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ON COMPACT SASAKIAN MANIFOLDS
WITH VANISHING CONSTANT
C-BOCHNER CURVATURE TENSOR

Jong Joo KM

1. Introduction

In a Sasakian manifold, many subjects for vanishing C-Bochner cur-
vature tensor have been studied in [2]~(7], [9] and so on. Two of those,

done by Hasegawa and Nakane [6] and Choi and Ki {3}, assert the
followings:

THEOREM H-N. Let M be a n-dimensional Sasakian manifold with
constant scalar curvature whose C-Bochner curvature tensor vanishes.
If the square of the length T(y) of the {-Einstein tensor satisfies

Ly < (7= D457

S gD+ s T 2T

then M is a space of constant ¢-holomorphic sectional curvature, and
the equality is the best possible.

THEOREM C-K. Let M be an n(> 5)-dimensional Sasakian mani-
fold with constant scalar curvature whose C-Bochner curvature tensor
vanishes. Then M is a space of constant ¢-holomorphic sectional cur-
vature 4R’(("n";l_)g""” or M admits a cyclic parallel almost product

structure which is not integrable.

The purposes of this paper are to prove the following two theorems.
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THEOREM 1. Let M be an n(> §)-dimensional compact Sasakian
manifold with vanishing C-Bochner curvature tensor. If the length of
the n-Einstein tensor || Tz} satisfies

1Tl < vr{n—1)(n+3)

(n? - 1)(n-2)

(*) (1 — R R):

then we have the same conclusion as that of Theorem C-K.

THEOREM 2. Let M be an n(> 7)-dimensional Sasakian manifold
with vanishing C-Bochner curvature tensor. If it satisfies

(%+) Ty = a(R+n—1)°

for some constant a, then we have the same conclusion as that of The-
orem C-K.

2. Preliminaries

Let M be an n(> 3)-dimensional Sasakian manifold covered by a
system of coordinate neighborhoods {U;z"}, where here and in the
sequel the indices k,1, j,- - - run over the range {1,2,--- ,n}{The sum-
mation convention will be used with respect to these indices). If we
denote by V the operator of covariant differentiation with respect to
the Riemannian connection of M, then there exists a unit Killing vector
¢ satisfying

(2.1) {"S’r""h = ~8" +u,8% n, = gl 14, = 0,
¢rh§r = 0, 9rs¢1r¢18 = G35 — M, ¢11+¢i1 = 0,

(22) ¢]l = v}"}t, Vk¢j: = _gkﬂ?z +gk:fho

Because of the Ricci formula for £7, it is clear that

(2'3) Rk:!r"]r = NkG3: — 50k

and hence

(24) Rje™ = (n— 1),
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where Ri;.x and R, denote the components of the Riemannian curva-

ture tensor A and of the Ricci tensor Ric respectively.

It is well known that in a Sasakian manifold the following equations
hold:

(2.5) Hyi+H, =0,
(2'6) RJ: = Rrsqur(&ss + (n - 1)"7177:’

VkR]z - VJsz = (Vstr)¢}r¢ts - {Hkx - (n - 1)¢k:}’?3

(2.7) -—2{H]k *—(n“l)qf'k)}nn
7 8) ViR, — (Vers)¢Jr¢ts

: = ~{H; ~ (n — L)és; 3 — {His — (0~ )i}y,
(2.9) £V, Ryt =0,

where we put H,, = ¢,"R,;.

We denote a tensor field W™ with components WJ(:" ) and a func-
tion W, for any positive integer m as follows:

Wi = Wy W, Wi,

(2.10) W(m) — T?"W(m) = ZW:(:m)'

Also, we define the 5-Einstein tensor T}, by

R R
(2.11) T,, = R, — (nTl ~1)g;: + (n—_—I — 1)1,

If the n-Einstein tensor T vanishes, then M is called an n-Einstein
manifold. From (2.4) and (2.5), we have

(2.12) T™T =T, =0,
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(2.13) T)y§" =

(2.14) Mg, + TN ¢

for any integer m.
A Sasakian manifold M is called a space of constant ¢-holomorphic
sectional curvature c if the curvature tensor of M has the form:

c + 3 c—1
Riyi" = ——(g,:0c" — gri6,™) + 2 (gkmy€" — giimi€® + mem 857

- 1)377;6k — S, + Db — 261,0.0).

