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THE EXISTENCE AND UNIQUENESS OF SOLUTIONS 
FOR LINEAR RETARDED FUNCTIONAL 

DIFFERENTIAL EQUATION IN HILBERT SPACE

Weon-Kee Kang and Dong-gun Park

1. Introduction

This papw is concerned with the existence and uniqueness of solu
tions on. the delay form functional differential equation

(1-1) 씌? + Au(t) + Aiu(t — h) 
at

(1-2)

+ j a(—+ — 0, 0 < i < T
J-h

u(0) = x, u(s) = y(5), s G [―农 0)

in a complex Hilbert space where a(—s) is a complex valued function 
of bounded variation over an interval [—

Let H and V be complex Hilbert spaces such that V is a dense 
subspace of H and the in시usion mapping V into H is continuous. The 
norms of H and V are denoted by | • | and || - ||, respectively. Identifying 
H with its antidual we may write V G H G V*, For a couple of Hilbert 
space V and H the notation B(V, H) denotes the totality of bounded 
linea호 mappings of V into H、and H).

Here, A is the operator associated with a sesquilinear form a(u, v) 
which is defined inVxV and satisfies Garding5s inequality

Re a(u,i4)> c||u||2.

Let Ai and A2 be operators in B(V, V*).
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Equations of the type (1.1) were invetigated by G. Di Blasio, K. 
Kunisch and E. Sinestrari [2], [3], E. Sinestrari [11] and H. Tanabe 
[12].

In [2] the initial value problem for the equations in Hilbert space 
H was solved in the space of L2 functions with values in H. Essential 
use was made of the maximal regularity result for equations without 
delay terms there, and the corresponding regularity result was also 
obtained for the equations with delgiy terms. In [3] stability results 
were established for equations in Hilbert space. In [11] equations in. a 
general Banach space E were investigated without assuming that A is 
densely defined. The solvability was established in the space maximal 
regularity results. In H.Tanabe [12] the initial value problem for the 
equations (1.1) in a Banach space X was constructed the fundamental 
solution in the sense of S. Nakagiri [8], [9]. It was shown that the 
mild solution satisfying the initial condition “(s) = g(s), s € {—加 0) 
expressed by S. NakagiriJs formula is actually the strict solution of
(1.1),  (1.2) provided that / is a Holder continuous function in [—7妬 이 

with values in the Banach space 1)(A) endowed with the graph norm 
of A but with no maximal regularity result. An example of such a 
function f £ (0,T : H) is given in the appendix.1

M. G. Crandall and J. A. Nohel [5] study the existence, uniqueness, 
regularity and dependence upon data of a strong solutions of abstract 
functional differential equation

+Au 3 Gu (0 < i < T)

u(0) = x

in a real Banach space.
In the proof of the main result, we can transformed (1.3) to (1.1).

(1.3) + Au(t) + / a(t — s)&u(s)ds =六])

Jo

where f(t) = 一&g(Z - h) - J，一 $)4館/($)也.

With the aid of a method to [5] we can transformed (1.4) to (1.3).

(1.4) u'(£) + Au(t) = G(u)(i),

(1.5) G(u) = 了 + J? * / — R(0)u + Rx — R^u 
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where the notation (a * 6)(t) = a(t — s)b(s)ds. The function R is of 
bounded variation with values in B(H) as well as in B(V*), and G(u) 
will be considered as a function with values in H and also in V* for 
u€C([0,T]:/T).

2. Assumptions and Main Theorem

Let a(u, v) be a sesquilinear form defined on V X V. Suppose that 
there exist positive constants C and c such that

(2.1) |a(ti,u)| W 에쎄II에, Re a(u,u) 2 에메2

for any u^v EV. Let A G B(V, V*) be the operator associated with this 
sesquilinear form: (Au, v) = v), for any w, v G V. The realization
of A in /T which is the restriction of A to D(A) = {u E V : Au E H] is 
also denoted by the same letter A. For the sake of convenience we as
sume that A has an everywhere defined bounded inverse. The sesquilin
ear form a(u, v) is called the adjoint sesquilinea호 form of a(u, v). Let 
A* be the adjoint of 4 We assume that there exist a positive constant 
C such that

|a(u,u) - a(u,Wl < 에미III에.

Thus, we have

(2-2) I⑷— A)이 V 이I에.

Let (z = 1,2) be ope호ators in B(V, V*). Then AtA^ C _B(V*), for 
i = 1,2. We assume also that AtA~x € B(H\ (z = 1,2).

We assume

(2.3) xeH

(2.4) y e 取—h、o：y)n 取-h, o:功是),(s + h)ds)

where y £ "(一如0 : V) and y € L2(—/i,0 : D(A),(s + 凡)ds) mean 
k/($)|2ds < 4-oo and J匕 1&/($)卩(3 + h)ds < +oo, respectively.

