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JACOBI OPERATORS IN 2-STEP NILPOTENT
LIE GROUP WITH 1-DIMENSIONAL CENTER

Keun Park

1. Introduction
Let JV* be a 2-step nilpotent Lie algebra with an inner product (,), 

and N its unique simply connected Lie group with the left invariant 

metric determined by the inner product (,) on Af. The meaning of N 

being 2-step nilpotent is [A/,, [A^, AQ] = 0. The center of N is denoted 

by Z. Then, N can be expressed as the direct sum of the subspaces Z 

and its orthogonal complement N丄.

For Z in N〉a skew-symmetric linear transformation j(Z) : Z丄 t 

N丄 is defined by j(Z)X = (adX)*Z for X € or equivalently

(?(Z)X,旳= ([X,旳,Z) for 丄.

This transformation was defined by A. Kaplan[4,5] to study the ge

ometry of groups of Heisenberg type, those groups for which j(Z)2 — 

—\Z^zd for each Z £ Z.

The Jacobi operator plays a fundamental role in Riemannian ge

ometry. In [1], it was showed that the Jacobi operator along each 

geodesic of groups of Heisenberg type has constant eigenvalues. The 

main purpose of this paper is to show that the Jacobi operator along 

each geodesic of a 2-step nilpotent Lie group with 1-dimensional center 

has constant eigenvalues.
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2. Preliminaries
In this section, we will give some known results about 2-step nilpo

tent Lie groups with a left invariant metric. Throughout this section, 

we denote JV* be a 2-step nilpotent Lie algebra with an inner product 

(,), and N its unique simply connected Lie group with the left invariant 

metric induced by the inner product (,) on N.

Recall that for Zo G a skew-symmetric linear transformation 
顶(％)技:丄 t N丄 is defined by (j(ZQ)X. Y) = ([X,旳，%) for X.Y e 

Z丄. Let {±色畠士仇并，,±^n0 be*the distinct eigenvalues of 项(%) 

with each 恥 > 0, and let {Wi J卩> • • - ^Wn} be the invariant subspaces 

of 顶(%) such that j(Zo)2 — —dfid on Wk for each k = 1,2, • - • ,n. 

Then, Z丄 can be expressed as a direct sum of V卩『s, that is Z丄= 

Kerj(Zo) © ①£=i必 and 项(%)오 = on each Wk leads

(2.1) e 顼%) = 河(格)记 + 嘤쓰7(Zo)

on Wk for each k.

Let 7(t) be a curve in N such that 7(0)= e(identity element of N) 

and 7z(0) = XQ + Zq where Xq € N丄 and Zo € Z. Since exp : N 一스 

AT is a diffeomorphism, the curve 7(f) can be expressed u교iquely by 

7(i) = exp(X(t) + Z(t)) with

X(t) € 2丄 5 x‘(0) = Xo , X(0) = 0

/(()) = %, Z(0) = 0.

A.Kaplan[4,디 showed that the curve y(t) is a geodesic in NMf and only 

if

(2.2) X,,(t)=j(Z0)X,(t),

z”)+ nx'(t),x(圳三 Zo.
£

The solution to this equation was obtained by P. Eberlein(See [2]), and 

he obtained the following(See Propositin 3.2 [2]).

(2-3) ¥(£) =叫(t)(X《) + %)
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where L”)is the left translation by 7(f), and it is trivial that

(2.4) X'(t) = e 顼 ％)Xo

from Kaplan's equations (2.2).

Regarding elemets of JV* as left invariant vector fields on N, it is 

routine to show that

(2.5)

VxK = hx,Y] for 丄，

厶
▽xZ = VZX = 一財(Z)X for X C N丄,Z € Z,

厶
▽zZ* =0 for Z,Z* e 2.

And also, from (2.5), the formulas for the curvature tensor given by

R(&,&)角=一角 + ▽&(▽次3)- ▽&(▽收3)

are obtained as fbllows(See [2]).