Matsumoto and Chiiman ({8]) introduced the C-Bochner curvature ten-
sor By, J," defined by

1
Biy' = Rip" + ——(Bub;" = Rubi® + guiRy*

—ngRkh+Hk;¢gh - )t¢kh+¢sz)h“¢J:Hkh+2ij¢th
+ zd’kj o Rkaﬂjfh + R,d?kfh - ’?kT}:th +’?J'7:Rkh)

k
(2‘15) ':; : 3 (¢k1¢) ¢j;¢kb 4 2¢k3¢th)

k-4

o + 3(9k; 9,:'&:”)

_|...

n+ 3(9117?3§ Jl’]k{b + ’?k’?tajh - ’73']:5kh)a

where k = ._;i;:._rf.. It is well-known that if a Sasakian manifold with
vanishing C-Bochner curvature tensor is an n-Einstein manifold, then
it is a space of constant ¢-holomorphic sectional curvature.

By a straightforward computation, we can prove

n+3 -
— 1Ver,.‘ = ViR) = V,Rp — i {H,, — (n ~ 1)¢,:}

+ ) {Hyi — (n — 1)éue} + 20 {Hi, — (n — 1)}

(2.16) )
+ m{(gkz ~ 1)8," — (g3 — ) 6x"
+ Prid;” — b5 + 2¢4,8."} Ry,

where we put R, = V,R.
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3. Vanishing C-Bochner Curvature Tensor

Let M be an n(> 5)-dimensional Sasakian manifold with vanishing
C-Bochner curvature tensor. By (2.1), (2.4), (2.7)~(2.9) and (2.16),

we then obtain

VkR]z = {er -~ (n - l)gkr}(d’)r’?x + étr?}'})
(3.1) +

1
5on 3 1) 2Tk~ ) + Bylgm = mim,)

+ R;(gk; - ﬂk??_:) - d)kjwl - ¢kle}:

where we put w, = ¢,,R".

Operating 7'V, to (3.1) and taking account of (2.1), (2.2), (2.5)
and (3.1), we have

gﬂvlka_‘n = Ry, — (n — 1)9’1:: - {R -n+ 1}7]3:7)5

1 1
(3.2) +{n—1)nn, - W + D) ——{3(ViR, + wim;)

+ AR(gr, — M) — (n — 2wy — (VR :°},

where AR = ¢’V ,R,.
On the other hand we have the Ricci identity for R,,

1
VIVJRh - EVJR! = Rﬁ?) - Rkj,'thh.
Thus, (3.2) is reduced to

(n+ )R — (n + 3)Ry,n R*
= (n+ 3)R3. —(n+3)(n - l)gj,

~(n+3){R—~n(n—)}n;n,

4+3 ria
+ 2? 1) {AR(gji —mm)+ V. R.$,"¢.°}

(n+3)(n-2)
2(n+1)

(3.3)

(VJ'R« +w,n; + win), ).
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Using (2.15), we obtain (see [7])
(n 4+ 3)Ry,n R*"
= 4R — (4n — R+ 26)Rj + {R@y — (k — )R+ (n — L)k}g,,
—{R@y + (n —1)* = (n — 1)k ~ kR}n;m;.
Combining this with (3.3), we have

(2) — BRj, — g5 — {(n = 1)* = (n = 1)B — 7}n,m,

(3.4) = %{AR(gﬂ — ) — ers%r‘ZS:s}

_ (n+3)(n-2)
2(n? ~ 1)

where we have defined
(n+1)8 = R-3n—~5,

(V,R, + w,n, + W17, ),

(n—1)y = Ry n_+1R +4R n+1(n +3n +4).

