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ON COMPACT SASAKIAN MANIFOLDS 
WITH VANISHING CONSTANT 

C-BOCHNER CURVATURE TENSOR

Jong Joo Kim

1. Introduction

In a Sasakian manifold, many subjects for vanishing C*-Bochner cur­
vature tensor have been studied in [2]~[7], [9] and so on. Two of those, 
done by Hasegawa and Nakane [6] and Choi and Ki [3], assert the 
followings:

Theorem H-N. Let M be a n-dimensional Sasakian manifold with 
constant scalar curvature whose C-Bochner curvature tensor vanishes. 
If the square of the length of the (-Einstein tensor satisfies

T⑵<
(n — 3)(n + 3)2

2(n — l)(n + l)2(n — 5)2
(R + 72 — I)% n>7,

then M is a space of constant (/>-holomorphic sectional and
the equality is the best possible.

THEOREM C-K. Let M be an n(> 5ydhnensional Sasakian mani­
fold with constant scalar curvature whose C-Bochner curvature tensor 
vanishes. Then M is a space of constantholomorphic sectional cur­
vature 식느%기捫기) or M admits a cyclic parallel almost product 
structure which is not integrable.

The purposes of this paper axe to prove the following two theorems.
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THEOREM 1. Let M be an n(> 5)-dimensional compact Sasakian 
manifold with vanishing C-Bochner curvature tensor. If the length of 
the q-Einstein tensor ||7(2)|| satisfies

HSU < \/n(n - l)(n + 3) 
(n2 — l)(n — 2)

(1 一 ti — 2?),

then we have the same conclusion as that of Theorem C-K.

THEOREM 2. Let M be an n(> 7)-dimensional Sasakian manifold 
with vanishing C-Bochner curvature tensor. If it satisfies

7(2) = a(R + 72 — 1)2

for some constant a, then we have the same conclusion as that of The­
orem C-K.

(2.1)

2. Preliminaries
Let M be an n(> 3)-dimensional Sasakian manifold covered by a 

system of coordinate neighborhoods {U;xh}^ where here and in the 
sequel the indices z, j, - - - run over the range (1,2, ••- , n}(The sum­
mation convention will be used with respect to these indices). If we 
denote by V the operator of covariant differentiation with respect to 
the Riemannian connection of Af, then there exists a unit Killing vector 
gh satisfying

〈缶 = 一如”+7成"，Tfj = g}rC,爪如「=。， 

顼=0, %择《稅=9”一0%, <妇+ 如,=0,

(2.2) (f)ji = VjT/t, Vk^jt = —gkjq* +

Because of the Ricci formula for it is clear that

(2.3) Rkjt Vr = Vk9jt — ^)j9ki

and hence

(2.4) RjrC = S-1)S
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where Rk3ih and R3l denote the components of the Riemannian curva­
ture tensor K and of the Ricci tensor Ric respectively.

It is well known that in a Sasaki an manifold the following equations
hold:

(2.5) H3i + HtJ = 0,

(2.6) R：卩=Rr/Sj 如 +(72 — I)%””

(2-7)
kRjt — )Rki =次加*>《打 一 {Hkt 一(n -1)由"}m 

—2{码 k — (n — 1)由"}

(2-8)
▽U侦-(▽/〃)妒妃

=~{Hk3 — (n ~ 1)由方}% — {丑知一(n — 1渺站}气?)

(2-9) ^rRkJth = 0,

where we put H3t =(j>3rRr{.
We denote a tensor field with components and a func

tion 珂购 for any positive integer m as follows:

(2.10)
=印儿矿广…啓峋-、

W{m) = TrW^ = £近乎).

Also, we define the 77-Einstein tensor T}1 by

R R
(2.11) — ( - l)^j： + ( ;n — 1 n — 1

If the 77-Einstein tensor T vanishes, then M is called an 7)-Einstein
manifold. From (2.4) and (2.5), we have

(2.12) TrT = Trr = 0,
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(2.13) 时=0,

꼬;；%; + 모"喝广 = 0(2.14)

for any integer m.
A Sasakian manifold M is called a space of constant ^-holomorphic 

sectional curvature c if the curvature tensor of M has the form: 
Rkjih = 으扌으(幼血” - gk") + 으试。- gjiT}kCh + T)kT}tSjh

—血"—©虹如"+们— 2奴&」、).