(2.6)

风X, Y)X* = 区旳)X* -打(V,X*])X + 拘X,X*])Y

N Q Q
for x,y,x*ez丄，

剧X, Y)Z = —：[X,j(Z)旳 + 批,j(Z)X]

R(X,Z)Y = -^[X,j(Z)Y] for 丄and Z € N,

顼 z,z*)x = -5(z%(z)x + ：j(価(Z*)X

五(X,Z)Z* = 顶(Z*)X for XfZ丄 and Z,Z* e 2

J?(Z1,Z2)Z3 =0 for Z1?Z2,Z3 e
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3. Main Results
Throughout this section, all matrices concerned are over the real 

numbers field R. For a square matrix A, we denote \A\ the determi

nant of A, A(m)(A(az)) the matrix obtained by multiplying a to z-th 

row(column) in A, A(z + aj)(A(i + cvj)) the matrix obtained by adding 

the a times of j-th row (column) to the z-th row(column) in A and 

A(z, j), A(i) in brief for i = j, the submatrix of A obtained by deleting 

the z-th row and J-th column in A. And also, we denote I the identity 

matrix.

Notations 3.1. Let

x= 31,-91,初，-如，•…,Pn,-?n) € R2n,
y=(0iqi,01Pl,O2q2,02P2，•- - ,^nSn,^nPn) G B?n and

A2n = —3 Tx x + d/ag(伏，能,假，暖,. . .，此,。，)be 2n x 2n matrix 

where T is the transpose and (五ag(人i,人2, , , , , Am) is a diagonal matrix 

of order m with the diagonals A1? A2,- - - , Am. And let

/
a -y n

-®2n4-l =

)

,where a =〉_個 + 戒)

农二1

LEMMA 3.2. Let each 0^ be a fixed real number in Notation 3.1. 

Then,

(1) all coefficients of polynomials \A2t1 — XI\ and |yl2n(2n — 1)— 

xl\ + |A2n(2n) 一 xl\ depend only on ｛房 +，：，•••，球 + 屋｝, 

and

(2) all coefficients of the polynomial 同」— xl\ depend only on 
满+砂,…，况+負.

We will give the proof of Lemina 3.2 after Theorem 3.3.

THEOREM 3.3. Let N be a simply connected 2-step nilpotent Lie 

group with a left-invariant metric. If N has 1-dimensional center, then 

the eigenvalues of Jacobi operator along each geodesic in N are con

stant.

proof. Since N has a left invariant metric, it is sufficient to show the 

statement about geodesics 7(i) with 7(0) = e where e is the identity 



J acobi operators in 2-step nilpotent Lie group with 1-dimensional center 253

of N. Let be a geodesic in N with y(0) = e and /(Z) = Xq + % 
where Xq E Z丄 and Z° G Z. Then, from (2.3), we have

(3.1) 7'(t) = d%t)(X'(t) + Z°)

= X，(t) + Zo

where the last terms are regarded as left invariant vector fields along 

/(£).

Recall that the Jacobi operator along 7(f) is

%(心)：=風•,*)"").

From (2.6), we have the formula of Jacobi operator of 2-step nilpotent 

Lie group as follows.

(3-2)
Ry(t)(x + z)

=Kx《)+Zo(X + Z)

Q 1 1
=#([x,xp)])xy)+ 5顶(Z)j(Zo)Xp)-湖Zo)j(Z)Xp)

* 乙 웃

-氷Zo)2X - +
华 £ 앞

+ (圳

for any X E Z丄 and Z E Z. Since N has 1-dimensional center, (3.2) 

can be reduced to

(3.3) Kx，(t)+z°(X + Z)

=》([X,X0DX《)+ %(z 万(z°)xy)- ：j(z°)2x

+ ：([X@),j(Z)X，(圳-[X, j(Z°)X，(圳)

for any X G and Z € If Zq = 0, then we see X(t) = X& from

(2.4) , and so •%，(£)(「) = 7?x0(-) has constant eigenvalues.