I &/(s)ds = / Ay(s)ds 一 / 4g(s)ds・

For —h < a < r < 0, it follows that I

a
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Hence, we put

ex = sup I / Ay(s)ds\ V +oo.
—/i<a<T<0 J(r

We consider the existence and uniqueness of solutions of the abstract 
functional differential equation :
(2.5) 知(t) + Au(t) = G(u)(t) , 0<t<T

(2.6) u(0) = x.
According to M. G. Crandall and J. A. Nohel [5] it suffices to prove 

the following proposition in order to establish below.
DEFINITION 2.1. A strong solution u of (2.5) on [0,T] is a function 

ue£2(0,T: V)n L2(0,T : P(A),Mt) such that (2.5) (2.6).

Our main theorem is the following.
Theorem 2.2. Let x and y satisfy (2.3) and (2.4). The solution u 

of (LI) and (1.2) exists and is unique.

PROPOSITION 2.3. The equation (1-1) is equivalent to the linear 
Volterra, integro-differential equation (2.5) over an interval [0,T]

3. 포he Proof of Theorem 2.2

3.1. Construction of Solution in [0,h)
In the following we make formal calculation.

It is easy that the fbllowi교g :
if Z £ [0, A), then it follows that 一h < f — /i < 0, hence, the initial 

condition is u(t — A) = y(t 一 h). We obtain

Z
q(—s)4g(t + s)ds = / a(t — s)A2U(s)ds + / a(£ — s)42u(s)ds.

■ h J t—h J 0
We put

/(C = -Aiy(t - A) - / a(t - s)4u/($)ds
Jt-h

by a variable transformation and an elementary calculation. Therefore, 
the equation (1.1) is equivalent to the Vblterra equation (1.3).
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PROPOSITION 3.1. Let x and y satisfy (2.3) and (2.4) over an in
terval [0, h). Then the function J(t) £ L2(0, h : V*) fl L2(0, h : Hjdt) 
exists in H.

Proof. Since

£a(t 一 幻虫认邑以5 = A2A-1 / a(t — s)&/(s)ds 
h J t—h

=&2，「'{板0) / Ay(a)da — Ay(cr)dada(t — s)}.

Hence, we obtain

I j a(t - s)A2y^ds\ < Ci{|a(/)| + V(a : 一/撰)}

Jt-h 

where V(a : 一h，, i) is the total variation of a on the interval (—In 
view of the elementary calculation, we obtain

{/、(圳 2싸 2

<|AM-1||[ y 血/(s)|2(s + /z)ds]*

Zo k [
a(t - s)A2g(s)d$|—尸 > < +oo.

_ -h v2 J

We follow that
f(t)eL2(O,h:H,tdt).

And, we obtain that

（广耿圳肋）2 < （，"財祯-明兰击）2

+ {/ " / a（t 一 s）42；（s）c이肋} < +oo

where || ・||* stands for 나le norm of V*. Hence the proof is complete.
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Proposition 3.2. Ifu g C((0,/i]: then
(1) G(u) e L2(0,/z: V*) n L2(0,T : H.tdi)
(2) J% G(u)(丁)d丁 = lim一+o §： G(u)(丁)d丁 exists in H.

Proof. Let R(t) is of bounded variation over an interval (0, 이. 

We have

f(a)dads\

< 成(0)|| / f(s)\ds + V(R : 0,t) max | / 了(。加이.

J+0 0<s<t J+o

Hence, we have

R^fe £8(o,h : H) U £2(0, /z: V*)D 乙2(o,T :瓦 tdtl

If u € C((0, h] : then R(Q)u C C*((0, li) : H) is obvious. For any
x £ H, we obtain R(t)x € L°°(0, h : H). Since

\(R * w)(f)| = I [ dsR(t — 3)u(5)| < : 0,t) max |u(5)|.
Jo 0<s<t

We get
R^ueL°°(0,h:H).

Hence, the proof is complete.

Let x and f be arbitrary element of H and L2(0, h : V*), respec
tively. Then in view of Theorem of J.L. Lions [7] there exists a unique 
function u G Z2(0,7 : V) Cl C([0, T]: H) satisfying

(3.1) u1 €£2(0,T: V*)
(3.2) 知(t) + Au(t) = f(t)

(3.3) u(0) = x

(3.4) g(圳 2 + c「||u(s)||2ds < I이2 + ；/' |叩)||汕

Jo c Jo
where || • ||* stands for the norm of V*.
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(3.5)

Proposition 3.3. In addition to the above let f e L2(Qy h : H、tdt). 
Then the following inequality holds

ft 厂 2 I 尸2 ft
I W(s)|흐sds < (1 + 亍圳끼2 + -(1 + —/) /
o zc C ZC J q

+ 2 / |f(s)|흐sds
Jo

Proof. In the following we make formal calculation. It is easy to 
justify it approximating x and f by nice elements.

