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NORMAL HYPERSURFACE IMMERSED
IN A PRODUCT OF TWO SPHERES

Shin,Yong Ho

0. Introduction

Yanofl] studied the differential geometry of Sn x Sn and proved that 
the (/, u, v, A)-structure is naturally induced on S" X S" as a sub­
manifold of codimension 2 of a (2n + 2)-dimensional Euclidean space 
or a real hypersurface of (2n + l)-dimensional unit sphere S2n+1(l). 
S.-S.Eum, U-H.Ki and Y.H.Kim [2] researched partially real hyper­
surfaces of Sn x Sn by using the concept of A:-invariance. The pur­
pose of the present paper is devoted to study some intrinsic charac­
ters of hypersurfaces immersed in Sn x Sn and characterize global 
properties of them by using some intergrable condition. In section 1, 
we recall the intrinsic properties of Sn(l/\/2) x Sn(l/\/2) and obtain 
some algebraic relationships and structure equations of hypersurfaces 
of S"(l/\/3) x S"(l/\庖)，In section 2, we define an integrable condi­
tion for the induced strucrure on a hypersurface of Sn x Sn which is 
called to be normal, and look into an intrinsic character of a normal 
fc-antiholomorphic hypersurface of Sn x Sn.

1. Structure equations of hypersurfaces of S"(l/w② xS"(l/w②

Let M be a hype호surface imme호sed isometrically in 云) x
Sn(l/\/2) and suppose that M is covered by the system of coordi­
nate neighborhoods {V; xa}, where here and in the sequel, the in­
dices a, b, c, d, ••- run over the range {1,2, • • • , 2n — 1}. From the 
(/, p, u, v, A)-structure defined on Sn x Sn, we obtain the so-called 
(£ 9)",糾 人危“，)-structure given by[2],

(1.1) /fc/g =顶十 ubua + vbva + wbwa,
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(1-2)

feUe = —Ava + /zwa, 
f^ve = Xua + uwa^ 
f^we = —flu0, 一 vva

or, equivalently
(L3)

^efa =人％ — 程比=一人"a 一 贝％ Wef^ = flUa + UVa,
ueue = 1 — A2 — /x2, ueve =—卩1人 uewe = —Az/,

veve = 1 — A2 — z/2, vewe = A/z, 
e -n 2 2wew = 1 — “ — V 

where va and wa axe 1-forms associated with ua, va and wa respec­
tively given by ua = ubgba, va = vbgba and wa = wbgba. By putting 
fba = 比gg fcb is 융kew・symmetric.

(1.4) 驍崂=片 一 kck\
(1.5) k^ke = —akc^
(1.6) keke = 1 — a2.
(1.7) k^ + f^k2 = kcwa~wck\
(1.8) k^we + f^ke = —awc.
(L9) kcue 二二一vc — fikcy kcve — 一uc _ vkcy

(1.10) keue = —v — keve = 一屮—ay.
(L11) d^cb —cLlb = ^cb
(1-12) ^cfb = 3서对 + — kcb俨 + 峠Vb — leb히。a + 啓力,

(L13) ▽项站 = cB — ‘시匚사» +

(1.14) Vcv6 =心feb 一 kc^b + ulcb + Xgcb>
(1-15) Vcw6 = 一网cb - ukcb + kcVb 一 Icefb^
(1.16) VCA = —2vc, Vc/z = w© — Xkc — Zceuc, Vcp = kcewe — Zceve,
(1-17) ▽同= 础

(1.18) + 시成

(1.19) Vca = —2lceke.
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From these structure equations, we can easily see that the 1-form kc 
is the third fundamental tensor when M is considered as a submanifold 
of co dimension 2 immersed in S2n+1(l).

Finally, we mention the following remark and theorems for later use.

REMARK 1 [이. If X2 + p.2 = 1 on the hypertsurfa.ee M, we see
that

〃 =0, u = constant^ 0), vc = 0 and a = 0.

And if the function A vanishes on some open set, then we have vc = 0 
and 卩，= 0. AftM'eovar, if the 1-form Ub is zero on an open set in M, 
then (1.13) implies /서) = 0, which contradicts n > 1 as is shown above.