Matsumoto and Chumaa ([8]) introduced the C-Bochner curvature ten­
sor Bk3th defined by

Bkjth = Rkjih T—— Rj血”+ 9kiRjh
72十J

-gJtRkh + Hk时-码妃 +饥“时一卜+ 2Hk就

+ 2</>kjHth — Rk 貞成11 + 丑" — WhRj，+

- 皓釦'(伯由"~缶泌『+ 2<1海如K)

-：+ ：(9知缶‘‘ -g)i^kh)

足
+ 丄 q(gw试"一 g；冲1芯 + 0W0•广-a。而")，

where k =吃首1 . It is well-known that if a Sasakian manifold with 
vanishing C-Bochner curvature tensor is an ^-Einstein manifold, 난len 
it is a space of constant ^-holomorphic sectional curvature.

By a straightforward computation, we can prove
n I 3

y — ^jRkt — _ S — 1、)D

+다蒔 — S — 1)4 知} + — (n —
(2.16) ]

+ 2(n + l)^gfct 一 厂一(引-叩h)W

+如油厂一 M代:r +舞 WRr

where we put R3 = ▽/.
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3. Vanishing C-Bochner Curvature Tensor
Let M be an n(> 5)-dimensional Sasakian manifold with vanishing 

C-Bochner curvature tensor. By (2.1), (2.4), (2.7)~(2.9) and (246), 
we then obtain

NkRjt = {Rkr — (" — (饱7 爪 + ，7j)

(3.1) + 2( 72 + ]){27让(g〃 _ + R?(g 虹—

+ Rt(gk3 一 的j) 一血:j叫一由如的},

where we put w3 =们

Operating g기研 to (3.1) and taking account of (2.1), (2.2), (2.5) 
and (3.1), we have

9收NkRn = Rki — (n - l)gs — (7? — n + 1}仲庆

(3.2) + (n — I)?功泓一:叫刘 + 才?]两){3(%R + %。物)

+ ^R(9ki —冰华) — (n — 2)wzt/^ ~ (VrBa)^r(/>/},

where AJJ = g7『林
On the other hand we have the Ricci identity for R3l

、기- K再 = 砖? - RkjihRkh.

Thus, (3.2) is reduced to

(n + 3)时？ — (n + 3)码,〃护

=3 + 3)7?jf — (n + 3)(n — 1)%
一(7? + 3){R ■— n(n — 1)}7〃公

(3.3) n + 3
+ (对 - 하 jR‘)+ VRMUW}

시、?‘z 十 丄丿

(n + 3)(tz — 2) / 、

------ 2(n + l) '^iRt + w 沏 + 3 用】
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Using (2.15), we obtain (see [7])

(n + 3)RkgR배

=4一砖？ 一 (4n — R + 2k)Rjx + {R(2)— {k — 4)7? + (^ — l)%}g>

-—{R ⑵ + (n — I)? — (n — 1)” —

Combining this with (3.3), we have

R；? — 0R小 一 qg犬 一 ((n - I)2 一(n — 1)0 —

(3.4) = 寿3°氏(如-0如)-3相心

-3譯当評(▽/，+叼％ + w所)， 

£七IL ''丄I

where we have defined

(n + 1)0 = 7? — 3n — 5,

(n 一 1)7 = R(2)------——~2?2 + 4R-----——(n2 + 3n 4- 4).
n ~r 1 73 + 丄

Transforming (2.11) by RF and taking account of (2.4) and (3.4), we 
can get R 

TjrRkr = (/? + 1 - 72 _ ])% + 79jk 

+ {R - n + 1 - (n - 1)/3 - y}T]3r}k

+ *片皿仆-叩簡-挪"舟
— 1)

(n + 3)(zi — 2) / 、

- 2(泰\])(巧风+叼冰+ 岫万)，

which together with (2.11) and (2.13) yields

璞=—為土卻+ n - 1)写+咎⑶-啊) 

th X tb X

(3.5) + ”f 으 {山?(刼 - 町两 + 硏R抑"：，
£\Yl — 1)
(71 + 3)(n — 2)《 、

-- 沁2 _ 扩(巧亢+叫华+皿衍)・
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By using (2.14), we can easily, taking account of (3.5), see that

饥「十奴河:}RT = R』、+ Ri%

which implies

▽尸凡0广妃=Vj-Rt + WjTIt + WtT]j.