Suppose that Zq 尹 0. We may assume that \Zq\ = 1 by rescaling 

\Xq \ if necessary. From (3.3), it is easy to see that Rx，(t)+%(「)= 0 on
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Kerj(Zo) and Rx，(£)+%«) is Kerj(Zo)-L-invariant. So, we may also 

assume that 项(％) is nonsingular. Let {±缶初土但药•…，土。3} be the 

distinct eigenvalues of j(Z0) with each Ok > 0, and let {Wt, • • • , Wn}

be the invariant subspaces of j(Z°) such that j(^o)2 = 一曜‘d on Wk 

for each k = 1,2, ••- ,n. Since Z丄=玖，we can let Xq =
XkEk for some real numbers "s and Ek 6 Wk with |玖| = 1. 

Hence, we get, from (2.1) and (2.4),

(3.4) X") = e 顼 Zo)x()

n
=顼岡岛：

= Vxk{cos(tek)Ek + 으프祟少 (Zo) 风}

느' 凱
n

=£：(&」％ +功占Q

k—1

where 琮 = ;히&cos(纵), 爪 = xksin(t0k) and 既 = 奏j(Z°)Ek for 

k = 1,2, ■•- , n. Note that 项(Zo) is skew-symmetric. For each 1釦 since 

{E、既} is orthonormal, it can be extended to an orthonormal basis 

gk for Wk- Let 0 = {Zq} U 俺 be an orthonormal basis for 丿V. 

Then, direct calculations of 也(3.3) with (3.4) lead the

following:

n n
4Rx，(t)+z°(Zo) = - £伐(&玖 + rjkEk) + 工战(鈴 + 梢 ％ 

fc=l k—1

，n

4Rx«)+%(EM = 3 仇 依 52 아、一爪风 + &瓦) + 碌 Ek — 暖 

i=i

n
4Rx《)+% (岛：)=一30思:+ &瓦)+ 吨瓦k —県］*0

1=1
4Rx‘(t)+%(E) = for each k and E € 伉-(玖,既}・

Hence, letting pk = 허Ek and q% = 8塩 for each k and reordering g by

B ― {Zq,剧，瓦)■ • , , En^ En} U U?=i(位—{风,瓦、}),
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we obtain the representation matrix G of with respect to

the ordered basis g as follows:

‘ Mg. 0、
0 r

\ /

where &서r is in Notation 3.1 and「= diag(此 …么 … , 暖)

…5^n)- Therefore, by Lemma 3.2(2), we see that each coeffi

cients of the characteristic polynomial of G depend only on {pf + q：=

, - - - + g2 — .)0攵}・ This means that the eigenvalues

of the Jacobi operator along 7(f) are constant. In fact, the eigenval

ues depend only on {暖,・• . , 0^} and (x^ • • • This completes the 

proof.

Proof of Lemma, 3.2. Without loss of generality, we may assume 

that each p% + q, # 0. First, we will show (1) by induction for n. For 

n = 1, (1) is obvious. Suppose that (1) holds for n — 1. For each 

= 1,2, • • • ,n, let

c = (%)

=(A2n - :⑵;)(捲流')(2& + 0⑵:一 1)(2人:+ qk2k 一 1).

Then, using expansions of |C| with respect to 2k-th row and |C(2知 2k — 

1)| with respect to (2k — l)-th column, we have

(3-5)

Pk\^2n ― "I
= I 이

=―c(2fc)(2fc-i)|C*(2A*,2& — 1)| + c(2&)(2 火)|C(2&)|

=(Pk + qf)傩—消血小次)—xl\ _ —富)勺厶2冗(2k)(2k — 1) — xl\.

By applying the similar argument to

(A2n _ xl)(gk^k — l)(gfc2fc — l)(2fc — 1 + pfc2fc)(2fc — 1 + pjt2fc)
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we obtain

(3-6)

曲4如—臨I —(pl +虽)(颱—覆;)|瓦卩(源—1)—切

—说(、傀—@)2|&加(2幻(2" — 1) — xl\.

Adding (3.6) to (3.5) implies

(3.7)

血”-技I =(琵-x){(|A2n(2fc) 一 xl\ + \A2n(2k -1)- xl\) 

-(^-x)|A2n(2^)(2^-l)-xI|}

for fc = 1,2, ••- ,n.