THEOREM 1.2 [3]. Let M be a hypersurface of Sn(l/\/5) xSn(l/\/2) 
with (/, g, u, v, w, A, /z, z/)-structure satisfying 人? + “2 + 〃하 = ]. [f M 
is a minimal hypersurfa.ee with (/, g, w, v, w, A, /z, ”)-s£ractu給,then M 
is a Sasakian C~Eienstein manifold.

THEOREM 1.3 [3], Let M be a hypersurface of Sn(l/\/2) x Sn( 1 /y/i) 
(n > 1) with w, A,/x,i/)-structure satisfying A2 + /z2 4- v2 = 1.
IfM is minimal^ then M as a submanifold of codimension 3 of a (2n+2)- 
dimensiona.1 Euclidean space B2n+2 is an intersection of a complex cone 
with generator C and a (2n + l)-dimensional unit sphere S2n+1(l).

2. Antiholomorphic hypersurfaces with normal (/, g, u, v, w, A, /z, v 
structure

We now define a tensor field S of type (1,2) as follows :

s% = [ft /]c6 + (▽c"6 — + (Vcv& — ▽gjn%
+ (VcWb - V^wc)wa,

where [/, f]^b is the Nijenhuis tensor formed with f that is,

= f汉-KVe/： - (Vc/r 一
The (/, u, v, w, A, p)-structure is said to be normal [4] if 

vanishes identically.

hypertsurfa.ee
hypersurfa.ee
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In ths section, we assume that the hypersurface M with (J, g,v, w, A, 
structure of Sn(l/\/2) x 5n(l/\/2) is nomal. Then we have

仲建 一 KM - (Vc/r - + (Vcu6 一 V6uc)ua
+ (Vcw6 - Vjwc)wa = 0.

because of (1.7) and (1.14).
Substituting (1.12),(1.13) and (1.15) into the last equation, we find

(2 1) Tac^b - Tagc = (、kae拭 + 血/)% -(屁 J： + kcef^)vb
-(kce琮切a - (kcVb 一 kbvc)wa,

where

(2.2) Tcb = lcef^ + lbef^.

Contradicting a and b in (2.1), we get

(2.3) Tcewe = (0 + 2A)vc + AjuA：c — 2vkcewe,

where we have used (1.2), (1.3), (1.9) and 0 = kewe.
If we transvect (2.1) with wb and use (1.2),(1.3) and (2.3) we obtain

(1 — /z2 - /您c = {(0 + 2A)va + 시」，她 — 2vkaewe}wc

- 為ae(£血© + We)vc + 0、" + Z*) + 加说사，玲&
+ heWbf^Va 一 사KkaefW + 知”*) - (A/zfccWa - 6vcWa),

or, taking account of (1.9), we get

(2-4)
(1 一 一 /)冗c + 사z(知 J： + kceK) 一 kbewXf^Vc + /：Va)
=6(yawc + vcwa) + 2Xvawc + Afi(kawc - kcwa) — 2u(kaewe)wc)
+ v(uavc — ucva) + (ju2 + p2)(fcavc — fccva).
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Taking the skew-symmetric part of this with respect to a and c we 
get

(2.5)
u{wc(kbewe) 一 wb(kcewe)} = A(V6WC 一 vcwb) + 사《kg - 史钏)

+ y(ubvc 一 u*b) + ("2 + “2)0泌％ 一 辰例)・

On the other side, transvecting (1.8) with wb and considering (1.2),(1.3) 
and (1.10), we have

(2.6) kci,wcwb + a + 2/zz/ = 0.

Transvection of toc to (2.5) gives

(2.7)
1/(1 —卩2 — l/2)fefecwe =)中 UUb + A/zfcft + {A(l —心—0(02 + /)}如

— {cm + 4니尹 +卩 + 사/。}"6) 

where we have used (1.3) and (2.6).
If we transvect (2.7) with ub and make use of (1.3), (1.9), it means

(2.8) /zi/^(l + 入으) = A(a + ")卩? 一 折2)，

Applying also (2.7) with vb and kb successively, we obtain respectively

(2 9)心“-心
=人(―1+人2 +叩2 +刼2 + 2叫奶—护+“2必)，

(2.10) /诺(人2 + 提 _ 广 + \3)=人(卩9 — av - /1V2 —产(技)

with the aid of (1.3),(1.5) and (1.9).
Combining (2.8) and (2.9), we can easily verify that

( + r +如2 +人2站/2)

' + + 2^2 + 2i/2 + A4 + 2/z2A2 + 2A21/2) = 0.