Thus, (3.5) turns out to be

婿=弋土'⑵

(3.6) 丄： ：了

v 7 n + 3 、( 、 n + 3 ,L7 n \
+ 2(茅 _1)""以饥 一 %申)一 2(n + lVVj7?t + Wj7]l + 叫0).

Accordingly, we see, using (2.12) and (2.13), that

如+落笛+ « - DT(2) + 品財瘁=。・

By the way, using (2.11) and the fact that=|J?t, we have

▽V)=翥咅||瓦||2+%凡卩七

Combining the last two equations, it follows that

(3.7) +*

= ~rr ^(3)+ (R + n- i)i(2)—厂T 卩이伫

Proof of Theorem 1. Let cx, • • • , cm and k be real numbers satisfying 
勺=0 and £岩]者=A?. Then we have [9]

(3.8) 一一必豊二으泰3 < £c3 < 縁? 譯3
、/m(m _ 1) & y/m(m - 1)
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From (2.12) and (2.13) and commutativity of Rjh and 们七 we see that 
the eigenvalues of Rjh are ci, • • * ,cn/2, ci, ••- ,cn/2 and 0. Combining 
this fact with (3.8), we have

”2 一 1 n — 2
'« 2(3) + (・R + 72 — 1)Z(2) < T(2) {—===== ||7(2) II +R + n- 1}.

n + J y n(?i — 1)

Because of the condition (*), the right hand side of (3.7) is nonnegative. 
M being compact, using the Green's theorem, we see that 7? is constant. 
Owing to Theorem C-K, the conclusion of Theorem 1 is true. This 
completes the proof. □ -

Proof of Theorem 2* Differentiating (2.11) covariantly, we find

▽苔歸=▽知Rji------—
(3-9) r n~1

+ (一二彳一 n)(州％ +血以)

If we transvect TJi to this and take account of (2.12), (2.13) and (3.1), 
then we obtain

欢▽山，=-^—TkrRr, 
n — 1

which implies
4

V何2) = “ _ 1 %rR丁.

Because of the condition (**), it is seen that

n — I
(3.10) TjrRr = -—a(R + n-l)Rj.

Differentiating (3.10) covariantly and making use of (3.9), we find

(ykRjr)IV + (;三了 一

1 Yl — 1
=_二〒RjRk — 7^rVjfcJ?r H---- -—+ (R + 73 —

Tb -丄 厶
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which together with (3.1) implies that
R

-{RkrWr - (n - l)wfc}j7j + (^—y _ n)wkT}j

+ 亦늘j{3丑丿让 + ||R||2(办 一 幻冰) 一 WjWk}

1 n — 1
=——-RjRk — T}r^kRr + -—a{RjRk + (丑 + n - 1)以％}.

n — 1 2

By transvecting 了卩、we obtain
R

_ {RkTwr -(n - l)wfe} + (----- -  — n)wkn — i
Tl — 1 , .

=———+ 
厶

where we have used (2.1) and (2.9). From the last two equations it 
follows that

如W①{3RjK& - WjWk + 肝이I"如 - Tjjr)k)}

n — 1
------5~-呻 + n~ l)m的j 

厶
1 Tl — Il

= ----- -RjRk — T?rVjt-Rr d---- --- a{RjR，k + (K + n — l)Vjt7?^}.Tl — 1 Z

Transvecting this with R3 and making use of (3.10))we see that R3 = 0, 
namely R is constant. Therefore we arrive at the conclusion. □
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