And also, for eadi fc = 1,2, • • • , n — 1, by applying 반圮 similar argu

ments to

(A：m(2n)—:2)S2n - l)(a2n - l)(2n - 1+国踞 一 1)(说=T+%2人;一 1) 

and

(-^2n(2n — 1)—技)(展门 一 1)(展72 - 1)(2九—1 + 饥2幻⑵2 — [ + 如2&)

with a G 3旳 we obtain

(3.8)

Pfc|A2n(2n) - xl\ 버尻(此 - z) + p*(康 - X)}\A2n-2 - xl\ 

~ Pn(^k ~ C)2|42n-2(2A： — 1) - xl\,

(3.9)

pi\A2n(2n - 1) - xl\ ={戒(。告一:时 + q^(0l - x}}\A2n-2 - xl\ 

~ g《(能—&；)气42“-2(2%： — 1) — ®/|,

(3.10)

dl^2n(2n) - xl\ =伝(呢-z) +M(伙-时}|厶&一2 - xl\

—Pn(^fc - ®)2|^2n-2(2fc) — xl\,



Jacobi operators in 2-step nilpotent Lie group with l-dimensional center 257

(3.U)

?fcl^2n(2n - 1) — W기 =伝(聋 一 £)+ q《(段 — — 切

-q%(仇—£)2|4眾一2(2幻—xl\.

Adding (3.9),(3.10) and (3.11) to (3.8) implies

(3.12)

{Pk + ?D(l^-2n(2n) — xl\ + |A2n(2n — 1) — xl\)

=2{(尻 + ?D(^n — £)+ (Pn + 以)(傀 ~ 一2 -

-(?n + 禮)(能 ~ Z)2(血?—"ZE) — xl\ + 血也一2(2人;—1)—罚).

From (3.7) for k ~ n and (3.12) for fc == n — 1, we get that ⑴ holds 

for n. This completes the proof of (1).

Next, we will prove (2). Letting D = = B2n+i — ^1, we have

that

(3.13)

|^2n—1 -技I 
2n+l

= E(T)f시 ZR,j)|

J=1 
n n

={£；(片 + q；) 一 x}\A2n 一 Z기 一 £ 但。시」D(l, 2k + 1)1 一 勿也)(1,2幻I).

3—I k=l

Expanding |Z)(1, 2k + l)(pk2k)(2k + — 1)1 with respect to 2k-th

row, we obtain that 

(3-14)

Z시 D(l, 次+ 1)|

= \D(l,2k + l)(pfc2^)(2^ + qk2k - 1)|

=危(忒 + 虽)|/成(次)一彼I + qM 一 x)\D(l,2k + l)(2fc,2fc)|.

Similarly, expanding |D(1,2A：)((〃⑵;一 1)(2& — 1 + p⑵:)| with respect 

to (2fc — l)-th row, we obtain that

(3.15)

qk\D(l,2k)\

=|D(1,2 幻(q⑵"1)(次—]+ pk2k)\

— ~ 이:(说 + Qfc)|j4.2n(2fc — 1) — "I — Pk(仇 — ®)]-D(l,2fc)(2A: — 1,2人시.
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And also, expanding

|D(1,2k + l)(2fr, 2k)(qk2k - 1)1 and |D(1,2ife)(2fc -1,2fc)(pfc2fe - 1)| 

with respect to (2k — l)-th row, we have that

(3.16)

qk\D(l,2k + 1)(2如2&)| + pk\D(l,2k)(2k - 1,2&)|

늬刀(1, 林 + l)(2k,2k)(qk2k-l}\ + \D(l,2k^2k - l,2k)(pk2k - 1}\

=-0k(Pk + qk)\A2n(2k)(2k - 1)- xl\.

Hence, from (3.14), (3.15) and (3.16), we see that

(3.17)

Pk\D(1.2k + l)\-qk\D(l,2k)\

=6k(说 + 虽)(|4如(2幻—xl\ + |j42n(2A： — 1) — xl\) 

一(此 一 x)|A2n(2^)(2fc 一 1) 一 xl\.

Substituding (3.17) to (3.13) and using (3.7), we have that

n
—彼I = 一 + 就)(糜—£厂‘}|42饨—

k=l

which implies that |3%+i —xl\ depends only on {p^ +q&…?Pn + ?n} 

by (1).
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