First of all, we prove
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Lemma 2.1. Let M be a hypersurface with normal (J, u, v, w, A, //, 
structure of Sn(l/\/2)xSn(l/\/2). Then the function a2 ~1 is non~zero 
almost everywhere.

Proof. If there exists an open interior MQ in {p E M \ a2(p) = 1}, 
then from (1.6) we see that kc = 0 on Ma, which together with (1.8) 
gives kcewe = —awc.

Thus, (2.5) leads to

A(ufiwc 一 vcwb) + u(ubvc - ucVb) = 0

on M. By transvecting vbwc and using (1.23), it follows that

A(1 — A2 — /z2 — — 0

on the set. But, in a consequence of Remark 1 in section 1, A2 + /z2 + 
z/2 7^ 1 on Consequently we have the function A vanishes on Ma. 
So we should have vc = 0 on Hence (1.3) yields v2 = 1 and “ = 0 
on the set. Thus, (1.10) gives a = Q. It contradicts the definition of 
the set This completes the proof.

LEMMA 2.2. Let M be a k-antiholomorphic hypersurfaces with nor­
mal (/, u, v, w, A, /z, i/)-structure of S"(l/、/2) x S"(l/v分).Then we 
have the function 卩 vanishes identically.

Proof. Since the hypersurface M is 虹antiholomo호phic, that is, the 
function a vanishes on M* (2.8)-(2.11) reduces respectively to

(2.12)
伊仪 1 + A2) = A/zz/(/z2 — i/2),

(2.13)
0(X2u2 一 戸2) = A(—1 + 入2 + 2;z2 + 2u2 — u4 + /z2^2),

(2.14)
泌(“2 + 人2 — “2 * 康)=%(卩? — I/2),

(2.15.)
/xp(—1 + 2产2 + 2i/2 + A4 + 2/z2A2 + 2A2i/2) = 0

If / 0 for some point p of M, then the expresion above can 
be written as
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0 = (“ —v )/(1 + A ),
0(/ + 人2 — “2 + 入 0)= 入(户2 — 〃흐), 

叩2 + 2/ + 炉 + 叩2人2 + 2A2p2 = 1

for such p of M. Substituting (2.16) into (2.17), we find

(“2 —折2)(1 + 人2 * 卩2 一 折2)— (J

at the point p. Comparing (2.18) with the last expression, we have

3 —捉)(3疽 + v2 + A2 + A4 4- 2烈人2 + 2人2丿)=0

at p G M. Since (^z/)(p) •丰 0, it follows that //2 — i/2 = 0 at the point, 
so (2.16) leads to = 0 and hence (2.13) means A(—l + X2+4/^2) = 0 
at the point.

Differentiating 入气一］一卜入하+4〃흐) — 0 covariantly and taking account 
of (1.16) and the orginal expression, we find

2//A(wc — Xkc — Zceue) — A2vc

at p g M. If we transvect this with kc and make use of (1.10) and 
the fact that 8(p) = a(p) = 0, we get 人“ =0 at the point, whidi is 
contradictory because of Remark 1. Thus /zv = 0 on the whole space 
M. So (2.13) and (2.14) becomes respectively

(2.19) 8(3 -價)=A(-l + A2 + 叩2 + 2i/2 一 ”4),

(2.20) 湖(人2一“호+人0) = %흐.

We know consider a set given by

Mo = {p^M \ 卩(p) ? 0},

Mq is an open set in M. Then, the function v should be vanish on Mq 
because of the fact 印丿=0 on M, Hence (2.4), (2.19) and (2.20) can 
be respectively written as on Mo
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(2.21)
(1 - 尹2您c + 사Kkaef： + kcef^) - kbeWb(f2vc + f^Vb)

=+ Z>cU，a) + 2AvaWc + X(J,(^kaWc 1 kcWa^ + " (*aVc — "c^a),

(2.22) 如2 =人(1 _ a2 -叩2),

(2.23) xe(x + d)~ 如 2 = 사?.