§"(讯言),口(£)) = a(uz(/), u(t)) + a(a(t),W(t)) 
dt

(3.6) =(“，(*),(4* 一 A)u(f)) + (u《), Au(O) + (Au(f), «z(0)

=2Re(Au(i), W(t)) + (A* 一

—a(u(5),u(s))d3 
ds

Taking inner product (3.2) and uz(Z), and using (3.6) we get

IW)|2 + 長 a(3(t),®) = Re(J")，W))

+ ：("'(*)，(4* -」4)u(W)・

Multiplying the both sides by t and integrating over [0,/]

L M(s)|2sds + ；/ s

=Re / (f(s)「/(s))sds + ： I (W(w)> (4* — 4)収(s))sds.
Jo 2 Jo

By an elementary calculation, we obtain (3.5). The proof is complete.

Set uo(i) = x. Let i/j be the solution of the following initial value 
problem

瓦 S(t) +」4心(t) = G(uo)(t),

«i(0) = x.
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Since u0 G 씨 : H)\ G(u0) C Z2(0, h : V*) by Proposition 3.2.
Hence, by a results of J.L. Lions [7], the solution Ui(£) exists.

Since «i(i) 6 C([0,7i] : H), G(u고) G L2(0,/i : V*). Hence we can
define U2(t) as the solution of

~77u2(i) + Au2(t) = G(*)(t), (Jib
«2(0) = X,

Iterating this process, one shows that there exists a sequence {un(i)} 
such that d

—un(t) + Aun(t) = G(un_i)(t),

u”(0) — x

for any n = 1,2, • • •.
To prove the convergence of {un(i)}, we remark the following that.

PROPOSITION 34 Let u(t) and u(i) be elements of C([0, 이 : H)?
and v(t), v(t) be a solutions of the following equations : 

d
 

一
出,
으

出

then the following inequality holds :

(3.7) — v(t)| < (根(0)| + V(R : 0,切)[|u(s) 一 疝(s)|ds.
Jo

Proof. Since

£(応)-如))+ 一 v(t)) = G(u)(t) -

Taking the inner product of both sides and (v(t) — v(i)), we obtain

；으g(Z) - 6(圳2 < |G(u)(t) - G(幻(圳叫) 一 如)|.

2 at
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We integrate tliis inequality from 0 to 侦 obtaining

匕

<||v(0) - v(0)|2 + g |G(u)(s) - G傍)(s)||心)-6(s)|ds.

By the Grown5s type Lemma of [4], we have

|v(t) - v(t)| < [ |G而(s) - G(幻(s)|ds.
Jo

Note that G(w) and G(u) themselves do not belong to £2(0,h : H\ 
but their difference does. By the definition of G(u)(i), we obtain

G(u)($) — G(疝)(s) = —R(0)(u(s)—讯s) - (左 * (u — u))(s).

Hence

\v(t) — v(/)| < -R(O) j ju(s)—疝(s)|ds + j |(左 * (々 一 &))(s)|ds.
Jo Jo

By the elementary calculation, we obtain (3.7). Applying (3.7) to un, 
un—x in place of u, u

"너2) — 5(圳 < (|JZ(O)| + V(R : 0, t)) /
Jo

|un(s) — s’—i(s)|ds.

If 0 < i < A then V(R : 0,t) < V(K : 0, h). Hence, putting

G)= |R(O)| + U(R：O0), 一

we have

(3.8) |«n+l(0 一 Un(t)| < Co / |un(3)一 Un_i(5)|J5.
Jo

Iterating (3.8) one shows by the induction the following that

l«n+l(t) - 5(圳 <C^ [匕-"早 I勺⑺-U0(T)\dT 
Jo (n — 1)!

V， (Coh)n
< ----- i—，、팟%，、Mr) - «0(T).n! o<r<fe
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By the above argument, {*Jt)} converges uniformly in CQO, 시 〃)・ 
Put u(A) = limn_*8“n(t) using (3.4) , (3.5) to (un(/)}, we hn口 the 

following that

c[ ||*+i(s)||2ds < I끼2 + ! , ||G(*)(s)]|0s.

/ I4+I(s)|2sds < (1 + 으4)1 끼2 +，(] + 으t)/ ||G(un)(.s

+ 2 / |G(z知)(圳必

Jo

As is easily seen the right hand sides of the above inequaliiae.- are 
bounded. Hence, we have that u and uf belong to £2(0, h : V} and 
L2(0, A : Hjdt\ respectively, and u satisfies (1.4) and (1.2). Thus u 
is a solution of (1.4) and hence of (1.3). Therefore, u is a sohition of 
(Ll).