Transforming (2.11) by R;* and taking account of (2.4) and (3.4), we
can get

- R
Terk = ()8 +1- m)R]k + Y93k

+{R-n+1-(n—-1B-7inm

35 (ARG = 1) = Vo Ruy 04"

_(n+3)(n-2)
2(n? -1)
which together with (2.11) and (2.13) yields

+

(V;Ri +wjny + win;),

n + 3 Tia
T = — B4+ =1Ti+ —= - ——7 (95 =)
n+ 3 r, s
(3.5) + B = ){AR(g,‘ — )+ Ve Ra," 9}
_(n+3)(n-2)

3(n? —1) (iji + w;n + W,y ).
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By using (2.14), we can easily, taking account of (3.5), see that
¢;»ViR" + 6, V,R" = R;n, + Rnj,
which implies
VeR:¢;" ¢, = V,R, + w,n +w,7,.
Thus, (3.5) turns out to be
n43

T, =~ (R+n -V + (= T@)

n+3 n+3
+ 2An? — 1]'AR)(9ﬁ ~ ;M) — _—2(11 1)

(3.6)
(V,R, + w,n, + w,7,).

Accordingly, we see, using (2.12) and (2.13), that

n+3
=V, BT = 0.

By the way, using (2.11) and the fact that V,R,’ = 1R,, we have

VI(T,R') = [RA? + V,R,T".

n-—3 |
2(n —1)
Combining the last two equations, it follows that

2

3 v (T"Rt)
(3) 3
= +3T(3}+(R+n 1T

Proof of Theorem 1. Let €1, ,¢m and k be real numbers satisfying
Yoo e =0and Yv, ¢? = k2 Then we have [9]

(3.8) hi:,2_k3 < ch < _.ﬂ:?_._k3.

vm(m —1) = YT /m(m=1)
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From (2.12) and (2.13) and commutativity of R; b and ¢,", we see that
the eigenvalues of R;* are ¢, 13€nf2:€15° "+ ,Cn/z and 0. Combining
this fact with (3.8), we have

2 _

n+3

n

T{s) +{(R+n-1)Ty < T

\/—IIT(z)Il +R+n—1}.

Because of the condition (*), the right hand side of (3.7) is nonnegative.
M being compact, using the Green’s theorem, we see that R is constant.
Owing to Theorem C-K, the conclusion of Theorem 1 is true. This
completes the proof. O

Proof of Theorem 2. Differentiating (2.11) covariantly, we find

1
Vily = ViR = ——=Ri(g;i = m,7)
(3.9)

+ ( - n)(¢kj"7: + ¢k:7h)-

n—1

If we transvect T7* to this and take account of (2.12), (2.13) and (3.1),
then we obtain

THY, T, = — T4, R,
n—1

which implies
ViTia =

— lTkrRr-
Because of the condition (*#), it is seen that

17 -

(3.10) T, R = " lo(R+n-1R,.

Differentiating (3.10) covariantly and making use of (3.9), we find

R
(kap‘)Rr + (;__1 - n)wkﬂj

1 1
= ——R,R, - T, ViR + 2 S a{R,Ri + (R +n—1)ViR,},

7 —
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which together with (3.1} implies that

R
— {erwr —_ (‘n -— 1)1!)]:}7]] =+ (n,_—], - ﬂ)wk'f]J

1
+ 2(?’1 + 1) {3R3Rk + "Rlllz(gjk - ?}Jnk) - ijk}

1 n—

1
= RyRi = Ty ViR + 5—a{B,Ri + (R+n — 1)ViR,}.

n—1

By transvecting n?, we obtain

— {Rk,.w" - (n - l)wk} + (% - n)wk

L ; 1a(R + n — Dwg,

where we have used (2.1) and (2.9). From the last two equations it
follows that

1
st 1) 3R R = gk + IR gy = mym0))
—_ n ; la(R+ n — 1)wk71)

n—1
2

1
= —<R,Rx ~ T, ViR + a{R,Re + (R +n —1)ViR,}.

Transvecting this with R? and making use of {3.10), we see that R, = 0,
namely R is constant. Therefore we arrive at the conclusion. O
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