Transvecting (2.21) with kakc 細id taking account of (1.5),(1.8),(1.10),(1.19 
and (2.2), we find

卩‘(kbek；)u+u产=—fj>02 一 卩X0

on the set because of a = 0, or using (1.3) with u = 0 and (1.4),

“(1 — “2 —俨)=—“俨—卩m

Thus, it follows that

(2.24) 1 + ；伊一产2 = o

on Mq.
Comparing (2.22), (2.23) and (2.24), we get on Mo

人泌+人)2 = 0

or, using (2.22)

人2(1 —入2 一 户2)=0

Taking account of Remark 1 in section 1, the function 卩 must be 
vanish and consequently the set MQ is void. Therefore our assertion is 
true.
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LEMMA 2.3. Under the same assumptions as those stated in Ltemma 
2.2, we have A = 0 = 0 on M.

Proof, Since the function 卩 vanishes identically, we see from the 
second equation of (1.18) that

(2.25) wc — Xkc — ZCeWc = 0.

If we transvect kc to this and make use of (1.6) and (1.19) with, 
a = 0, it means

(2.26) 0 ="

Thus, (2.19) with /i = 0 gives

A(r/4 — 2u2 + A2i/2 — A2 + 1) = 0,

that is,
A(p2-l)(A2+i/2-l)-0.

Owing to Remark 1, it implies

(2.27) 入2 + “2 = 1

on M and hence vc = 0 because of (1.3). Hence A and u are both 
constant because of Remark 1.

Therefore, the third equation of (1.16) yields

(2.28) kcewe = 0.

So (1.8) with a = 0 leads to

fceke = 0.

Transvecti교g means
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(2.29) 加＞ =Awft — uub

with the help of (1.1), (1.10) with a = 0 and (2.26). Hence, (2.25) 
reduces to

(2.30) lceue = (1 — A2)wc + Xuuc.

If we take account of (2.28),(2.29), Lemma 2.2 and the fact that 
vc = 0, (2.4) turned out to be

(1 - 〃2您8 = 0,

or,equivalently

(2.31) H5 + 5 2

where we have used (2.2) and (2.27). We now suppose that the function
A does not vanish at some point p of M, then (2.31) means

(2.32) lcefl + lcef^ = 0,

at the point. Transvecting (2.32) with 珪 and making use of (2.30), we 
find

-leb + (1 - A2)WCUJ + AvUcUfc + (ZceWe)W6 + Idefcfb =

from which, taking the skew-symmetric part and using (2.27), we have

(2.33)
(Zcewe)w6 一 (lbcwe)wc + u2(wcub — Wb — W6«c) = 0

at the point.
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If we trnsvect w6 to the last relation아lip and use (1.3) and (2.27), 
then

(2.34) A2Zcewe = {ldewdwe + Ai/3}wc + X2v2uc

at p 6 Af because of /z = 0. On the。난icr side, by transvecting (2.29) 
with and considering (1.19) with a = 0, we obtain

Xlcewe — vlceue = 0,

which together with (2.30) and (2.34) gives

lcewcwe = 0

at the point. Thus (2.34) becomes

(2.35) AZcewe = u3iuc + X^Uc

because the function A does not vanish at p. Differentiating (2.29) 
covariantly and taking account of (1.13),(1.15) and (1.18), we get

(2-36) 岫=XI/ + ufcb

at p £ M, where we have used the fact that a = 0, A and v are 
constant. If we differentiate (2.35) covariantly, we find

人(▽血)z* + A/^VcWe = + 人/▽必

at the point. Since A and v are constant, which togrther with (1-13) 
and (1.15) gives

人 (▽」£*；)，* + XI% (-이Ee ~~ icafe)
= "허 { — 讥* 一 Icefb} + Al/2{ —Afcc5 + /cb} 
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because = 0, or taking the skew-symmetric part and using (1.11), 
(2.28) and (2.32),

知IbM + Xlbelcafea = U3lcefb 一 心cb

at p € M, Subsituting (2.36) into this, we find at the point

=心亢

with the aid of (2.32). If we transvect the last expression with fcb and 
make use of (1.1) with vc = 0, we get at p G M

Xl^lca(gec 一 wcuc 一 wewc)=讯ce(产 一 Ueuc - wewc),

which together with (2.30) and (2.35) yield

Alcbicb =

Since vc — 0, (1.14) gives

= —2(n — 1)A.