Uniqueness follows easily from Proposition 3.4 over a.n interval iO, h].

3.2 Construction of Solution in [h”2h)

It is easy that the following :
if t € 卩\2씨} 난len it follows that —h < f — 2/i < 0, hence, the initial 
condition is u(t — 2h) = y(t — 2ft).

One obtains

/ a(—$)厶2“(£ + s)tk = / a(t — s)A2U(s)ds
-h J t-h

=I a(t — 3)A2«(-s)d<s + r a(t — $)厶2化(s)d$・ 
Jt-h Jh

We put

/(f) = / — s)&u(s)ds + / a(f — s)A2u{s)ds.
Jt-h Jh

The function f(t) is satisfied the assumption of [5] over an interval
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PROPOSITION 3.5. Let \ and y satisfy (2.3) and (2.4) over an in
terval 仇⑵z). Then the function f(t) 6 L2(0, h : V*) 0 L2(0, h : 
jff, (t — h、)처;) exists in H.

Proof. The proof of this Proposition is the same as that of Propo
sition 3.1 Hence, we obtain that

£a(t _ s)4〃(s)ds

is bounded in H.
By u(t) G 乙2(0, Ji : D(A), tdt) it satisfies that the following

f — h)出).

In view of J* Au(t)dt € , we obtain that 爲句 f(t)dt belongs to H.
He교ce, the solution of (1.3) exists in [/z,2/z) satisfying the initial 

condition u(h) = u(h — 0), i.e., u[t) G : V) D L2(h,2h :
瓦(t — and J；；。exists in H.

The proof of the main theorem is almost the same as that of Section 
3.

Iterating this process, one shows that there exists a solution for any 
[0二끼・

Appendix

We give an example of H, V, f such that 
(A.l) f G £2(0,7r;V*)nL2(0,7r;j?,trft),

(A.2) f(t)dt exist in H、

(A.3)広= oo -

Let A be the operator associated with the inner product ((•,•)) of 
V :

a(u, v) = ((u,v)), V u^v EV.
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Then, the realization of A in if is positive definite and self-adjoint. For 
Uq E H set u(i) = Then it is easy to see that

(a.l) /(t) = uf(t) = —Ae~tAu0

satisfies (A.l) and (A.2).
It remains to choose H, V, uq so that the function /(t) defined by 

(a.l) satisfies (A.3).
Let H = L2(0,tt),V = Kj(0,?r). Then

(a.2) ((%") = / 쯔• 쓰&

is an inner product in ^(0,^). The realization in L2(0,7r) of the 
operator associated with (a.2) is

D(A) = {zz c L2(0, 7F): «(0) = U(7F)= 0},

Au = —Au for u C D(A).

Denote the eigenvalue of A by n2, n = 1,2, • - •, and the cone용pond- 
ing orthonormal set of eigenfunctions by <^n(x) = J흘sin nx.

We use the following elementary fact :

(a 3) 宁 1 [ V °。if p> 1
I =8> ifp< 1.

Let
oo

_________Pn_________
—(n + l)】/2(ln(n + l))2/3，

that is, uo satisfies

"서 = (n + l)i/2(ln(n + l))2/3.

Put u(t) = e~tAUQ. Then,

8
a'(t) = -Ae~tAu0 =-(啊,而如-宀" 

n=0
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Since (他is a decreasing sequence

oo
I"'(圳2 = £(uo,夕”)％4广相

n=l
(此) 招]

> E 3-2心(奴<气任)2 

n=l

where [ ] is Gauss's notation. Noting that x4e~2x2t is an increasing 

function of x in the interv , we get

On the other hand, by the change of the variable x2t = y, we obtain

(a.6)

Combining (a.5) , (a.6) we get

(a.7) |W)|2 2 J%/ V* 厂如的(知),<%/§).

Set a = y 2 , it follows from (a.7)

（圳 > Co •厂*（W）,〈气/勺）
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for some positive constant cq and 0 < i < a.
Hence, with the aid of the change of the variable t = s~2 we have

ra ra
I W(圳dt?Co J 厂号(”0,9[\用)也

> Co
roo 5

F s^(uo,(p[3j)2s~2ds
N

where N = k「히. As is easily seen

oo

N

8 /n+1
sT(0o,絳])ds= £ / 絲])&

Thus we conclude
a

0

>

n=N " n
oo
£(n + l)T(w),Wn)

n=N
OO

Z； (n + l)(ln(?i + l))2/31

8

n(lnn)2/3 °°'

\f(t)\dt = I \ul(t)\dt = 8.
Jo
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