Thus, the proof is complete.
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