Thus, the last two relationships mean

A{Zc6Zc6+2(72-1)) = 0

at p € M. So the set Mq must be void. Consequently the function A 
vanishes identically and hence 0 = 0 on M. This completes the proof 
of the Lemma. '

Combining Theorem 1.2, 1.3 with Lemma 2.3, we conclude:

THEOREM 2.4. Let M be a fc-anyiholomorphic hypersurfaces with 
nomal (£们饱幻 t。, #of Sn(l/\/2) x 5，n(l/v^)(n > 1). 
Then M is a minimal Sasakian C-Einstein manifold.

Moreover, M as a submanifold of codimension 3 of a Euclidean 
(2n + 2)-space is an intersection of a complex cone with generator C 
and a (2n + 1)-sphere S2n+1(l).
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Lemma 2.5. Let M be a hypersurfa.ce with normal (/,们 u, v, w, A,卩,,t/)- 
structure of S"(l/、/纺 x Sn(l/\/2). If the function Q vanishes identi- 
cally. then M is k-antiholomorphic.

Proof. Since 0 = 0 on M, (2.8)-(2.10) reduce respectively to be

(2.37)
A(a + — ,2)= 0,

(2.38)
A( — 1 + 人후 + + 2l/2 + 2이W 一 I，，-|—卜/61/2) = 0,

(2.39)
A(/z2 — ay — [mu2 — a2fi) = 0.

From (2.37) and (2.39), we have

(2.40) A(p + oi/z)q(q + 卩")=0.

If we suppose that the function a(a + 卩，u、) 7^ 0 for some point p of 
M, then A(z/ + = 0 at the point. By the definition of the function
A and Remark 1, it can not vanish at p G Af, So we have 〃 + a产 =0 
at p G M. Thus (2.37) reduces to

入卩흐 (1 — a2)(o： + 卩丄厂) = 0

and hence A(1 — a2) = 0 at the point.
Therefore, it follows that “(p) = 0 and consequently i/(p) = 0 be­

cause of Lemma 2.1. So (2.38) gives A(1 — A2) = 0 at the point, which 
is contrdictory by virtue of Remark 1. Thus, we have Q(a + “〃) = 0 
on the whole space M. In the next place, we consider a set given by

Nq = {p £ M ] a(p)尹 0}.

Then Nq is an open set in M. We have

(2.41) a + 伊，=0
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on Nq. Therefore (2.49) implies

사】(卩? 一 a2) = 0

on ths set. Since the function A cannot be zero, it follows from (2.41) 
that /z2(l — p2) = 0 and hence 1 — p2 = 0 on Nq. Therefore, the last 
relationship of (1.3) gives ^(p) = 0 for p € Nq, Consequently (2.41) 
yields a = 0 on N(、which is contradictory. Hence the hypersurface is 
i-antiholomorphic. Thus, Lemma 2.5 is proved.

According to Lemma 2.3 and Lemma 2.5, we can state :

THEOREM 2.6. Let M be a hypersurface with normal (/, v, w, A, //, i/)-
structure ofSn(l/\/2)xSn(l/x/2). The hypersurface M is k-antiholomorphic 
if and only if the vector wa and ka are mutually orthogonal.

From the Theorem 2.4 and Theorem 2.6, we have immediately :

Corollary 2.7. Let M be a hypersurface with normal (/, g、u, v, w, A, //, v 
structure of Sn(l/V2) x Sn(l/y/2)(n > 1). If the vector wa and ka are 
mutually orthogonal^ then M is the same type as that of Theorem 24.
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